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Abstract

In this paper, we consider fuzzy bimatrix games with fuzzy payoffs. Based on fuzzy max order, for such games,
we define three kinds of concepts of minim ax equilibrium strategies. Some basic results obtained.

Keywords: Fuzzy bimatrix games, Fuzzy payoffs, Minimax equilibrium strategy
1. Introduction

Since seminal works by Neumann-Morgenstern(J. VonNeunann, 1994) and Nash(J.F.Nash., 1950 & J.F.Nash.,
1951), Game theory has played an important role in the fields of decision making theory such as economics,
management, and operations research, etc. When we apply the game theory to model some practical problems
which we encounter in real situations, we have to know the values of payoffs exactly. However, it is difficult
to know the exact values of payoffs and we could only know the values of payoffs approximately. In such
situations, it is useful to model the problems as games with fuzzy payoffs. In this case, since the expected
payoffs of the game should be fuzzy-valued, there are no concepts of equilibrium strategies to be accepted
widely. So, it is an important task to define the concept of equilibrium strategies and investigate their properties.
In this paper, we consider fuzzy bimatrix games, namely, the games where the number of players are two and
fuzzy payoffs. For such a game, we shall define three kinds of concepts of minim ax equilibrium strategies.

2. Preliminary

Let R" be n-dimensional Euclidean space, and x = (x1, xp,-- -, x)T € R" be any vector, where x; € R, i =
1, 2, ---, nand T denotes the transpose of the vector. For any two vectors x, y € R", we write x > y if x; > y;,
i=1,2,---,n,x>yand x # y, respectively.

Definition 2.1 Let m be any real number and let /2 be any positive number. A fuzzy number & whose member-
ship function is given by the following formula

1=[5% x€[m—h, m+h]
Ha(x) =
0 x¢[m—h, m+h]
is called a symmetric triangular fuzzy number, and we denote the set of all symmetric triangular fuzzy numbers
by Fr.

Real numbers m and % are called the center and the deviation parameter of &, respectively. Since any symmetric
triangular fuzzy number a is characterized by the center m and the deviation parameter /4 of & we denote the
symmetric triangular fuzzy number a by @ = (m, h)r.

Let @ be any fuzzy number and let @ € [0, 1] be any real number. The set [a]* = x € R|uz(x) > « is called
the a-level set of @. For @ = 0, we set [a]° = cl{x € Rluz(x) > 0}. where cal denotes the closure of sets.
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Since the set [@]® is a closed interval for each « € [0, 1], we denote the a-level set of a a by [aé, 0/5], where
ak = inf[a]®, a® = sup[a]®.
For any two fuzzy numbers @, b € Fr, we introduce three kinds of binary relations.

Definition 2.2 For any symmetric triangular fuzzy numbers a, b € Fr, we write

a=b, if(ak, a®’ (b, BT Va €0, 1]
ax>b, if(a, a®)T (b, BB Va €0, 1]

a>b, if(ak, dT > (L BT Vae|o, 1]

\%

We call binary relations >, and > a strict fuzzy max order and a strong fuzzy max order, respectively.

Theorem 2.1 let &@ = (a, @)7, and b = (b, B)7 be any symmetric triangular fuzzy numbers. Then, it holds that

a>b If la-Bl<a-b
a>b If la-Bl<a-b

3. Two-person zero-sum game with fuzzy payoffs and its equilibrium strategy

Let I, J denote players and let M = {1, 2, --- , m}, N = {1, 2, - -- , n} be the sets of all pure strategies available
for player 1, and J, respectively. We denote the sets of all mixed strategies available for player /, and J by

X={(x1, x2, -+, xp) RV =20,i=1,2,---, m,

1

m
xi =1}
-1

=

Y ={O1, y2,--, yn) €RLy; 20, j=1,2,---,n, ) yj=1}
=

—_

By a;; = (a;j, hij)r, and b; i = (bij, hl’. j)T, we denote the payoff that player / receives and J loses when player
I plays the pure strategy i and player J plays the pure strategy i. Then we have the fuzzy payoff matrix
A= (aij)mxn, B = (bij)mxn, A = (aij)mxm H = (hij)mxm B = (bij)mxn, H = (h;j)mxns we call this game
two-person fuzzy zero bimatrix game, and we denote it by

=<{I,J.X, Y, A, B>

Definition 3.1 A point (x*, y*) € X X Y is said to be a minim ax equilibrium strategies to Game I if it holds that
() xTAy* < xTAy* VxeX
) xTBy < x*TBy* VyeY

Definition 3.2 A point (x*, y*) € X X Y us said to be a non-dominated minim ax equilibrium strategy to Game
[if it holds that

(1) There exist no x € X such that x*TAy* < xT Ay*
(2) There exist no y € Y such that x*” By* < x*’ By

Definition 3.3 A point (x*, y*) € X X Y is said to be a weak non-dominated minim ax equilibrium strategy to
Game T if it holds that

(1) There exist no x € X such that x*7 Ay* < xT Ay*
(2) There exist no y € ¥ such that x*” By* < x*T By
By definition, it is obvious that the following relationship holds among these definitions.

(1) If a strategy (x*, y*) is a minim ax equilibrium strategy to Game [, it is a non-dominated minim ax equilib-
rium strategy.

(2)If a strategy (x*, y*) is a non-dominated minim ax equilibrium strategy to Game T, it is a weak non-dominated
minim ax strategy.
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Theorem 3.1 In order that a strategy (x*, y*) € X x Y be a minim ax equilibrium strategy to Game T, it is
necessary and sufficient that, forall xe X, ye Y

xTAy* + xTHy* < x*TAy* + x*T Hy* (1)
LAy - xTHy* < xTay* — xTHy* )
xTBy + x*TH'y < x*TBy* + xTH'y* 3)
xTBy + xTH'y < x*TBy* + xTH'y* 4)

Hold.

Proof. Let (x*, y*) € X X Y be any minim ax equilibrium strategy to Game I". Then from Theorem 2.1, for all
x € X, yeY wehave

T H'y* — x*TH'y| < xT By* — x*T By (6)
By expanding and rearranging (5), we have
xTAy* + xTHy* < x*TAy* + x*THy* @)
xT Ayt — xTHy* < xTAy* — x*T Hy* (8)

On the other hand, by expanding and rearranging (6), we have

xTBy + xTH'y < x*TBy* + xTH'y* 9)
x*TBy _ X*TH’y < x*TBy* _ x*TH/y* (10)
From (7) to (10), we have (1), (2), (3), and (4).

Since

*TALy _ x*T(A —Hy = xTAy — xTHy*
*TBRy = xT(B+H)Y = xTBy + ¥*TH'y*
*TBoy = T B-HY = xTBy - xTH'y"

Theorem 3.1 shows that players I, J faces a pair of two-person zero-sum games with crisp payoffs '} =<

{I,J}, X, Y, Ak, BS >, T =< {I,J}, X, Y, AR, Bf >. By setting x"Ay = (x"Aby, x" ARy, x"By =
(xTBL TBRy)T for eachx e X, ye Y, form (1) 2), (3) (4), we have xTAy* < x*TAy*, and x*TBy < x*TBy*.

Theorem 3.2 In order that a strategy (x*, y*) € X X Y be a non-dominated minim ax equilibrium strategy to
Game T, it is necessary and sufficient that the following conditions holds:

(1) There is no x € Y such that x*” Ay* < x” Ay* holds.
(2) There is no y € Y such that x*” By* < x*” By holds.

Proof. Let (x*, y*) € X x Y be a non-dominated minim ax equilibrium strategy to Game I". First, we suppose
that there exists a strategy X € X such that x*7 Ay* < %TAy* holds. By definition, we have

T -Hy, xT(A+Hy) <& (A-H)y, 3 (A+Hy)" (11)
By rearranging (11), we have
(X*TAy* _ }TAy*, X*TAy* _ )_CAy*)T < (x*THy* _ iHy*, ETHy* _ x*THy*)T
this implies that x*TAy* < )_cTAy* holds. Therefore, for all @ € [0, 1], we have

A -1 -a)H)y, xT(A+ 1 -o)Hy) < @ (A-(1-oH)Y, XA+ -oHy)y)
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this implies that x*7 Ay* < x" Ay* holds. This is a contradiction.

Next, we suppose that there exists a strategy y € Y such that x*” By* < x* By holds. By definition, we have
T B-HYy, xTB+H W) <T(B-H), T (B+H)' (12)
By rearranging (12), we have
"By — x*TBy, ¥ By — xTBY) < (TH'y" — xTH'S, ¥TH'S - x*TH'y")!
this implies that x*” By* < x*T By holds. Therefore, for all & € [0, 1], we have
T B-1-aH )y, T B+ -a)H)y) <7 B-1-aH)y, xTB+1-aH)y)

this implies that x* Zy* < x*T #y. This is a contradiction.
Conversely, let (x*, y*) be any strategy to Game I" such that conditions (1) and (2) hold.

First, we suppose that there exists strategy ¥ € X such that x*” Ay* < %’ Ay* holds. Then, by definition 2.2, we
have
T @A-Hy xTA+Hy) <@ A-HY, ¥ A+Hy)

this is a contradiction.

Next, we suppose that there exists a strategy y € ¥ such that x*” By* < x*7 By holds. Then, by Definition 2.2,
we have
T B-HY, xTB+HW) < T(B-H)Y, T (B+H)'
this is a contradiction.
By a similar way, we have the following theorem.

Theorem 3.3 In order that a strategy (x*, y*) € X X Y be a weak non-dominated minim ax equilibrium strategy
to Game T, it is necessary and sufficient that the following conditions hold:

(1) there is no x € X such that x*” Ay* < x Ay* holds.

(2) there is no y € Y such that x*” By* < x*T Byholds

Theorem 3.4 we have the following conclusion:

(1) There is a non-dominated minim ax equilibrium strategy to Game I" at least.

(2) There is a weak non-dominated minim ax equilibrium strategy to Game I at least.
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