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Abstract

In this paper, the thoughts and methods of ordinary deferential equation of dimensional non-linear partial deferen-

tial equation with (2+1) dimensional non-linear partial deferential equation will be analysed first, then the authors

deduce the universal similarity form and similarity variational element of (2+1) dimensional breaking solution

equation and its suitable deferential equation and find the similarity solition to (2+1) dimensional breaking solition

equation.

Keywords: (2+1) dimensional breaking solition equation, similarity form, similarity variational element, similar-

ity solition

1. Introduction

R. S. Ward once had a conjecture; All of the integrable equations could be got from their dual Y-M equation (or

their Promotion Equation) through reduction. It is obviously that document (Li, 1999) had reduced a (2 + 1)-

dimensional breaking soliton equation by using the consistency condition of the dual Y-M equation themselves,

through analysis on Variable Soliton Equation. Considering about the document (Guo, 1998), there is an analysis

about 1 + 1 D nonlinear partial differential equations’ similar solution and Paul Painlev’s Factor of its correspon-

dence ordinary differential equation, such as Boussinesq Equation, Burgers Equation, KDV equation and Linear

Schrodinger Equation. It is a fact that points out when ordinary differential equation own Paul Painlev’s Factor, the

equation could be integrated. Scientists have focused on researching Soliton solution, Elliptic function solution,

Hyperbolic function solution, Sure solution and exact solution of Nonlinear Partial Differential Equations by the

way of Line wave method, inverse scattering method, Backlund alternate method and The homogeneous balance

method. Furthermore the document (Gu, 1990) makes a contribution to solving the (2 + 1)-dimensional nonlinear

partial differential equations according to Hirota alternate method and Darboux alternate method.In addition, the

document (Zhang & Guo, 2003) has got much Soliton solution from the (2 + 1)-dimensional nonlinear partial

differential equations by expanding the Hirota bi-linearity method; by the other hand, it is a fact that the document

(Cao et al., 2012; Lei, Ma, & Fang, 2011; Zhang & Guo, 2003; Zhang, Huang & Zheng, 2002; Ruan & Chen, 2003)

have analysis on Soliton solution and Solitary wave structure of (2 + 1)-dimensional nonlinear partial differential

equations from varies view with different methods. Having got analytic solutions and similar reduced equation

of (2 + 1)-dimensional Camassa-Holm Equation under the condition of ordinary differential equation by Zheng

Chunlong. While solving a partial differential equation with method of Scattering inversion, then the differential

equation which is corresponding to the partial differential equation would have owned Paul Painlev’s Factor; so

that research on the Cloning transform, Soliton solution and Equation integrality of the partial differential equation

can be done, by M. J. Ablowitz’s consideration, the famous professor of Soliton problem. At present, this paper

had a research on solving (2 + 1) nonlinear partial differential equations by Paul Painlev’s Factor of differential

equations, while no one has ever used to do it. Furthermore, it reduced the ordinary similar form and similar argu-

ment of (2 + 1)-dimensional breaking soliton equation by three rules according to the paper, consequently solving

the equation’s ‘similar solution’ and Paul Painlev’s Factor of its corresponding differential equation; and it has

proved the viewpoint by M. J. Ablowitz indirectly.
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2. The Direct Method and the Direct Transformation of (2 + 1) Dimensional Breaking Solition

Equations (2 + 1) the D breaking soliton Equation 1:

Uxt = 4Uxy · Ux + 2UxxUy − Uxxxy (1)

The Equation 1 can be solved by the theory of Similarity methods:

{
U(x, y, t) = η(x, y, t) + ζ(x, y, t)Ω(z)

z = z(x, y, t) (2)

In Equation 2, η(x, y, t), ζ(x, y, t) is the undetermined function, and Ω(z) is the function of z. From Equation 2, it

will be: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ux = ηx + ζ ·Ωz · zx + ζx ·Ω
Uy = ηy + ζ ·Ωz · zy + ζy ·Ω
Uxx = ηxx + ζ ·Ωzz · z2

x + (2ζx · zx + ζ · zxx)Ωz + ζxx ·Ω
Uxy = ηxy + ζ · zx · zy ·Ωzz + (ζx · zy + ζy · zx + ζ · zxy)Ωz + ζxy ·Ω
Uxt = ηxt + ζ · zx · zt ·Ωzz + (ζx · zt + ζt · zx + ζ · zxt)Ωz + ζxt ·Ω

(3)

Uxy · Ux = ζ
2 · z2

x · zy ·Ωz ·Ωzz + ζ · ζx · zx · zy ·Ω ·Ωzz + ηx · ζ · zx · zy ·Ωzz + ζx · ζxyΩ
2

+(ζ · ζx · zx · zy + ζ · ζy · z2
x + ζ

2 · zx · zxy)Ω2
z + (ζ · ζxy · zx + ζ

2
x · zy + ζx · ζy · zx + ζ · ζx · zxy)Ω ·Ωz

+(ηx · ζx · zy + ηx · ζy · zx + ηx · ζ · zxy + ηxy · ζ · zx)Ωz + (ηx · ζxy + ηxy · ζx)Ω + ηx · ηxy

(4)

Uy · Uxx = ζ
2 · z2

x · zy ·Ωz ·Ωzz + ζ · ζy · z2
x ·Ω ·Ωzz + ηy · ζ · z2

x ·Ωzz + ζy · ζzzΩ
2

+(2ζ · ζx · zx · zy + ζ
2 · zy · zxx)Ω2

z + (2ζx · ζy · zx + ζ · ζy · zxx + ζ · ζxx · zy)Ω ·Ωz

+(2ηy · ζ · zx + ηy · ζ · zxx + ηxx · ζ · zy)Ωz + (ηy · ζxx + ηxx · ζy)Ω + ηy · ηxx

(5)

Uxxxy = ζ · z3
x · zy ·Ωzzzz + (3ζx · z2

x · zy + ζy · z3
x + 3ζ · z2

x · zxy + 3ζ · zx · zy · zxx)Ωzzz

+(3ζxx · zx · zy + 3ζxy · z2
x + 6ζ · zx · zxy + 3ζx · zy · zxx + 3ζy · zx · zxx + 3ζ · zxy · zxx

+3ζ · zx · zxxy + ζ · zy · zxxx)Ωzz + (ζxxx · zx + 3ζxxy · zx + 3ζxx · zxy + 3ζxy · zxx

+3ζx · zxxy + ζy · zxxx + ζ · zxxxy)Ωz + ζxxxy ·Ω + ηxxxy

(6)

Type the Equations 3, 4, 5, 6 into Equation 1 and settled:

ζ · z3
x · zy ·Ωzzzz + (3ζx · z2

x · zy + ζy · z3
x + 3ζ · z2

x · zxy + 3ζ · zx · zy · zxx)Ωzzz

−6ζ2 · z2
x · zy ·Ωz ·Ωzz − 2(2ζ · ζx · zx · zy + ζ · ζy · z2

x)Ω ·Ωzz + (3ζxx · zx · zy

+3ζxy · z2
x + 6ζx · zx · zxy + 3ζx · zy · zxx + 3ζy · zx · zxx + 3ζ · zxy · zxx + 3ζ · zx · zxxy

+ζ · zy · zxxx + ζ · zx · zt − 4ηx · ζ · zx · zy − 2ηy · ζ · z2
x)Ωzz − 2[2(ζ · ζx · zx · zy

+ζ · ζy · z2
x + ζ

2 · zx · zxy + (2ζ · ζx · zx · zy + ζ
2 · zy · zxx)]Ω2

z − 2[2(ζ · ζxy · zx

+ζ2
x · zy + ζx · ζy · zx + ζ · ζx · zxy) + (2ζx · ζy · zx + ζ · ζy · zxx + ζ · ζxx · zy)]Ω ·Ωz

+[(ζxxx · zy + 3ζxxy · zx + 3ζxx · zxy + 3ζxy · zxx + 3ζx · zxxy + ζy · zxxx + ζ · zxxxy)

−4(ηx · ζx · zy + ηx · ζy · zx + ηx · ζ · zxy + ηxy · ζ · zx) − 2(2ηy · ζx · zx + ηy · ζ · zxx

+ηxx · ζ · zy) + (ζx · zt + ζt · zx + ζ · zxt)]Ωz − 2(2ζx · ζxy + ζy · ζxx)Ω2 + [ζxxxy

+ζxt − 4(ηx · ζxy + ηxy · ζx) − 2(ηy · ζxx + ηxx · ζy)]Ω + ηxxxy + ηxt − 4ηx · ηxy

−2ηy · ηxx = 0

(7)

For simplifying the Equation 7 into a differential equation of Ω(z), the coefficient ζ · z3
x · zy of Ωzzzz can be standard

coefficient. After finishing this step, the otherΩ(z) and it’s coefficient of differential term all will have ζ ·z3
x ·zy ·T (z),

and the T (z) is z’s undetermined function. During the operation arithmetic, it settled: Through differential and

integral operation arithmetic, the T (z) still record as T (z); this way by using similar method for simplifying the

question. The operation arithmetic can be used by three rules, which is for η(x, y, t), ζ(x, y, t), z(x, y, t) and Ω(z):

� If F(x, y, t) have the modality, F(x, y, t) = F0(x, y, t) + F(x, y, t)T (z), Then T (x) ≡ 0, based on the rule T (z) →
Ω(z), that to replace Ω(z);

� If F(x, y, t) have the modality: F(x, y, t) = F0(x, y, t)T (z), then T (z) ≡ 1; based on the rule Ω(z)
T (z)
→ Ω(z), that to

replace Omega(z);

� If the equation F(x, y, t)T (z) is determined by T (z) = z0(x, y, t), and T (z) in it is reversible function, then

T (z) = z; based on the rule z→ T−1(z) to replace.
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The coefficient of term Ωz ·Ωzz:

ζ · z3
x · zy · T (z) = −6ζ2 · z2

x · zy ⇒ ζ = −1

6
zx (T (z) ≡ 1) (8)

The coefficient of term Ω ·Ωzz:

ζ · z3
x · zy · T (z) = −2(2ζ · ζx · zx · zy + ζ · ζy · z2

x) (9)

Equation 8 substitute for Equation 9, then:

z1 =
x

ϕ1(y, t)
− ϕ2(y, t) (T (z) ≡ z1) (10)

The same way can get the solution z2, z3, z4 and z5 of coefficient of term Ωzzz,Ω
2
z ,Ω ·Ωz and Ω2:

z2 =
x

ϕ1(y, t)
− ϕ2(y, t) (takeT (z) ≡ z2) (11)

z3 =
x

ϕ1(y, t)
− ϕ2(y, t) (takeT (z) ≡ z3) (12)

ϕ1 = ϕ1(y, t), ϕ2 = ϕ2(y, t), ϕ3 = ϕ3(y, t) is Any integral function about y, t in the Equations 10, 11, 12. It will be

discussed the original similar form, similar argument and differential equation of Equation 7.

United the Equations 10, 11, 12:

ζ = −1

6
zx = − 1

6ϕ1(y, t)
, z =

1

6ϕ1(y, t)
− ϕ2(y, t) (13)

Based on:

ζ = −16zx ⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ζy = − ϕ1y(y,t)
6ϕ2

1
(y,t) , ζt = − ϕ1t(y,t)

6ϕ2
1
(y,t)

ζx = − 1
6
zxx = 0, ζxx = − 1

6
zxxx = 0

ζxy = − 1
6
zxxy = 0, ζxxy = − 1

6
zxxxy = 0

ζxxx = − 1
6
zxxxx = 0, ζxxxy = − 1

6
zxxxy = 0

(14)

The coefficient of term Ω:

ζ · z3
x · zy · T (z) = ζxxxy + ζxt − 4(ηx · ζxy + ηxy · ζx) − 2(ηy · ζxx + ηxx · ζy) (15)

Equations 13, 14 substitute for Equation 15:

η = xϕ4(y, t) + ϕ5(y, t) (T (z) ≡ 0) (16)

ϕ4 = ϕ4(y, t), ϕ5 = ϕ5(y, t) is any integral function about y, t in the Equation 16.

Equations 8, 9, 10, 11, 12, 13, 16 substitute for the Equation 7, and simplifying:

Ωzzzz + Ωz ·Ωzz + z[10Ωzzz + Ω ·Ωzz +
7
3
Ω2

z ]

+
ϕ2

1
[x(ϕ1t−4ϕ4ϕ1y+2ϕ1ϕ4y)+ϕ2tϕ

2
1
−4ϕ4ϕ2yϕ

2
1
ϕ1+2ϕ1ϕ5y]

xϕ1y+ϕ2yϕ
2
1

Ωzz

+
2ϕ2

1
(8ϕ4ϕ1y−ϕ1t+2ϕ4yϕ1)

xϕ1y+ϕ2yϕ
2
!

Ωz +
6ϕ6

1
(4ϕ4yϕ4−ϕ4t)

xϕ1y+ϕ2yϕ
2
1

= 0

(17)

The original similar form and similar argument of Equation 7 could be:

{
U(x, y, t) = xϕ4(y, t) + ϕ5(y, t) − 1

6ϕ1(y,t)Ω(z)

z = x
ϕ1(y,t) − ϕ2(y, t) (18)

ϕ1 = ϕ1(y, t), ϕ2 = ϕ2(y, t), ϕ4 = ϕ4(y, t), ϕ5 = ϕ5(y, t) is any integral function about in the Equation 18. Based on

Ω(z) meet differential Equation 17, it is differential equation which has original similar form and similar argument,

immediately it can change into the differential equation which has Paul Painlev’s factors in some conditions.

83



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 4, No. 4; 2012

3. The Similar Solution of (2 + 1) D Breaking Soliton Equation

In the Equation 17, take: ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ϕ2
1
[x(ϕ1t−4ϕ4ϕ1y+2ϕ1ϕ4y+ϕ2tϕ

2
1
−4ϕ4ϕ2yϕ

2
1
ϕ1+2ϕ1ϕ5y]

xϕ1y+ϕ2yϕ
2
1

= C1(z)

2ϕ3
1
(8ϕ4ϕ1y−ϕ1t+2ϕ4yϕ1)

xϕ1y+ϕ2yϕ
2
1

= C2(z)

6ϕ6
1
(4ϕ4y−ϕ4t)

xϕ1y+ϕ2yϕ
2
1

= c3(z)

(19)

Take C1(z) = z
A + B, the coefficient of x’s variable are equaled at the both side of equation, by considering the

formula.

[ϕ2tϕ1 − 4ϕ4ϕ2yϕ
2
1]ϕ1 =

z
A
ϕ2y + Bϕ2y (20)

ϕ2
1(ϕ1t − 4ϕ4ϕ1y + 2ϕ1ϕ4y) =

z
A
ϕ1y + Bϕ1y (21)

The analysis of formula 19:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2ϕ3

1
(8ϕ4ϕ1y−ϕ1t+2ϕ4yϕ1)

xϕ1y+ϕ2yϕ
2
1

= C2(z) ≡ 0

6ϕ6
1
(4ϕ4yϕ4−ϕ4t)

xϕ1y+ϕ2yϕ
2
1

= C3(z) ≡ 0
⇒
{
ϕ1 = y

1
4 + t

1
2

ϕ4 = − y
4t

(22)

Equation 22 substitute for equation:

(21)
z
A
+ B = 2(y

1
4 + t

1
2 )2(y

3
4 t−

1
2 − y1t−1 − y

3
4 t−

3
4 ) (23)

Commend A = a0, B = 0,united and operated Equations 13, 23:

{
z = 2y

3
4 t−1a0(y

1
4 + t

1
2 )2(t

1
2 − y

1
4 − t

1
4 )

ϕ2 = x(y
1
4 + t

1
2 )−1 − 2a0(y

1
4 + t

1
2 )2(y

3
4 t−

1
2 − y1t−1 − y

3
4 t−

3
4 )

(24)

Equations 23, 24 substitute for Equation 20:

ϕ5(y, t) = 3
8
a0y3t−2 + 3

22
a0y

11
4 t−

7
4 + 1

11
a0y

11
4 t−

5
4 − 8

11
a0y

11
4 t−2 + 7

22
a0y

11
4 t−

3
2 − 1

5
a0y

5
2 t−

3
2

− 9
20

a0y
5
2 t−

5
4 +

(
1
)(5)y

5
2 t−1( 3

2
a0 − 1) + 1

10
a0y

5
2 t−

3
4 + 8

9
a0y

9
4 t−

5
4 − y

9
4 t

3
4 ( 2

3
+ a0) + 2

9
a0y

9
4 t−1

+ 1
3
y

9
4 t−

1
2 ( 2

3
− 1

2
a0) + 1

8
a0y2t−

7
4 + 5

4
a0y2t−

3
4 − 3

2
a0y2t−

1
2 − 1

4
a0y2 − 3

14
a0y

7
4 t

1
2 + 3

14
a0y

7
4 t

1
4

+ 2
7
a0y

7
4 t−

1
2 − a0

4
7
y

7
4 − 2

5
y

5
4 t−

1
2 − 1

2
yt−

1
4 + 1

2
y − 1

3
y

3
4 xt−1 − xy−

1
2 t−

1
2

(25)

The similar solution of (2+1) D breaking soliton equation:

⎧⎪⎪⎨⎪⎪⎩
U = x − y

4t + ϕ5(y, t) − 1

6(y
1
4 +t

1
2 )
Ω(z)

z = 2a0(y
1
4 + t

1
2 )2(y

3
4 t−

1
2 − y1t−1 − y

3
4 t−

3
4 )

(26)

Ω(z) meets the differential equation which have the fourth type of Paul Painlev’s Factor, and ϕ5(y, t) based on the

Equation 25, in the Equation 26.

Ωzzzz + Ωz ·Ωzz + z[10Ωzzz + Ω ·Ωzz +
7

3
Ω2

z ] +
z
A
·Ωzz = 0 (27)

4. Conclusion

Because of ϕi=1−5(y, t) is Any integral function about y, t, the original similar form and the similar argument differ-

ential equation of (2+1) - dimensional breaking soliton equation have different modality in the different conditions

of problems. For reducing difficulty and measure of operation arithmetic, take some special assignment for A, B,

and different assignment will caused Equation 26 have different modalities during the derivation process of similar

solute the Equation 26. It is said that all the rules and the way of taking assignment which is used in derivation

process could not affect the way of thinking and the method of operation arithmetic of similar solution, and also

could not affect the differential equation about the original similar form and similar argument. The contributing to

offered a other way of thinking and operation arithmetic method for equation integrability analysis, The cloning

transform and Soliton solution of (2 + 1) - dimensional nonlinear partial differential equations.
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