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Abstract

In this paper, we consider the non-periodic boundary value problem for a type of first order impulsive functional dif-
ferential equation in Banach spaces. The existence of pulse in differential equations makes them an important area of
investigation. We make use of fixed point index theory on the cone to prove existence of positive solutions. The condi-
tions for existence of two and three positive solutions are given.
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1. Introduction and Preliminaries

In recent years, the theories of impulsive functional differential equations have been rapidly developed, and because such
equations may exhibit several real world phenomena in physics, biology, engineering, and so forth (Bainov & Simeonov,
1993; Lakshmikantham, Bainov & Simeonov, 1989; Bainov & Hristova, 1993), they have received much attention (Ding,
Mi & Han, 2005; Zhang & Liu, 2010),The periodic boundary value problem is an important research branch of the
impulsive functional differential equations. Some conclusions have been made (Zhang, Li, Jiang & Wang, 2006; Zhimin
& Weigao, 2002) about the existence of solutions and the multiplicity of positive solutions of the impulsive functional
differential equations with periodic boundary value problems. Whereas the non periodic boundary value occurs more
frequently in differential equations with pulse, researches are needed for the problem of existence of positive solutions
and multiplicity of such equations. In this paperfwe restrict our attention to the study of the following first order impulsive
functional differential equations with non-periodic boundary value

W)+ MPu(®) = f(t,u,), teJ=[0,T], t#t, k=1,2,---,m
Au(tk) :Ik(ulk)’ k: 17"’ ,m

u(0) = pu(T),

u(®) = u(0),  te[-1,0],

)

Where, f : J X C; is continuous. C; := {¢ : [-7,0] = R ; ¢(?) is continuous everywhere except a finite number of points
1, o(™), ot ) exist, and o) = ¢(t 7)}. 7> 0isaconstant. u; € Cr, u;(6) = u(t+6), 0 [-7,0],0<t; <thp <+ - <t, <
T, J =J\{t1,t2, -+ ,tn}, Iy € C(C;, R), Au(ty) = u(t,j)—u(tk’) indicates the jump at ¢ = #, u(t,:r) and u(r;) indicate the left
limit and the right limit of u(t) at¢t = t, J* = [-7,T], p € R. For ¢ € C, its norm is defined as ||¢ll|—-.0; = max ge[—r,0; lp(O)I.

The approaches used for the investigation of existence of positive solutions for differential equations with impulse are
monotone iterative technique and upper and lower solution method (Zhimin & She, 2002; Juan & Rosana, 2006; Luo
& Jing, 2008; He & He, 2004). Upper and lower solution method is often applied to discuss the minimal and maximal
solutions of such equations, and monotone iterative technique is usually used to prove the existence of solution. Recently
fixed point index theorem on cones in Banach space is introduced to investigate the multiplicity of solutions (Zhao, 2010).
In (Zhao, 2010), Zhao studied the problem (1), the results are established using the fixed point index theorem on the cone,
and they proved the existence of two solutions.

Motivated by the results mentioned above, in this paper, we give the conditions of the existence of two positive solutions
and three positive solutions of equations (1) using fixed point index theory on the cone.

2. Preliminaries

Throughout the rest of this paper, we always assume that the points of impulse #; are right-dense for each k =
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1’2"" ,m-IEJ/:J\{tl,tz,"' ’tm}

We define PC(J*) = {u : J* — R is continuous everywhere except a finite number of points in [-7,0], fort € J' = J\
{ti,ta, -+ St} u()) and u(r) exist, and u(ty) = u(ty), k=1,2,--- ,m}. Let Ey = {u € PC(J") : u(t) = u(0), t € [-7,0]}
with the norm |ull_r7) = sup (- |u(?)], then Ej is a Banach space. Let Cf = {p € C; : ¢(0) > 0, 6 € [-1,0]},
C"={peCr: 0= 0llell (-7, 0] < ¢(0), 0 € [-7,0]}.

Theorem 1.1 Suppose that E is a Banach space, K € Eisa conein,andr >0, Q, ={xe K : ||x|| <r}. IfS : Q, > Kis
a complete continuous operator, and for Vx € 0Q,, Sx # x

(1) if IS xll < lIxll, Yx € 08, then i(S,Q,, K) = 1;
(2) if IIS x|l > |Ixll, Yx € Q.. then i(S,Q,,K) = 0.

Lemma 1 u € E is a solution of question (1), if and only if u € Ey is a solution of the follow integral equation:

T m
f G(t, ) f(s,u)ds + ) G(t,t)l(wy), 1 €[0,T]
0 k=1

u(t) = 2
M(O)a te [_T’ 0]
Where ,
M= (s—t) 0<t<s<T
_ pe , <t<s<
G(t’ S) - eMzT -p { peMz(TfHS) , 0<s<t<T (3)

For convenient, we always suppose that:
(H)O0< p<eflT,
(H,) f is an impulsive L' - Caratheodory function, and for almost all of 7 € J =J\(t1, 12, ,ty) and v € CHf(t,v) =2 0;

(H3) I(k = 1,2, - ,m) is continuous, and for any v € C}, I;(v) = 0.

We define an operator S : Ey — E
S = F(u)(t), te][0,T] A
(00 = {F(u)(O), re[-7,0] @
Where

T m
Fu)(t) = fo G(t,5)f (s, us)ds + Z Gt 1) (uy), teJ 5)
k=1

Then u € E is a solution of problem (2) if and only if u € E| is a fixed point of operator S. We define a cone K in Banach
space Ej as follows
K={uekEy:u(l) > 5”14”[_7]],1 e J}

in{l
Where 6 = imn{—,p}
eMTmax{1, p}
Lemma 2 [f conditions (H,), (H>), (H3) hold, then S(K) C K, and S : K — K is completely continuous.
Lemma 3 If conditions (H,), (H>), (H3) hold, and f(t,0) # 0, I(0) # 0, then S(0) # 0.
3. Conclusions
Theorem 3.1 Suppose conditions (H,), (H>), (H3) hold, and as well as the following conditions (Hy) and (Hs).

t, t3

(Hy) f(t,v) =400 and ) = +o0 hold conformably for all t € [0, T].

i
veC* Mli=ro1=0 |[V]l{=r.01 veC* IMl-ro=eo |[V]l[—z,01
(Hs) There exit constants d > 0, n, ni. > 0 satisfying

max {f(t,v) 1t € J,6d < |Vll—ro; £ d,v € C*} < nd.

and
max {I(v) : 6d < |lj—r0) < d,ve C*} <md, k=1,2,--- ,m

Where n and ny. satisfy
m T m
n+ nx > 0, max {nf G(t, s)ds + Z G(t, tk)nk} <
1 0

k= k=1

Then problem (1) has at least two positive solutions u;, up, which satisfy 0 < [|u;|lj—r,7] < d < |[u2llj-z71-
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Proof: Following condition (Hy), and take N > (6minejo,1) fOT G(t, s)ds)”" , then there exist constants » > 0, R > 0 (r is
sufficiently small, and R is sufficiently large, r < d < R), for ¥Vt € [0, T], we have:

S@&v) > N|Vllj-r0;, vecC, Wlli=r0] < 7 (6)

and
f@,v) > N|lli—01, veC”, IVl = 6R )

LetQ, ={u€Ep: |lullj-rr) <1}, Qr = {u € Eo : ||lull-r7) < R}.
For Vu € K (1 0Q, and Vt € J, dllullj—~71 < lluell=r.07 < llulli=~.r; = r holds, and

0 < Olluli-r0y < Ollulli—,r) < u(t + 6) = u(6)

Therefore u, € C* . According to condition (Hy4) and inequality (6), we have f(¢, u,;) > Nllulli—0;. Consequently, if t € J ,
then

m

T
S@0 = [ G s + Y Gtmhu)
0 k=1

T
Zf G(t, s)N|lusll—o1ds
0

T

> Wominon [ Gt uli-er
0

> |lulli—=1

Therefore for Yu € K () 0€,, we have ||Sull > ||ullj-r7) = r.
For Yu € K () 0Qg and ¥t € J we have ||ulli—r.01 = Sllulli—~.r7 = OR, and 0 < Sllusll—r01 < u(6).
Therefore Yu € C*. According to condition H, and inequality (7), we have f(z, u;) > N/||u|l[—0;-

Therefore when ¢ € J,
T m
Su)(t) = f G, s)f(s,ug)ds + Z G(t, ) L (uy,)
0 k=1

T
Zf G(t, $)Nlusll[-~01ds
0

T

> (N6 min f G(t, s)ds)|lullj-r1
1€[0,71 Jy

> [lulj—z. 71

and ||S u|| > ||u|l—~.r; = R holds.

Let Q; = {u € Ey : |lull--7 < d}, according to condition V, for Yu € K ()0, VYt € [0,T] we have 4, € C* and
od = Ollulli—r,r) < llullj-r07 < llullj—,7) = d. Consequently,

max{f(t,u,)} < nd, max{li(u,)} < md, YielJ

Therefore

T m
S(u)(t) = f G(t,5)f(s,ug)ds + Z G(t, 1)L (uy,)
0

k=1

T m
< f (G(t, s)nd)ds + Z G, tmd
0 =

T m
<
< max { fo nG(t, s)ds + ; G(t, zk)nk} d

< 6d = Slulli-r) < u(t)
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Therefore for Yu € K () 0Q, and Vr € [0, T] we have
ISull < llull—rry=d  and  S@)@) # u(?).

According to theorem 1.1, we have that S exits at least two fixed points u;, uy and u; € K N(Qy\Q,), up € K ﬂ(Q_R\Q_d).

It means that we have at least two positive solutions u;, u, for problem (1) and they satisfy inequality 0 < |lu;lli—r1] <
d < |lua|l{-z1)-

Theorem 3.2 Suppose conditions (H), (H3), (H3) hold, together with the following conditions (Hg) and (H7).

() (t,v) L)
t,v . %
im f =0, lim k =
veC* Mli=r0;=0 |[VIlj=7.0] veC* IWl-ro=0 |[Vll[—7,0)
and £(t,v) 1)
t,v . 1%
=0, lim k =
veC* IWl-ro1 = |[VIl[-70) veC* IWi-rar—=e [V]l{=z0]

hold uniformly for all t € [0, T].
(H7) There exit constants d > 0, n, n;. = 0 such that

min {f(t,v) 1t € J,6d < |Wll—r0) £ d,v € C*} > nd.

and
min {(v) : 6d < |Vllj—ro) £ d,v e C} > mpd, k= 1,2,--- ,m

m T m
n+ Z > 0, min {nf G(t, s)ds + Z G(t, tk)nk} > 1
k=1 0 k=1

Then problem (1) has at least two positive solutions u;, uy, which satisfy 0 < |luillj-~.,r; < d < lluzlli— 7.

Where n, 1y satisfy

Proof: Take &, & > 0 sufficiently small such that

T m
max {g f G(t, 5)ds + Z G, tk)gk} <.
0 k=1

From condition (Hg), there exists constants r > 0, R > O (r is sufficiently small, and R is sufficiently large, r < d < R),
for V¥t € [0, T'], we have:

f@v) <&Mo, L) < &IVl Vel [Vl <7 ®)
and
J@v) <&lVll—o1, L) < ElVlli—r01, v EC, [Vl-ro = OR ©)
Let Q, = (u € Eo : lull—rry < ) Qg = {u € Eo : ull_ery < R).
For Yu € K (09, and Vt € J, (5||u||[_T,T] < ||M;||[_T,0] < ||M||[_T,T] = rand
0 < luelli=z0) < Sllutll—r,ry < ult + 6) = u,(6)
Therefore we assert i, € C*. According to condition (Hg) and inequality (8), we have
J@u) < &Elluglli—zop, L) < Ellulli—0)
Consequently, for € J

T m
S(u)(t) = f G(t,5)f(s,us)ds + Z G(t, 1)L (uy,)
0

k=1

T m
< [ Gaoguliands + ) 6wl li-co
0

k=1

T m
<
< max {f fo G(t, s)ds + ; G(t, tk)fk} lll—r7)

< Ollulli—r,7 < u(®)
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Therefore for u € K () 09,
ISull < llulli—z7y =r and S(u)(#) # u(*) hold.

For Yu € K () dQg and VYt € J, we have
lletellj=z,01 = Ollelli—r,7) = SR and O < Ollullj—r.0) < u(6)

hereby u; € C*, according to condition (Hg) and inequality (9) , we have

S u) < Elluli—ror,  Li(ur) < Elluglli—r07

Consequently, for ¢ € J, we have

m

T
S0 = [ 60.9f.udds + ) Glt.lktur)
k=1

T m
< f G(t, )llsllcords + " GGt &yl o)
0 k=1

T m
<
< max {f fo Gt ds + 3,6 rk>§k}||u||[_T,T]

< Ollulli—,y < u(®)

We have ||Sul| < |lullj-~7) = R and S (u)(¢) # u(¢) hold.

Let Q; = {u € Ey : |lullj—~,r7 < d}, then for Yu € K () 0Q, and Vt € [0, T'], according to condition (H7), we have u, € C*
and od = ollulli—r71 < lluelli—r01 < llulli-7,77 = d, and then

min{f(t, u,)} > nd, min{l(u,)} > n.d YteJ

Then we have

T m
S @) = fo G(t, 9)f(s,u)ds + ) Glt, 1))
k=1

T m
> f (G, mdyds + Y Gt, tymd
0 =1

T m
> mi G(t, s)d G, 1 d
—,z?ot%{fo 16 2 6 “’”‘}

> d = lull—r,1

Therefore for Yu € K (0Qy , ¥t € [0, T], we have [ISul| > [lullj-r = d.
We assert that S (u)(t) # u(t).

Therefore from georem 1.1, we have at least that two fixed points u;, u, for operator S. such and u; € K (N(€y \ 5,), and
uy € KN(Qr \ Qo).

It means that problem (1) exist at least two positive solutions u;, uy, and they satisfy 0 < ||uy|l—~.1] < d < llualli=~.1].

Theorem 3.3 Suppose conditions (H,),(H,),(H3) hold, and f(t,0) # 0,1,(0) # 0, and with the following conditions
(Hs), (Hy):

(Hg) There exist constants R > r > 0, &, & > 0 such that when v € C;, for all of t € J and 0 < |V||—r0) < r, we have
FV) <EMlzeo 1) < Elllro) and & + & > 0, maxié [ G, s)ds + Tj, G(t, 1)) < & hold,

For all of t € J and ||V|l|-r0] = OR, we have

m T m
F6.9) < EMlro), L) < &l oy and £+ ) & >0, max(¢ fo G(t, 5)ds + ) Gt,1)&) < 6.
k=1 k=1
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(Ho) There exist constants r < d < R, n,nr = 0 such that when v € C7, for all of t € J and 6d < |Vl|—r0) < d, we have
m T m
£ 2 0lVieo. 50D = mlMllieoy and 7+ Y 7> 0, Sminiy f G(t.s)ds+ Y Gt tom) > 1
0

k=1 k=1

Then problem (1) exits at least three positive solutions u,, uy, uz, and they satisfy 0 < |luj|li—z7)] < r < llualli—z7) < d <
leesllp-r,7) < R.

Proof: For three constants r < d < R, we define three open sets:
Q ={uekp:llulli—emy <1}, Qo ={u€Ey: |lulli—r <d}, Qg ={u € Eo : llulli—~77 < R}.
Then 6 € Q, € Q; € Qp.
For Yu € K (N 0Q, and Vt € J, we have u, € C and d|lulli_r.7) < lluelli-r.0) < llull—z7) = 7.
According to condition (Hg), we deduce f(, u;) < &|luslli—r.0y and L (uy) < Exlluelli—r.07-

Therefore fort € J

T m
S () = f G(1, ) f(s,us)ds + Z G(t, ti)li(uy,)
0 =1

T m
< [ G9emlimods + ) G106l -co
0 k=1

T m
<
< max {§ fo G(t, s)ds + ; G(t, tk).fk} llll—r7)

< Ollull—r,ry < u(®)

Accordingly for Yu € K () 0Q,, we have [|Sul| < llullj-rr; =1 S@)() # u(t).
For Yu € Kﬂ 8QR and Yt € J, we have u; € C: and ||M,||[_T!0] > 5”14”[_,—,7"] = OR.
According to condition (Hg), we have f(t,u,) < élluglli—zo,  Le(ur) < Exllulli—r07-

Therefore when t € J

m

T
S@O = [ Gofsuds + ) Gltiitu)
0 k=1

T m
< f G(t, $)élluslli—0rds + Z G, t)éilluy |l -r.01
0 k=1

T m
<
< max {f fo G(t, s)ds + ;G(t, m} [

< Olullj-r,r7 < u(?)
Then |ISull < |lulli—rr1 = R, S@)(®) # u(?).
According to condition (Hy) , for Yu € K (1 0Q, and V¢ € [0, T], we have
u € C; and 6d = Ollulli—r1y < lludllj—r0) < llutlli—z7y = d

Accordingly f(¢,u;) = nlludli-z0y,  Te(us) = nellugllj-~.0y hold for V¢ € J.
Then

T m
S (w)(r) = f G(t, )f (s, us)ds + ) Gt, t)I(tr)
0

k=1

T m
2 f G, )nlluslli—ods + Z G, tmllug -0
0 k=1

T m
o
> 6 min {n fo Gt, )ds + ;G(r, mnk}nuu[_m

> |lulli—1
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Therefore for Yu € K (0, and V¢ € [0, T'], we have ||S u| > ||ull—~.r; = d, thus S (u)(?) # u(?).

Then we deduce from theorem 1.1 that S has at least three fixed points u;, up, uz suchthatu; € K Q,, uy € K ﬂ(Qd\E),
uz € KN(Qr \ Qo).

According to lemma 3, we have u; # 0.

It means that problem (1) exits at least three positive solutions u;, u,, u3 and they satisfy
0 <lletrllj-z7y < r < lluzlli-rry < d < lluslli—z,r) < R.

Theorem 3.4 Suppose conditions (H,), (H>), (H3) hold and f(t,0) # 0,t(0) # 0, and the following conditions
(Hl()), (H] 1) also hOld

. t,v . L (v . t,v . Li(v
(Hyp) lim ALY =0, lim L) =0, lim St v) =0 and im <)
veC*,|Vll-r0;—0 ”V”[—‘r,O] veC* [Vll-ro—0 ”v”[—T,OJ veC* Vll—ro o0 ”V”[—T,O] veC* Vll—ro1—o0 ”V”[—T,O]
uniformly hold for all of t € [0,T] ;

(H11) There exist constants d > 0,n,1, > 0, such that

=0,

min{f(t,v): t € J,6d < |V|l-r0) < d,v € C*} > nd
and
min{l;(v) : éd < ||V||[_T,()] <d,veC'} > md, k=1,2,---,m

Where n, ni satisfy
m T m
n+ Z me > 0, min{n f G(t, s)ds + Z G(t, tom) > 1
k=1 0 k=1
Then problem (1) exits at least three positive solutions uy, uy, us, and they satisfy
0 <llerll-r1) < 7 < llualli-r7y < d < |luall|-r.7) < R.

Proof: According to conditions (Hjo) and (H;), following the proof of theorem 3.2, we can easily deduce:
forVu e KN 0Q,, ISull > llull—-ry =r and S(u)(?) # u(¥) hold;

for Vu € KM 0Qg, ISull > llulli—r7) =R and S(u)(?) # u(f) hold;

forVu e KN 0y, ISull > llullj—rr; =d, so S # u(?).

Therefore accoriing to theorem 1.1 we deduce that S has at least three fixed points u;, up, uz such that u; € K Q,,
uy € KN(Qq \ Q) uz € KN(Qr \ Q4).

According to lemma 3, we have u; # 0. It means that problem (1) exits at least three positive solutions u;, uy, us, and
they satisfy
0 <lurlli—rry < r < lluolli—r77 < d < lluzlli—zr1 < R.
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