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Abstract

In this paper we construct a nonlinear Sturm—Lioville problem of even degree for which we can apply the variation
methods developed in (Peter, 2008) and the finite element methods approximation for generalized solution of problem.
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1. Introduction

We consider the problem:

d*u_d*u

dk
_ T A du du, )
Pu = ;( 1) dxk [Pk(dxk)dxk] f, f €L ([l, b) (1)
With conditions:
u@a)=u'(a)=... =u"Ya) =0, ,
uby=u' ()= ... =u™OB)=0 )

and Py for K = 0, m are from C'k) class and P, depends only on % and a, b finite.
We assume that
1. functions Py satisfy conditions

d _
d_t[th(t)] >Cr >0, forallk = 0,m

and there is at least one index k that % [tPkO(7)] = Cio > 0. satisfy conditions em: oblem. pply the variational methods
developed in (Peter, 2008) and the finite element methods approximation for

We consider the Hilbert space H = L*(a, b) and
0 ={uecC'a,b\u(a) =u(a) = ... = u"Ya)
=u)=u'®)=...=u"V®) =0}, wheren=2mand P: Q — L?*(a,b).

Theorem 1 The operator P is potential operator with its Gateaux differential linear in h and positive definite.

Proof: There exists a functional

1
Vue Q, Fu = [ (P(tu), u)p2gapdt = (f: w)r2ap)

3)
1 b m b
=[,dt ], Zkzo(—l)"dd—:k[Pk(tu(")) (P ) ux)dx - [ fu(x)dx
and using the formula integration by parts and the limit condition we obtain:
m b u® b
VueQ Fuy=Xp, [ dx [ Pk@di— [ f(xu(x)dx. @)
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For every u, h € Q, there exists DP(u)h linear in h

- a d*u d*u_d*u\ d*h
D _ I
Pah = Z(_l) dxk [(Pk( dx") +PK dx")dx") dxk]
=0

and the symmetry and the positive definiteness results respectively from:

(DPh1. h) i = Sio [, [Ph(ES) + Pr(s) 2] $1 Ll fy= (DP(u) by, )2y Vit hiha € Q,

dxk ) dxF | dxk dxk

m b u redu u 2 ko
(DPOh, W)y = Tiy [, | PR + PR (RO G| (E2dx > Coo |95, = Coo |25 Wl » Yt € Q.

dxk 7 dxk

Theorem 2 a) If problem (1), (2) has a unique solution, this is the unique solution and minimizes the functional (4), and
conversely, if there is an ug € Q that minimizes the functional (4) on Q, then uy is the solution of problem (1), (2) and,
according to the first part of the theorem, the solution is unique.

b) The functional (4) is lower bounded on Q.

c) Any minimized sequence for the functional (4) has limit in L? (a,b), (the existence of generalized solution of problem
(1), (2).
d) All minimized sequences have the same limit in L?*(a, b).

Proposition 3 If condition (A) is satisfied for all k = 0, m then

min Cy
(DP(h, 12wy 2 maprey PP, W) 12 by Y, h € Q )
k
and . 5 5
(mkm PkO) 1Al 2 ) < (DPO)A, B) 120 ) < (mlilx Pk(0)) 1Al 2y » Y € Q (6)

Proof: The first inequality results from

m b, gk . m b, g .
(DP(h, Wpap 2 Titg e [, (GPdxz (min e Bl [, (G2 dx = (minco) Wiz,

and
m b b n
(DPO )2 = ity [, PROYEH dx < (maxePKO) T [} (G dx
< (maxe PKO)) Tty 1K1, = (maxPROIA,. 7
a,l (a,b)

The second results from (7) and

(DPO, )20y = iy [ PRONEE) 2 dx> (min Pk(0)) Z7 [RCORR

> (min PK(O) S, [P, = (min PK(O) P

wn2@ap)
We consider Hy the energetic space of problem (1), (2), the completion of Q by virtue of inner product
(V)0 = (DPOU, V)i2apy. Vit,v € Q.

If condition (A) is true for allk = 0, m, then the corresponding norm || . [|yis equivalent to the norm || . [|,m2(,p) -This fact
results from the inequalities (5) and (6) so

(min PKO) [, < llllo < (max PK(O) lul?,, . Yue HO. ®)

wi:2(ab)
Proposition 4 If condition (A) is true for all k = 0, m, then P is a strong monotone operator.
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Proof: The strong monotony results from relations

(Puy — Pup, uy — u2)12(a )
1

Jo @P(uy + (1 = Duz) (ury = ), w1 = ) 20t
min ¢y 1

2 i@ Jo (PPOu1 = uz).ur = u)dt

mkinq 5 ) 5
2 m:lek(O) llur = uz ”O =y |l ur —up ”()

2
2 Clluy — upl|

w2 (a,b)

2 Cluy = uzllp2 (o)

min ¢y

where y? = m and we have use the inequality (5).

Theorem 5 If condition (A) is true for all k = 0,m, then:

a) Any minimized sequence for functional (4) has a limit in Hy,

b) All the minimized sequences for functional (4) have the same limit in Hy,

¢) The limit in Hy for any minimized sequence for functional (4) is the generalized solution of problem (1), (2),
d) The generalized solution of problem (1), (2) has generalized derivatives to and including m degree.

2. Finite Element Approximation

We introduce on the interval [a,b] a finite element mesh consisting of nodes
a=x9g<x;<..<xy=b
and finite element 7, = (x;, x;+1),7 = 0, N — 1 with conditions:
X; if j=i+1
[mTjZ Xitrl 1fj=l—1
¢ if j£i+1,i—1
U, Ti = [a, b.
We introduce on the interval [a,b] a finite element mesh consisting of nodes
a=xg<x <..<xy=b
and finite element 7, = (x;, x;+1),7 = 0, N — 1 with conditions:
X if j=i+1
TiﬂTjZ Xit+1 lf]:l—l
1) ifj#i+1,i—-1
U, Ti = [a, bl.
We consider the minimized problem: find a function u € Hy such that:

F(u) = gelg; Fv) (€))

and the discrete problem: find a function u;, € Hj, so that:

F(uy) = min F(v). (10)
vh€Hp

Theorem 6 The minimization problems (9) and (10) both have one and only one solution. Their respective solution
u € Hy and u;, € Hj, are also the unique solutions of the variational equations:

mo b ko gk, Tk b

d*u_d*u d
Eka( i vdxszvdx,VvEHo (11)
k=0 Y4 a

dxk” dxk dxk
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du duldv b
Zf ) g g =ffvhdx (12)
k=0 a

Proof: The functional F is Gateaux differentiable and

d*u d b
(DF(u))v = (Pu — fv)—ZfP(de]:dbktd:d ffvdx,

so the solution u and u;,of the minimization problem (9) and (10) must satisfy relations (11) and (12) respectively. In view
of the strict convexity of functional F, these relations are also sufficient for the existence of the unique solution.

Theorem 7 The discrete solutions uh are bounded independently of subspace Hj,.

Proof: Using the strong monotone propriety of the operator P we obtain

(Pup — Pu, ty — )20 = V2 llun — ull5> C lluay, — ull? 2

an we use the inequality.
2 -
ln = ull gy < (Putn = Put,up = w20y < WPup — Pull"lluy, — ullz2apy < 1Py — Pullllun = wllymaap

Taking v = 6 and u, is the solution of discrete problem we obtain

Lo
letnllyom2(apy < 7 /11

Theorem 8 If uy, is the discrete solution of equation (12), the condition

(A) is satisfied for all kK = o, m and if
P¥c Pc Hy(T) (13)

W1 — C°(T) (14)

where o is the greatest derivation degree that appears in definition of T, the reference finite element, then (uy,)uep is the
minimization sequence of functional F and has an unique limit in Hy .

Proof: The sequence (up)ney 1s bounded in a reflexive space W™2(a, b).

So, there exists a subsequence (u;;) which weakly converges to the same elementu € W™2(a, b). We shall prove that u in
minimum point of functional (4) in W™ (a, b), so (uj)sex is a minimized sequence.

Let be ¢ € D(a, b), the space of testing function. By definition of the discrete problem we have, in particular
Vi>1: F(uy) < F(I)
Where I1,; is the operator of finite element approximation. Since the functional F is continuous and convex we have

F(u) = lim F(uy) < lim F(IT,). (15)

Since o is the maximum order of derivatives occurring in interpolation than, using Theorem 2.10.3 from (Titus Petrila &
Calin John Cheorghiu, 1987) and from (13) and (14) we get

1T = @ llynagty < CH 1 @ ynacry
and summation after all T we have
I — @llw™2(a, b) < Chille |w™2(a, b),

SO:
,ILTO M = ‘P”Wml(a,b) =0.

This last relation and the continuity of the functional (4) imply that

}ilil F(Iyi0) = F(p)
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and so, using (15) it results that
Yo € D(a,b) F(u) < F(p).

The space D (a, b) being dense in W2 (a, b), it implies that
Vv e W™ (a,b) F(u) < F(v)

and therefore the function u is the unique solution of minimized problem (10), and (uj,)neyis a minimized sequence.

Theorem 9 If ((u)nenis a minimization sequence (solution of discrete problem) and if (up)ney weakly converges to the
same element u, then u € Hy and u has generalized derivatives up to the aforementioned order m inclusively.

Proof: This result is obtained from Theorem 5.

In order to have an approach similar to that of the linear case we have obtained minimization sequence (solution of discrete
problem) and if lem (10), and an analogous result as Cea’s Lemma.

Theorem 10 If Pk for all k = 0, m are bounded functions on [a,b], then there exists a constant C, independent of the space
H,, such that:
” [ uh”w’”vz(a,b) <C inf ” u-— vh||w"'~2(a,b) (16)
vh€H),

Proof: From H, ¢ W™2(a, b) it results
(P wi)r2apy = (> Wh)12@ab), YwneH.

(P(un), w2y = (Fs Widi2(ap), VwaeH,.

We subtract these equalities and we get
P (u) = P (up), wp)r2ay = 0.

Let be wy, = uy, — v, and we get
(P (u) = P (up), up = vi)r2apy = 0

and so

e =il < (P@) = P, = up) .., < () = Pty) 1= vi + Vi = )2

b dk " dk dk _
= (P) = Pl = vidrzian < (it f,) [PRCEEE - PRCG) 52 %)L( ,
du d*(u—up) m d*(u—uy) 2 d*(u—vy,)
<CY of ”‘Wkk ' e deC\/Z o o Zito dxk] s

= C|l u— upllymaapy I 4 = vallymo(a,p) -

It results that
Il'u = upllymzpy < C Il = Villym2iapy » Yoo € Hyand|| u — upllym2qp) < Cvigffl Il ' = vallym2ap).
h h

‘We can obtain an error evaluation:

Theorem 11 In the above conditions if u is in W"*?(a,b), than there is a constant C independent of the space Hy, such
that:
k
llet = wpllym2apy < CH |tlymrrz(qp)- (17)

Proof: Using the Theorem 10 we get

. k
” u— Mh”wml(a)b) < erelllj[ ”I/l - Vh”wm,Z(a’b)S ” u— Hhu ||w’“=2(a,b) <Ch |M|wm+k,2(a’b) .
h h

Let be wy, wa, ..., w, a basis in Hj,. Than we have u;, = Y};_, awy. We solve the nonlinear system:

d*w; d"w; | d*w, b
&mfﬁ(m%w)(gmm>ﬁd = [, f wadx
with the unknowns ay, as, ...... , &s. We shall approximate the integrals on each subinterval, so we have

N

m N-1 xj+1 k S b
J d“w; d*w; | d*wy, _
ZO jZ:f (; Wk J (; " dxk ] dx* dx = f wadx,
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for all w, € {w,ws...,w} and for each subinterval the integrals are approximated through the process of numerical
integration, using a quadrature scheme. This scheme must be compatible with the error estimation of finite element
method. We obtain a nonlinear system for which we can apply Newton — Kantorovici method.

Remark 1 As usual, the same latter C stands for various constants independent of / and the various functions involved.

Remark 2 An analogous problem can be solved when operator P is
P(u) = T o(- D e gk ()]

and the corresponding conditions L

g =Cry1 20,Yk=0,m.
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