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Abstract

By only using spectral theory of the Laplace operator on spheres, we prove that the unit 3-dimensional sphere of a 2-
dimensional complex subspace of C? is an Q-stable submanifold with parallel mean curvature, when Q is the Kihler
calibration of rank 4 of C°.
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1. Introduction

In 2000, Frank Morgan introduced the notion of multi-volume for an m-dimensional submanifold M of a Euclidean space
R™™" "as a volume enclosed by orthogonal projections onto axis (m + 1)-planes. He characterized stationary submanifolds
for the area functional with prescribed multi-volume as submanifolds with mean curvature vector H prescribed by a
constant multivector & € A, R™", namely H = §L§ , where S is the unit tangent plane of M, and proved the existence
of a minimizer among rectifiable currents, as well as their regularity under general conditions of the boundary. In this
setting, a question has arisen on conditions for ||H|| to be constant. In (Salavessa, 2010) we extended the variational
characterization of hypersurfaces with constant mean curvature ||H|| to submanifolds with higher codimension, when the
ambient space is any Riemannian manifold M™*", as discovered by Barbosa, do Carmo and Eschenburg (1984, 1988) for
the case n = 1. This generalization amounts on defining an “enclosed” (m + 1)-volume of an m-dimensional immersed
submanifold F : M" — M™™" m > 2, as the Q-volume defined by each one-parameter variation family F(x,1) = F;(x)
of F(x,0) = F(x), where Q is a semi-calibration on the ambient space M, that is, an (m + 1)-form Q which satisfies
|Q(eq, e, ...,en)| < 1, for any orthonormal system e; of TM. A submanifold with calibrated extended tangent space
H @ TM is a critical point of the functional area, for compactly supported Q-volume preserving variations, if and only
if it has constant mean curvature ||H||. In this case we have H = ||H| Q |_§ . From a deeper inspection of this proof,
one can see that the initial assumption of calibrated extended tangent space can be dropped, since it will appear as a
consequence of being a critical point itself. This will be explained in detail in a future paper, and also its relations with
Morgan’s formalism. Assuming that M has parallel mean curvature H, a second variation is then computed, and its
non-negativeness defines stability of M. This corresponds to the non-negativeness of the quadratic form associated with
the L2-self-adjoint Q-Jacobi operator Jo(W) = J(W) + m||H||Co(W), acting on sections in the twisted normal bundle
H&T(NM) =F o Hé(E), where the set ¥ of Hé-functions with zero mean value is identified with the set of sections of
the form fv, with f € ¥ and v = H/||H||, and where E is the orthogonal complement of v in the normal bundle. This
Jacobi operator is the usual one, but with an extra term, namely a multiple of a first order differential operator Co(W) that
depends on Q. The twisted normal bundle is the H'-completion of the vector space generated by the set F of compactly
supported infinitesimal Q-volume preserving variations, and, in general, we do not know whether it is larger than Fq
itself. Thus, Q-stability implies that the area functional of F, decreases when ¢ approaches #y = 0, for any family of
Q-volume preserving variations F, of F, but we do not know whether the converse also holds always. In case the ambient
space is the Euclidean space R"*", then a unit m-sphere of an Q-calibrated Euclidean subspace R”*! of R"*" is Q-stable
if and only if, for any (n — 1)-tuple of functions f, € C*(S™), 2 < @ < n, the following integral inequality holds:

D, -2m fg Fut We, Wo)(Vf)dM < ) fg IV falPdM, Q)
a<f " a "

where W, is a fixed global parallel orthonormal (0.n.) frame of R"~!, the orthogonal complement of R”*! spanned by S,
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and ¢ is the 7*S"-valued 2-form on R/,

EW,W)X) = QW, W, xX), W,W eR"! XeT*S"
where * : TS™ — A" 1TS™ is the star operator. If (1) holds and
VwQ(W,eq,...,en) =0, YW e NS", 2)

where e; is an o.n. frame of 7'S™, then in (Salavessa, 2010, Proposition 4.5) we have shown that for each @ < g, £&(W,,, Wp)
must be co-exact as a 1-form on S, that is,

é:(yﬁ = é‘:(vvm Wﬁ) = 60)(1[5,

for some globally defined 2-form w,z on S™. This is the case when Q is a parallel (m + 1)-form on R”*". Using these
forms wgg, the stability condition (1) is translated into the long Q-Cauchy-Riemannian integral inequality:

Yo [ wnhnTppar < Y [ 191, )

a<f B

If we fix @ < B8, and set f = f,, h = f3, and f, = 0 ¥y # a, B, (1) reduces to

-2m f Féaup(VhYAM < f IVAIFdM + | [IVhIPdM, 4)
Sm Sm S/u

and if we replace f by cf, and h by ¢ 'h, where ¢® = ||Vh||2/IIVfll.2, then we obtain the corresponding equivalent short
Q-Cauchy-Riemannian integral inequality

i [ (V1. T < \/ | IIVfIIZdM\/ IVHIRdM, )
s s S

holding for all functions f, h € C*(S™).

The Q-stability of a submanifold with calibrated extended tangent space and parallel mean curvature depends on the
curvature of the ambient space and on the calibration € (Salavessa, 2010). It always holds on Euclidean spheres if Cq
vanish. This last condition is equivalent to the condition (2) and & = 0 ((Salavessa, 2010), Lemma 4.4). In the case n = 2
the later condition is satisfied, but for n > 3 the operator Cq may not vanish for spheres, even if Q is parallel. If Cq does
not vanish, spheres of calibrated vector subspaces may not be Q-stable.

We first consider Q any parallel (m+1)-form on R™*". Laplace spherical harmonics of S™ of degree [ are the eigenfunctions
for the closed eigenvalue problem with respect to the Laplacian operator corresponding to the eigenvalue A; = I(I+m — 1),
and they are just the harmonic homogeneous polynomial functions of degree / of R”*! restricted to S”. We denote by E,,
the finite-dimensional subspace of H'!(S™) spanned by these A;-eigenfunctions. In the first theorem we show how each
1-form £, transforms a spherical harmonic f into another spherical harmonic A:

Theorem 1.1 If Q is parallel, then for each f € Ey, h = £p(V f) is also in Ej,, and it is L*-orthogonal to f.

In this paper we study the stability of the unit 3-sphere of a 2-dimensional complex subspace of C* with respect to the
Kihler calibration. In this case Cq does not vanish. Let @ be the Kihler form of C? = R, and Q the Kihler calibration

of rank 4,
1
@ =dx"? +dx** + dx*S, Q= 5132.

The unit sphere of R* x {0} is immersed into R® = C3, by the inclusion map ¢ = (¢1, ..., ¢4,0) : S* = C>. We have only
one of those 1-forms

£1= 5 = #(dg' Ndg? +dg’ N dg') = ¢'dp? - §de' + ¢Pdg’ - ¢de’,
and ¢ = dw, with w = % * &= %(dqﬁ] A d@* +de® A de*) = %gb*w. Our main theorem is the following:

Theorem 1.2 Three-dimensional spheres of C? are Q-stable submanifolds of C* with parallel mean curvature, where
Q= %wz is the Kdhler calibration of rank 4.

The Cauchy-Riemann inequality version of the Q-stability is described in the corollary:
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Corollary 1.1 The Cauchy-Riemann inequality

—f w(Vf,Vh)dM < %\/f IVFII2dM \/f (IVAI2PdM
S3 3 S3 S3

holds for any smooth functions f and h of S, with equality if and only if f,h € E,,, with f = ¥, ui¢; and h = ¥, o,
where 0y = —y, 01 = Ha, 04 = —j43, 03 = jly.

Finally, we state that the 3-sphere is the unique smooth closed submanifold that solves the Q-isoperimetric problem among
a certain class of immersed submanifolds:

Theorem 1.3 The unit 3-sphere of a complex 2-dimensional subspace of C? is the unique closed immersed 3-dimensional
submanifold ¢ : M — C3 with parallel mean curvature, trivial normal bundle, and complex extended tangent space
H® TM, that is Q-stable for the Kdhler calibration of rank 4, and satisfies the inequality

f S22+ h||H|)dM <0,
M

where h and S are the height functions h = {(¢,v) and S = Z,»j(qﬁ, (B(e;, ej))F)BV(e,-, e;).
Remark On a closed Kihler manifold (M, J) with Kahler form w(X, Y) = g(JX, Y), if f,h : M — R are smooth functions,

then by the Cauchy-Schwarz inequality,
<\ wwspa | [ iwnpan
M M

with equality if and only if Vi = £JV £, or equivalently f +ik : M — C is a holomorphic function. If this is the case, then
f and h are constant functions. On the other hand, globally defined functions, sufficiently close to holomorphic functions
defined on a sufficiently large open set, are expected to satisfy an almost equality. This is not the case of S*, which is not
a complex manifold, and somehow explains the coefficient 2/3 in Corollary 1.1.

’f w(Vf,Vh)ydM
M

Remark In the case of 3-spheres in C* we have only one form &qp, that is, the long Cauchy-Riemann inequality is the short
one. We wonder if a general proof of short Cauchy-Riemann inequalities can be allways obtained for Euclidean m-spheres
on R™" by using the spectral theory of spheres, when Q is any parallel calibration. Note that (4) is immediately satisfied
for ffheE,,if 4, > m?, that is [ > m, so it remains to consider the cases / < m — 1. For 3-spheres we have to consider
polynomial functions up to order [ = 2, while for 2-spheres we have to consider only the case / = 1. A related remark is
given in the end of section 3.

2. Preliminaries

We consider an oriented Riemannian manifold M of dimension m, with Levi-Civita connection V and Ricci tensor Ricci™ :
TM — TM. In what follows ey, ..., e, denotes a local direct o.n. frame.

Lemma 2.1 Let ¢ be a co-exact 1-form on a Riemannian manifold M, with & = dw, where w is a 2-form. Then for any
function f € C*(M),
EVf) =div(V*f),

where V¢ f = 3, w(Vf, e;)e; . Moreover, for any f,h € Cy’(M)

f FEVRYAM = f W(Vf,Vh)dM = — f hé(V f)dM.
M M M

Proof: We may assume at a point xg, Ve; = 0. Then at xg

&V

Sw(Vf) == > Vowle, V) = D =V (wlen V) + wle, Vo Vf)

1

div(V¥f) + Z Hessf(e;, ejw(e;, ;).
ij

The last equality proves the first equality of the lemma, because Hessf(e;, e;) is symmetric on i, j and w(e;, ;) is skew-
symmetric. The other equalities of the lemma follow from div(fX) = (Vf, X) + fdiv(X), holding for any vector field X
and function f. O
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The 6 and star operators acting on p-forms on an oriented Riemannian m-manifold M satisfy 6 = (=1ymm+l s g,
#x = (=1)P"=P]d, and for a 1-form ¢ the DeRham Laplacian A and the rough Laplacian A are related by the following

formulas _
AE(X) = (d6 + 6d)EX) = —AE(X) + E(RicciM (X)),

AE(X) = traceV?E(X) = 3, Ve,V £(X) = Vy, o £(X).
If ¢ = 6w, then 8¢ = 0, and so Aé(X) = 6dé(X) = — 3 Ve, (dé)(ei, X). We also recall the following well-known formula
(see e.g. Salavessa & Pereira do Vale (2006)) for f € C*(M),

AdX) = Y V2, df(X0) = g(VAS), X) + df Ricei (X).
Thus,
AVS) = V(Af) + RicciM(Vf),

A — M (6)
(AENVf) = =(6dE)V f) + ERicci™(V f)).

Now we suppose that M is an immersed oriented hypersurface of a Riemannian manifold M’, with Riemannian metric
(,), defined by an immersion ¢ : M — M’ with unit normal v, second fundamental form B and corresponding Weingarten
operator A in the v direction, given by

Blei,ej) = (Alei). ej) = (V'ee),v) = —(e, Ve, v),

where V’ denotes the Levi-Civita connection on M’. The scalar mean curvature of M is given by
1 1
H=—TraceB = Z —B(e;, e)).
m — m

The curvature operator of M’, R'(X, Y, Z, W) = (=V'xV'yZ +V'yV'xZ + V' |xyv)Z, W), can be seen as a self-adjoint operator
of wedge bundles R’ : ANTM — A2TM,

(R'(u Av),z Aw) =R (u,v,z,w),

and soR'(u Av) = Z,-<j R'(u,v,e;,eje; A ej, where

<u/\v,z/\w>=det[

(u,z)  (u,w) ] _

v,y (v,w)
In what follows, we suppose that £ is a parallel (m — 1)-form on M’, and ¢ is given by
=48
where * is the star operator on M. In this case £ is obviously co-closed, but not necessarily co-exact. We employ the usual
inner products in p-forms and morphisms.

Lemma 2.2 Assume m > 3. Then for all i, j
(Ve é)e)) = Tp—Blei, e)é(v, x(ex A e))) = —E(v, #(A(e)) A €))),
Aé(ej) = 6dé(ej) = .ff(v, wy(ej A (mVH — [Ricci™ (v)]T)y) + R'(e; A V)) +&(Op(e))),

where [Ricci™ (v)]T = 3 Ricci™ (v, ex)e, and @ : TM — T M is the morphism given by, @ = ||B|*1d + mHA — 2A.

Proof: We fix a point xo € M and take ¢; a local o.n. frame s.t. Ve;(xg) = 0. We will compute dé(e;, e), at x on a
neigbourhood of x(. Recall that for any p-form o, we have *o- = o+, where the star operator on the r.h.s. can be seen as
acting on A" PTM, with xe; = (—1)"le; A...A&;A. .. ey, and fori < j, x(e;Aej) = (=1) T e AL A AL AEA. .. Aepy.
Using the fact that f is a parallel form on M’, we have for x near x,

Vo(é(e) = Suui(-DIEer, ..., Vier, ... 8j,. .. em)

= Zk<j(_1)k+j§(v’e;ek9 Clyeees éka ey ép ey em)
+ Zk>j(_1)k+1_1§(v,e,ek$ 61, AR ] éj9 L) ék’ L] em)

= Siej~(Veers )(xer) = Blei, e)(v, *(ex A e)))
+ s ~(Vesens €)E(xer) + Bler, e)é(v. x(ej A ey)

= E(Vee)) + Tue; —Blei e)é(v, +(ex Ae))).
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Hence, (V. &)(e;) = Xz, —Blei, e, #(ex N e 7)), which proves the first sequence of equalities of the lemma. Now,
dé(eie)) = (Vo&)(e)) — (Ve 6)(er)
D —Blei,edd(v,x(ex nep) + > Blej, edd(v, +(ex Aey)),

k#j k#i

and by Codazzi’s equation,
(Ve B)ej ex) = (Ve B)eis ex) = R'(ei, e, ek, v)
Yi(Ve B)(eis er) = mV o H — Ricci™ (e, v).

Note that By, = (V,;B)(e;, ¢) is a symmetric matrix, and if we define Ay; = g?(v, x(ex A e;)) (valuing zero if k = i),
then Ay is skew-symmetric. Thus, > BuAri = 2 BiAx = 0. Furthermore, if we set Cyx = —R'(e;, e}, ¢, V), then
Cit — Cii = R'(er, ei, e, v). Hence,

1 1,
202 CiAui = ) Cudii = D 5(Cie+ Cua) + (Cae = CudAws = ) SR (ex e V) A
ik

i k#i ik ki

Therefore, for each j, at xy

~5dé(e)) = ) Ve (de(ere))

DD (Ve BXew, e)dv, w(ex A e)) = Bley, ex) Ve, (G, x(ex A e)

k#j i

+ ) Y (Ve Bej, ey, xei A e) + Blej, eV (€0, x(ex A e)

k£ j
’ A 1 A
= D (mVeH + Ricei™ (e, ) x(e A ep) + D SR (ensenvej E#(ex he)) + S
k#j ki
where
S = B Xue (DB edd(Veviens. 8 2 en)

+ 2 Zk>j(—1)k+{713(€i, e )V evier, .. .,8j, ... 8, ... ep)
+ Zi 2k<i(_1)k+lle(ej5 ek)é:(v,e,’v7 el L] ék? cr éi? cr em)
+ Zi Zk>i(_1)k+1B(ej’ ek)é:(v,e,'y’ [ PR éi; et ék’ L) em)

= 2 k<) —Blei, er)Ble;, er)é(e)) + Ble;, e)Ble;, ex)é(ex)
+ 2 2ij Blei, ej)Blei, er)é(er) — Blei, ex)B(e;, ex)é(e;)
+ 2 2k<i Blei, er)Blej, er)é(e;) — Blei, ei)Blej, ex)é(er)
+ 2 Dsi —Blei, ei)Blej, e)é(er) + Blei, ex)Blej, ex)é(e;).

At this point we may assume that at xq the basis e; diagonalizes the second fundamental form, that is, B(e;, e;) = 4;0;;.
Then,

S = X Yue; —Oudié(e)) + 6i0uAiE(er) + ;i Vs Oij0uAiE(er) — SuAié(e))
+ 2 Diei Ok e i (er) — 80 Aidjé(er) + X Yasi —0ii6 judid jé(ex) + Sind judié(er)

= i —ATE(e)) + X —ATE(e)) + X j —AidjE(e)) + X ji —AidjE(e))

= Sixj—Aié(e) — idjé(e)) = N —Aj€(e)) = Lidjé(e)) + (4 + A)é(e))

= —|IBIP£(ej) — mHE(A(e))) + 2£(A%(e))),
and the second sequence of equalities of the lemma is proved. m}
If we suppose that ® = u(x)Id, taking e; a diagonalizing o.n. basis of the second fundamental form, B(e;,e;) = A;0;;,
then each A; satisfies the quadratic equation

247 —=mHA; + (u—IBI") =0,

which implies that we have at most two distinct possible principal curvatures A.. Moreover, from the above equation,
summing over i, we derive that (x) must satisfy x(x) = “=2||B|[* + mH?, and so

1 16
A=~ (mH + \/—||B||2 + m(m — 8)H2].
4 m
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Note that, from ||B|[*> > m||H|*, we have 18||B|* + m(m — 8)H> > (m —4)*H?, and so there are one or two distinct principal
curvatures. If M is totally umbilical, then ||B||> = mH? and p = 2(m — 1)||H||*. The previous lemma leads to the following
conclusion:

Lemma 2.3 Assuming M’ = R"™', m > 3, and taking M a hypersurface with constant mean curvature, with @ = u(x)Id,
where u(x) is a smooth function on M, we get u(x) = mT—an”z +mH?* and

AE = pé.
Furthermore, & is an eigenform for the DeRham Laplacian operator, that is u(x) is constant, if and only if ||B|| is constant.

In case M is a unit m-sphere S™, then ®p = uld, with u = 2(m — 1), and taking v, = —x as unit normal, then, at each
xe Sm’

(Ved)le)) = Ex, e: A e))

dé(e;, ej) = 2&(x, =(e; A e;))

AE = 6dé = 2(m — 1E.

Lemma 2.4 [f f € C*(S™), then A(E(V f)) = E(VAS).

Proof: We fix a point xy € S™ and take e; a local o.n. frame of the sphere s.t. Ve;(xg) = 0. Let f € C*(S™). The following
computations are at xy. Using the above formulas (6) and previous lemma, we have

AV = D VeVo@VN) = Y Vo ((VebXVS) + (Ve V)

AEV) + 2V (Ve V) + E(V V.V f)
—2(m = DENVS) + E(VAS) +2(m = DEV ) + Z 2(Ve Ve V).

Since Hess f(e;, e;) is symmetric in ij and by Lemma 2.3, (V,,£)(e;) is skew-symmetric, we have

D (Ve VeV = Y Hess flei,e)(Ved)e)) = 0,
i ij

and the lemma is proved. O
3. Proof of Theorem 1.1

We denote by V the Levi-Civita connection of S” induced by the flat connection V of R"*". We are considering a parallel
calibration Q on R™*". We fix @ < 8 and define the 1-form on S™

E = EW,y, Wp) = #¢°¢ = S,

where & = faﬁ and w = wyg.

We recall that the eigenvalues of S™ for the closed Dirichlet problem are given by 4; = I[(l+m — 1), with [ = 0,1,2....
We denote by E,, the eigenspace of dimension m; corresponding to the eigenvalue 4;, and by E;I the L?-orthogonal
complement of the sum of the eigenspaces E,,,i = 1,...,/— 1, and so it is the sum of all eigenspaces E; with 1 > A;. If
f€E,,andh € E,, then

fhdM =0 ifl#s and (VE,VRYAM = 6,4, | fhdm.
gm

§gm §m

There exists an L2-orthonormal basis ;- of L*(S™) of eigenfunctions (1 < o < m;). The Rayleigh characterization of 4
is given by
IV fIPdM
Ay = inf fS—
FEy [, f2dM

and the infimum is attained for f € E,,. Each eigenspace E,, is exactly composed by the restriction to S” of the harmonic
homogeneous polynomial functions of degree [ of R”*!, and it has dimension m; = (m":l)—(mtfl’z). Thus, each eigenfunction
¥ € E,, is of the form o = 3, ua®“, where y, are some scalars and a = (ai, ..., an1) denotes a multi-index of length
lal=a; +...+aus; =1land

a a,
Pt =g g
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From V¢; = € and 3, ¢? = 1, we see that

(Voi. Vo)) = 6ij = ti¢j  IVhillP =1-¢; -
Jon #2dM = 5IS™| fou IV@iPaM = Ay [, ¢2dM = -2 |S™|.
We also denote by me @#>dM any of the integrals me gbisz ,i=1,...,m+ 1. We recall the following:
Lemma 3.1 If P : S — R is a homogeneous polynomial function of degree I, then
1
f P(x)dM = — f A°P(x)dM.
Sm /l[ §m
In particular,
ai(a; — 1) 2
¢“dM = _— ¢ dM,
Sm 1§;+1 l(l +m— 1) sm
where the terms a; < 2 are considered to vanish. Thus, if some a; is odd this integral vanishes.
Proof of Theorem 1.1 By Lemma 2.4, if f € E,, then £(Vf) € E,,. From
| revpam = [ wwrvnam=o
Slﬂ SWI
we conclude that f and & = &(Vf) are L>-orthogonal. m}

Remark Let us consider f,h € E,,, and take the globally defined vector field of S™, Gd=3 j&(ej)e;. From Lemma 2.2,
we have
(Vh,VEV ) = =€, «(Vh AV [)) + Hessf(Vh, ).

By Theorem 1.1, &(Vf) € E,, as well. The term Hessf(Vh, &) is a sum of polynomial functions of degree 21 — 3 + ke
where k¢ depends on &, when expressed in terms of ¢'. Let us suppose that all k¢ are even. Then by Lemma 3.1,
me Hessf(Vh, §ﬁ)dM = 0. Since 4; > m, and taking into consideration that Q is a semi-calibration,

1
_ f WM = f (Vh, VE f))dM
Sm 1 Jsm

1 A 1 1
- | E0x(VRAV)IM < — f IVAILIVAlldM < —IIVfll2lIVAll 2.
/l] Sm /].l sm m

Thus, in this case the short Cauchy-Riemann inequality holds. Inspection of & must be required for each case of Q. A
general proof of the short Cauchy-Riemann integral inequality, under appropriate conditions on €, will be developed in a
future paper.

4. 3-Spheres of C? in C?

In this section we specialize the Cauchy-Riemann inequalities for the case m = n = 3 and for R® = C* we will consider

the Kéihler calibration %wz that calibrates the complex two-dimensional subspaces, that is,

Q — dx1234 +dx1256 +dx3456.
Thus, fixing Ws = es and W = € we have & := &g = dx'? + dx**, and
&= Esq = x¢"E = x(d¢'? + dg™).

The volume element of S is Volgn = Zi(—l)"‘1¢,-d¢1"'?""", and #¢ is the unique 2-form s.t. £ A & = ||€][*Volsn. Using (7)
we see that ||£|| = || # £]| = 1. Hence

&= ¢1de? — podd' + $3de* — pad’
w€ = d' Ad¢* +de® Ad¢* = 1dé =: d * w.

Therefore, we may take *w = %f, that is

_l* _ L 2 3 P
w= 3= S(dd! Ndg +dg’ N dgh) = 29w,
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Hence, to prove Theorem 1.2 and Corollary 1.1 we have to verify that, for any functions f,h € C*=(S?), one of the
following equivalent inequalities holds:

L =3w(Vf,Vi)dM = L =3fE(VhdM < |V A2Vl 2 ®)
f —6w(Vf, Vh)dM=f —6fE(VR)YAM < |IV£II7, + VA,
S3 S3

By Theorem 1.1 we only need to consider both f,h € E,, for some I. Note that 43 = 15 and since Q is a calibration,
[1EQCON < 11X
Lemmad4.1lff,h e EL are nonzero, (8) holds, with strict inequality.

Proof: By Schwartz inequality and Rayleigh characterization
3
f =3fE(VhydM < 3| fll2IVAll: < —=IIV A ll2lIVAll2 < IV A2 VA2,
3 VA

with strict inequality in the last one, since neither f nor # may be constant. O

We now verify that (8) holds for f,h € E,, and f,h € E,,. From (7) and Lemma 3.1, we have for i # j

Js #2dM = 1S3, fs $70%aM = ¢ [ ¢*aM
J #*aM = 5 [ ¢*dM, f IVelPaM =3 [, ¢*dM
w(Vé1, V) = (1 - ¢? — ¢2) W(V$1,V3) = L(~ads + $164) ©)

w(Ve1,Vdy) = 5(=P2ds — $163) w(Vg2,Vg3) = 5(d1$3 + Path2)
WV, Vs) = 3(B104 — dop3) w(V3, Vo) = 3(1 - ¢2 — ¢2).

and moreover

Lemma 4.2
3 [w(V1. V) =3 [ ¢7 = Vil IVallz = IVl
3 [ w(Ve3, Va) =3 [ ¢* = Vsl IVeall = IVII7,
-3 [w(Ve;,Vep;) =0 for other ij
=3 [ (Ve Vo)) = 0 Vi, jik
=3 [ $1w(Vo1. V) = =3 [ $w(Ve1, Vo) = —3 [ ¢
=3 [ $30(Ve1, Vo) = =3 [ $2w (V1. Vo) = — [ ¢
=3 [ $w(Vs, Vea) = =3 [ $w(Veps, Va) = = [ ¢
=3 [ $30(Ves, Vops) = =3 [ $10(V3, V) = =5 [ ¢*

=3 [ $164w(V1,Veh3) = =3 [ $130(Vo, Vps) = -1 [ ¢
=3 [ $1630(V1,Vs) = =3 [ pop3(Vepo, Vebs) = 1 [ ¢*
=3 [ $2630(V1,Vep3) = =3 [ ¢odsw (V1. V) = § [ ¢°
=3 [ $264w(Vy, Vep3) = =3 [ $1a(Vh, Vps) = =5 [ ¢°

-3 f ¢ipjw(Vey, Vo) = 0 for other cases.

Lemma 4.3 If f,h € Ey, that is f = 3w, h = X;0;¢, for some constant y;, o j, then (8) holds, with equality if and
only if o3 = —py, 01 = fhp, 04 = —u3, 03 = .

Proof: Using the previous lemma,

-3 f WVEIAM = (o — o) f 30(V1, Va) + (134 — pacs) f 30(Vs, V)
= —(mo2 — oot + 304 — 1403) IV

1 1
E(Zﬂ? + oIV, = E(IIVfIIiz + VA7)

IA

The equality case follows immediately. O

Lemma 4.4 If f,h € E,, are nonzero, then (8) holds with strict inequality.

Published by Canadian Center of Science and Education 41



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 4, No. 2; April 2012

Proof: Set f = ¥, i + X Aijidj, and h = 3, Bid7? + X, ; Bijhih;, where a;, Ay, B, Bij are constants. Now we compute

-3 fw(Vf, Vh) = -3 fw(V¢1,V¢2)[(2a1¢1 +Angy + Aizds + A1aa)(2B2¢2 + Biogy + Bazds + Baadpa)
~Qargy + A1 + Azzds + Ada)(2B1¢1 + Biaga + Bizps + Biada)]

-3 fw(V¢17V¢3)[(26¥1¢1 +Ang: + Aizds + A1ada)(2B3¢3 + Bi3di + Bazga + Biaga)
—Qazps + Aizp1 + Anzdo + A3494)(2B1¢1 + Biodo + Bizs + Biads)]

-3 fw(V¢l,V¢4)[(2a1¢1 +Apdy + Azds + A1ada)2Bads + Biady + Boady + Baugs)
—Qaads + A1ap1 + Asado + A34¢3)(2B1¢1 + Biodo + Bizds + Biads)]

-3 fw(V¢2,V¢3)[(2az¢2 + At + Ads + Auda)(2B3¢3 + Bi3di + Bazga + Braga)
—Qazgs + Aizd1 + Azdy + A34d4)(2B2¢ + Biagi + Brads + Brzs)]

-3 fw(vﬁﬁz» Vo)[(Qargs + Andy + A2z + A2ada) 2B4ds + Biadi + Boudy + Baugs)
—Qasds + A1ad1 + Arar + A34¢3)(2B2¢ + Biagi + Brads + Brzds)]

-3 fw(V¢3, Vo)[(2azgs + Ai3dy + Az + A3ada)(2Bsds + Biag + Boady + Biugs)
~Qasps + A1ap1 + Arar + A34¢3)(2B3¢3 + Bi3di + Bazda + Baugu)l.

Thus, using Lemma 4.2,
3 [ @RI = 23 [urve. Ve

-3 [w(V¢3,V¢u)

-3 [ w(Ve1, Vé3)

-3 [ w(Ve1, Ves)

=3 [(w(Vea, Vé3)

-3 [(w(Ver, Véu)

[201B1o¢; + 2B2A1285 + A13Basds + A1aBrud)
~2B1A12¢7 — 202 B123 — A Bi3d3 — AraB1ag]
[A13B14¢7 + A23Bouds + 2a3B3adh; + 2B1Azud;
—A14313¢% - A24Bz3¢§ - 2ﬁ3A34¢§ - 204334@2;]
[2a1B3ap164 + A14B13d1¢s — A13B140104 — 214340144
+2B3A12¢2¢3 + A13Basdads — Ap3Bi3dads — 2a3 Bradas]
[2a1B3sd1¢3 + A13B1ad1¢3 — AuB13d1$3 — 2514310103
+2B4A12¢02¢4 + A14Boatrps — AraBradrds — 24 B12¢r¢4]
[26:A1201¢3 + A3 B13d1¢3 — A13Basd193 — 23 B1ag163
+202 B3aprds + A2aBozhods — A3 Baathaps — 282A34$26¢4]
[284A120104 + Aoy Brad1¢ps — A14Boud1ps — 204 B1og1d4
+2aB34¢2¢3 + A3 Boadads — AoaBrsdads — 252A344263]

[ { —1[2a1B1y + 2B2A 12 — 2B1A 12 — 2021 + 23 B3y + 2BsAszs — 2B3A3s — 204 By

—[A13B23 + A14Bys — A23B13 — AoyBiy + A13B14 + A2z Byy — A14B13 — Axy B3]

+%[ —2a1B3s — A1aB13 + A13Biy + 21A34 + 2B3A12 + A13Bos — Aoz Bz — 2a3 B2
+2a1 B3 + A13B14 — A14B13 — 2B1A34 + 2B4A12 + A14Bys — A2y B1a — 2a4B12
—2f3A12 — Ap3Bi3 + A13Bo3 + 2a3B12 — 22 B34 — Aa B3 + Ap3Bog + 2B7A34
=2B41A10 — AoyBiy + A14Boy + 204B12 + 22 B34 + A3 Byy — A2y By — 2,32A34] }

= [¢ { —[a1Bi2 + B2A1s = B1A1s — 2By + @3B3y + BaAss — B3A3s — 4B3y]
—[A13B23 + A14B2s — A23B13 — AoyBiy + A13B14 + A2z Byy — A14B13 — A2y B)3]
+%[ —A4B13 + A13B1y + A13By3 — A3 B13 + A14Boy — ApaBry — ApaBoz + A23324] }

[¢ { [~a1Bi2 = BoAi2 + B1A1 + @2B1y — @3 Bss — BaAss + B3As4 + a4Bss)

+3[~A13B23 — A14Bos + As3Bi3 + AyBis — A13Bis — Ap3Boy + A14Bi3 + Ay B3] }
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and applying the same lemmas we see that

VA = 2<Zak>— (Za,a]n 2O AY)

i<j i<j

J¢

Hence, we have to verify if the following inequality is true:

[—a1Bio — BrA12 + B1A12 + @2 B — @3B3s — BaAzs + B3A34 + asBay]

1
+§[—A13323 —AByy + Ap3Bi3 + ApBiy — A13B1s — Aoz Bog + A14B13 + A2y B3]

+3 (Z aia; +Bib))

i<j

<Z(ak +BD+ = (Z:A2 + B).

i<j

This is equivalent to prove the inequalities

(1D

IA

2
g(A%s + A% + A%+ AY, + By + Bl + By + By
2
(10)+(12) < Z(a,% +BD) + §(A%2 + A3, + B, + B3).
k

Note that

A

2x(11) < (A3 +A}, + A5, + A3, + B}, + Bi, + B3, + B3,)

IA

4
g(A%s + A%4 + A§3 + A%4 + B%a + 3%4 + 353 + B§4)’
and so inequality (14) holds, with equality if and only if

Az =A4 =Ax3 =Axs = Bj3 = Bia = Bys = Byy = 0.

Now

3x(10) = 3(a2 —a1)Bi2 —3(B2 — B1)A12 + 3(as — @3)Bzs + 3(=B4 + B3)A34
3
< SUem=a)’+ B =) + (@ = a3) + (s +53)°)
+%(A%2 +A3, + B}, + B3)
3
< Sle- @)’ + (B — 1) + (@ — a3)* + (=B +3)%)

+2(A%, + A3, + B, + B3)).

We will prove that

(16)+3x(12) < > 3} +8)),
k

(10)
(1)

(12)

13)

(14)

15)

(16)
a7

(18)

with equality iff @} = a» = a3 = a4 and 8) = B, = B3 = B4, which proves that (15) holds. Furthermore, from (17) we see

that equality in (15) is achieved iff
A12 =A34=Blz =B34=0, and for all i,j a; = aj, ﬂi:.Bj~

In order to prove (18) we only have to show that

3
S =) + (s —a3)) +2 ) wia; <3 ) o,
k

i<j
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or equivalently, that
=21y — 2a3a4 + 4ajaz + dajay + dasras + dasas <3 Z a/%.
k

But this is just
(@1 — @3)* + (@3 — @)* + (@2 — as)* + (@4 — 1)* + (@1 + @z — a3 — ay)* 20,

with equality to zero iff @; = «; Vij. We have proved that inequality (8) is satisfied, with equality iff f = (3, ¢]%) =«
constant and % constant, and so they must vanish. O

Theorem 1.1, with Lemmas 4.1, 4.3 and 4.4, prove that (8) holds for any pair of functions (f, #), and so Theorem 1.2 is
proved. Corollary 1.1 follows from these lemmas.

In (Salavessa, 2010, Theorem 4.2) a uniqueness theorem was obtained, on a class of closed m-dimensional submanifolds
with parallel mean curvature and calibrated extended tangent in a Euclidean space R™*", and satisfying an integral height
inequality. We will recall such results for the case Q parallel. We denote by B” the v-component of the second fundamental
form B and by B” the F-component, B = B + B, where F is the orthogonal complement of v in the normal bundle.

Theorem 4.1 If Q is a parallel calibration of rank (m + 1) on R™", and ¢ : M — R™" is an immersed closed Q-stable
m-dimensional submanifold with parallel mean curvature and calibrated extended tangent space, and

f SQ+h|H|DdM <0, (19)
M

where h = (¢, v) and S = }; (¢, (B(e;, ej))F>BV(ei, e;), then ¢ is pseudo-umbilical and S = 0. Furthermore, if NM is a
trivial bundle, then the minimal calibrated extension of M is a Euclidean space R™", and M is a Euclidean m-sphere.

Theorem 1.3 is an immediate consequence of Theorem 1.2 and the above theorem.
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