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Abstract

In this paper, we study weighted pseudo-almost periodic solutions to general neutral integral equations. By applying the
properties of weighted pseudo-almost periodic functions and the fixed point theorem, we establish the conditions for the
existence and uniqueness of weighted pseudo-almost periodic solutions of the equations.
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1. Introduction

Qualitative analysis such as periodicity, almost periodicity and stability of neutral functional differential equations has
been studied extensively by many authors, we can refer to [X. X. Chen, 2007; S. Abbas, 2008; X.X. Chen, 2011; et al]
and references cited therein. Neutral functional differential equations are not only an extension of functional differential
equation but also provide good models in many fields including Mechanics, Biology, Population Ecology, Neural network,
and so on. The existence of almost periodic , pseudo-almost periodic ,weighted pseudo-almost periodic solutions is one of
the most attractive topic in qualitative theory of differential equations due to their important applications ; see for instance
[A.M. Fink, 1974; X.X Chen, 2010; C.Y. He, 1992; et al] and references therein. In [2008], Abbas and Bahugura have
studied the almost periodic solution of a nonlinear neutral system of the form:

' (t) = A@Ou(t) + Fi(t, u(t = g(1)) + Fa(t, u(t - g(1))) (1.1)

In [M.Pinto, 2010], Mannel studied the existence and uniqueness of pseudo-almost periodic and almost periodic solutions
to the equation:

u(t) = f(t, u(t), u(hy(2))) + fC(t, s, u(s), u(h(s)))ds,t € R. (1.2)
R

More specifically, that is the neutral delay integral equations of advanced and delayed decomposition type:

t

u(®) = f(t, u(®), u(ho(1))) +f

—00

Ci(t, s,u(s), u(hi(s)))ds + me Co(t, s, u(s), u(hy(s)))ds,

In recent papers, in [2006], Diagana introduced the concept of weighted pseudo-almost periodic functions which is a new
generalization of pseudo-almost periodic functions. Motivated by these papers, the purpose of this paper is to investigate
the existence and uniqueness of the weighted pseudo-almost periodic solutionsor the following nonlinear neutral integral

system:
t

x(1) = F(t, x(1), x(hy(1))) + f Gi(t, s, x(s), x(h1(5)))ds + f N Ga(t, s, x(s), x(ha(s)))ds, (1.3)

—00
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where h; € C(R,R) fori =0,1,2and G; : RXRXR" X R* — R",i = 1,2 are continuous.
2. Preliminaries

Let X, Y be complex Banach spaces endowed with the norm ||-||x and ||-||y respectively and BC((R, Y), ||-||) be the Banach

spaces of bounded continuous functions from R to Y endowed with the supremum norm ||¢||lc = sup ||¢(?)|ly. Define a
teR

function A : R* — (0, +c0), BC,(R?> x X, Y)will denote the vectorial space of continuous functions f : R?x X — Y such
that f/A is bounded. Let U be the collection of all functions (weights) p : R — [0, +c0) which are locally integrable over
R such that p(x) > 0 for almost each x € R. Foreachr > 0 andp € U , set

m(r, p) = f p(x)dx

Let U, = pe U : limm(r,p) =00, Up = {p € Uy : p is bounded and}(nlgp(x) > 0}. About the definitions of almost
r—o0 €

periodic and pseudo-almost periodic functions, we refer to [C.Y. Zhang, 1994; Y.H. Wang, 2011; J.K. Hale, 1977; et al].
Let AP(R, X) be the set of all almost periodic functions from R to X and AP(R x Q, X) be the set of all periodic functions
in ¢ € R uniformly from R X QfoX, where Q is a closed subset of X. Then (AP(R, X),|| - ||)and (AP(R X Q, X), || - || )are
all Banach spaces. We denote the set of all pseudo-almost functions by PAP(R, X). Similarly, we can also define the
PAP(P x X, X). For a function 1 : R*> — (0, +0) and any closed subset Q € X, a function F € BC(R*> x Q,Y) is called
A-almost periodic in ¢, s € R uniformly in any compact subset K € Q2. We mean that, for each &, there exists A, > 0 such
that for every rectangle R; x R, C R? of area A, and a number 7 € R; N R, with the following property:

IF(t+7,5+7,x) = F(t, s, 0)lly < ed(t, 5), (1, 5,%) € R* x Q.
The number 7 above will be called an e-translation number with respect to A of F and the class of such functions F will

be denoted AP (R x Q, X).

Remarkl: For 1 = 1,AP|(R* X Q, X) = AP(R> X Q, X).
Next, we need to introduce the weighted ergodic terms i.e.the spaces PAPy(R, X, p) and PAPy(R X X, X, p). Letp = U.
Define

1 T
PAPy(R, X, p) = {f € BC(R,X) : lim —— f L llxp(@dr = 0}
r=e0 m(r, p) J_,
PAPy(Rx X, X,p) ={f € BC(Rx X,X) : lim #’0) fr £, Ollxp(H)dt = 0 uniformly in x € X}

Definition 2.1 For a function ¢ : R* — [0, +o0), we say F(1, s, x) € PAPS(R* x X, X, p) if
[|F(t, s, x)|| < I, S)F(S, Xx), t,s€R, x€R (2.1)

with 0 < F(s, x) € PAPy(R X X, R, p).

Definition 2.2 Let f € BC(R X X, X), f is called weighted pseudo-almost periodic if f = g + ¢, where g € AP(R X X, X)
and ¢ € PAPy(R X X, X, p). The collection of such functions f will be denoted by WPAP(R X X, R, p).

Now we equip the collection of weighted pseudo-almost periodic functions from Rx X into X, i.e., WPAP(RX X, Y, p),with
the supremum norm, then (WPAP(R X X, Y, p), || - ||l)is a Banach space, see details in [S. Abbas, 2008; X.X. Chen, 2011;
T. Diagana, 2006; C.Y. Zhang, 1994].

Definition 2.3 Let 4,9 : R?> — [0, +c0) be two functions. A function f: R2x X — X is called (1,9) weighted pseudo-
almost periodic in R? uniformly in x € X if f = g + ¢, where g € AP(R> X X,X) and ¢ € PAPg(R2 x X, X,p). The
collection of such functions will be denoted by WPAP1.9)(R X X, X, p).

Remark 2: For p(7) = 1, WPAP(15,(R X X, X, p) = PAP,9)(R X X, X).

Lemma 2.1 ([T. Diagana, 2006]) Fix p € U, the decomposition of a weighted pseudo-almost periodic function f is
unique: f = g + ¢ where g € AP(R X X,Y) and ¢ € PAPy(Rx X, Y, p).

Lemma 2.2 ([T. Diagana, 2006]) Fix p € U, the decomposition of a (4, }) weighted pseudo-almost periodic function f
is unique: f = g + ¢ where g € AP (R*> x X, X) and o€ PAPg(R2 x X, X, p).

Lemma 2.3 ([C.Y. Zhang, 1994]) If f € WPAP(R x X, X, p), then f(t, x) is bounded on R X D, where D is any compact
subset of X.
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Lemma 2.4 ([T. Diagana, 2006]) If f € WPAP(R, X, p) satisfies the Lipschitz condition:

I1f (2, x) = f@.Vlx < Lyllx = yllx, forallx,y € X,t €R,

and ¢ € WPAP(R, X, p), then f(-,#(-)) € WPAP(R, X, p).
Lemma 2.5 ([X.X. Chen, 2011]) If f,g € WPAP(R, X, p), then f + g € WPAP(R, X, p).
Lemma 2.6 Assume that

(i) The continuously differentiable functions %; : R — R satisfy the following assumptions:
h;(t) > 0(i = 1,2) is nondecreasin and f(h;(-)) € AP(R, X)(i = 0, 1,2), where f € AP(R, X);

(i1) The weight p : R — (0, +o0) is continuous and is nondecreasing with

lim Sup[m(lh(—r)l + Ih(r)l,p)p(r)] < oo,

oo m(r, p)i' (=r)p(h' (=r))
then for any u € WPAP(R, X, p), u(h;(:)) € WPAP(R, X,p)(i = 1,2)

Proof. Let i = h;(i = 1,2). By Lemma 2.1 and consider the decomposition:
u(-) = v(-) + w(-), where v(-) € AP(R, X) and w(-) € PAPy(R, X, p).

On one hand, from condition (i), v(h(?)) € AP(R, X) is obvious. On the other hand, for r > 0, we have

s [ wlodt = 2= [ w558 =2 p(ddr

pr) 1 r ’
< T e Ly IOt ()
p(r) 1 r
S hl(—r)p(h’(—r)) m(r,p) —\h(—r)\ ”W(h(t))“p(t)dt
< pr) m(h|(=r)|+lh(r)].p)
= K (=nph (=) m(r,p)
1 {h(=n)l+|h(r)]

X AT J—(h—rpincry W OO

which converges to zero when r — +co. Thus w(h(t)) € PAPy(R, X, p). The proof is complete.
3. Main results

In this section, we require the following assumptions:

(H1) The function F : R x R** — R?" is weighted pseudo-almost periodic satisfying for a constant L € (0, 1) such that

[F(t, x1,y1) = F(t, x2,y2)| < L((x1 — x| + [y1 = y2I), t €R, Xxj,y; € R".

(H2) For i = 1,2, there exists y; = u;(t, s) such that for ¢, s € R, x;,y; € R", G; satisfies the Lipschitz condition:
p

|Gi(t, s, x1,y1) — Gi(t, 5, X2, y2)| < pi(|(x1 = x2| + [y1 = ¥y2)

where ﬂmﬂl(t, s)ds + f;m wo(t, s)ds < pu, fort € R.

(H3) For i = 1,2, the functions G; are (1;, 6;) weighted pseudo-almost in #, s € R uniformly if (x,y) € R?", that is, we
have decomposition: G; = Q' + Q) with Q) € AP, (R* X R*",R") and Q) € PAP(G),_(R2 X R™ R",p) ie. |Q5(1,s,x,y)| <

0;(t, s)ég(s, X,¥).
(H4) For some constants a,8 > 0, i = 1,2, the functions 4;, ¥ : R? — [0, +0) satisfy:

I3 +00
f A1(t, s)ds + f b(t,s) <a, t€ER,
- t

00

fﬁl(t,s)dt+f dH—f h(t, s)dt < B, forls| <r;

+00
lim sup f I, s)&s))ds < oo, where 0 < g(x) € PAPy(R, p).

r=0 _p<t<r g(t

(HS) The conditions of the Lemma 2.6 about the functions /(i = 0, 1, 2) and the weight function p hold.

@3.1)

(3.2)

(3.3)
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Define the nonlinear operator:

!

Q(u)(r) = F(1,u(n), u(hyo(1)) + f

—00

Gi(t, s, u(s),u(hi(s)))ds + f ) Go(t, s, u(s), u(hi(s)))ds.

Lemma 3.1 If the conditions (H1)-(HS) hold, then the operator ®u is weighted pseudo-almost periodic for u weighted
pseudo-almost periodic.

Proof. For u(r) being weighted pseudo-almost periodic, from (H1) and (H5), Lemma 2.4 and 2.6, we see that F (¢, u(t),
u(ho(1))),Gi(t,u(t),u(h;(1))), (i = 1,2) are all weighted pseudo-almost periodic.

Now we only show that T : = f[ e Ga(t, s, u(s), u(hy(s)))ds is weighted pseudo-almost periodic. For T := ff ooGl(z‘,s,
u(s),u(h(s))ds is weighted pseudo-almost periodic, the proof is similar. Set G, = G and T, = T. From (H1) and (H4),
we have the decomposition:

G = Qi+ 02,01 € APy(R* X R*",R") and Q> € PAP(R* x R*",R", p),
where 4,9 : R?2 — (0, +00) satisfy (3.1), (3.2) and (3.3). Then

M (u)(@) : = j;m Q1(1, 5, u(s), u(hy(s)))ds
is the almost periodic component of 7'u(f) and its ergodic component is
M(u)(@) : = frm Oo(1, 5, u(s), u(ha(s)))ds
By [M.Pinto, 2010], M;(u) € AP(R). Next, we show that M>(u) € PAP°(R,p). From (H3) and (H4), the ergodic

component Q» satisfies: _
Q2(t’ S, X, y) < ﬂ(t’ S)QZ(S’ X, )’),

where §
f I, s)dt < B forl|s| <,
and
. —+00 g(S)
lim sup f I, s)=——=ds < oo, with 0 < g(x) € PAPy(R, p),
20 _r<i<r Jr 8(®)
as well as

Oa(t, u(t), u(hy(1))) € PAP'(R, p),

hence we have
1

m
r—+co m(r, p)

f O:(s, u(s), u(ha(s)))p(s)ds = 0.

Finally we show that

lim L f ' |Ms(u)(0)lp(t)dt = 0. (3.4)
r—+co m(r’p) _
In fact | .
lim f IMr(w)(Dlp(t)dt < 1) + [,
r—+o0 mi(r, p) J_,
where , .
Li= lim di( f a1, s,u(s), uha(s)p(1)ds))
e m(rp) Jo 0,
and 1 T +00
b= lim f (| f (1, $)0a(s, u(s), u(ha(5)p(0)ds)).
r—+oo m(r, p) J_, r
Since .

b tim g [ di [T 9)0a(s, u(s), ulha(s))p()ds))
< tim oo [ di| [ 9. )0 (s u(s). ulha()p(s)ds)
< lim oo 1 Oa(s,u(s), utha(s))p(s)ds( [, 0. s)dn)
< B lim o= [ 0a(s,u(s), utha(s))p(s)ds = 0

r—+00
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and
L

IA

Hm m(,p) [ de) 7 00, 9)0a(s. us). ulha(s)p(D)ds))
dim s [ Qat, u(t), ulha(1)p(n)de

0> (s.u(s). u(hz(S))) —
x(l f 997 Oa (tu(0).u(ha (1)) ds) =
so (3.4) follows. From Lemma 2.5, we can obtain that ®(u) € WPAP(R, X, p) for u € WPAP(R, X, p). Then the proof of

Lemma 3.1 is complete.

IA

Theorem 3.2 Under assumptions from (H1) to (HS) with 2(L+u) < 1, then the neutral integral equation (1.3) has a unique
weighted pseudo-almost periodic solution.

Proof. For u € WPAP(R, p), from Lemma 3.1, we have ®u(r) € WPAP(R, p), now we will obtain that ® : WPAP(R, p) —
WPAP(R, p) has a unique fixed point. For u,v € WPAP(R, p), since

[ D) (1) — D(u)(1)]

IA

2Ll oo + [ 1G1(2, 5, u(s), ulhi(5))) = G1(2, 5, v(), v(hi ())ds
+ 771G, 5, uCs), u(hi (5)) = Gat, 5, v(s), V(i (5)))lds
< 2Lu - vlle + f_’mm(t, $)(lu(s) = v(s)| + |uhi(5)) — v(hi(s))Dds

[ pa(t, $)(lu(s) — v(9)] + ulha(5)) — v(ha(s))ds
< 2L+l — Ve

Since 2(L + ) < 1, the operator @ is a contraction and has a unique fixed point, which is the only weighted pseudo-almost
periodic solution to the integral equation (1.3). Then the proof is complete.

Remark 3: For u € PAP(R) and p = 1, the integral equation (1.3) has a unique pseudo-almost periodic solution, so the
results of this paper extend some present works’ results in [M.Pinto, 2010]. Finally, we can consider a general neutral
differential equation

d d
ﬁ =A@y + —F (2, y(2), y(ho(1))) + Q(1, y(1), y(h1(2))), (3.5)
where = A(?)x admits exponential dichotomy and the function F(z, y(t), y(ho(?))) is differentiable. As we all know, if
X(1) is the fundamental matrix of df = A(f)x, any solution of the integral equation
+00
(1) = F(t, y(1), y(ho(1))) + f G(1, $)A(S)F (s, y(s), y(ho(s))) + OCs, y(s), y(h1(s)))ds (3.6)
is solution of neutral differential equation (3.5), where G is the Green matrix of the linear system = A(t)x. Considering

A(t) = A constant, we have

Theorem 3.3 If the conditions of the Lemma 2.6 about the functions 4;(i = 0, 1,2) and the weight p and the following
conditions (C1)-(C2) are held with 2L + (L4 + Lo)u < 1:

(C1) The eigenvalues A of the constant A satisfy Red # 0 and the Green operator has the norm sup f_ :o |G(t, $)lds = u < oco.
ter

(C2) Q = O(t,u,v) and F4(t,u,v) = A(t)F(t,u,v) are weighted pseudo-almost and for all € R, u;,v; € R", i = 1,2 satisfy
[O(t, uy,v1) = Ot uz, vo)l < Lo(luy — ua| + [vi — val),

where Ly > 0 constant,
|[AO(F @, ur, vi) — F(t, uz, v2)l < La(luy — ua| + [v1 — v2l),

where L, > 0 constant.
Then the neutral differential equation (3.5) has a unique weighted pseudo-almost periodic solution.

Proof: From the solution’s relation of between equation (3.5) and (3.6), we can easily have the result of the Theorem 3.3
at once from the Theorem 3.2.

Remark 4: In [X.X. Chen, 2011], the workers obtained a weighted pseudo-almost periodic solution of the system£
d”m = A(u(t) + & Fl(t, u(t — 1)) + Fo(t, u(t), u(t — 7)), which is a special case of the system (3.5). So by the conclusion
of Theorem 3.3, the result in [X.X. Chen, 2011] is at once obtained.
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