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Abstract

Our purpose in this paper is to consider a sequence {x,} defined as (2) and a asymptotically k,— strict pseudocontractive
mapping in the intermediate sense Ishikawa iterative process with errors. The results presented in this paper mainly
improved and extend the corresponding results announced in [D.R.Sahu, 2009; T.H.Kim, 2008; K.Nammanee, 2000;
T.H.Kim, 2008].
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1. Introduction

The class of asymptotically nonexpansive mappings was introduced as an important generalization of the class of nonex-
pansive mappings£and the existence of fixed points of asymptotically nonexpansive mappings was proved by Goebel and
Kirk [1972] as below:

Theorem 1. If C is a nonempty closed convex bounded subset of a uniformly convex Banach Space, then every asymptot-
ically nonexpansive mapping T : C — C has a fixed point in C.

Mann iteration process:
Xnr1 = (I —ap)x, + Ck’nTan, neN, (D

for (1) the approximation of fixed points of asymptotically nonexpansive mappings was developed and it’s weak conver-
gence was obtained by Schu [1991].

Iterative methods for approximation of fixed points of asymptotically nonexpansive mappings have been widely studied
by authors [C.E.Chidume, 2003; S.S.Chang, 2001; S.H.Khan, 2005; Z.Q.Liu, 2004; K.Nammanee, 2000; B.E.Rhoades,
1994; M.O.Osilike, 2000; J.Schu, 1991; L.Wang, 2006].

The class of asymptotically nonexpansive mappings in the intermediate sense was introduced by Bruck, Kuczumow and
Reich [1993] .

In 2008, Kim and Xu [2008] introduced the concept of asymptotically k-strict pseudocontractive mappings in Hilbert
space.

In 2009, Sahu and Xu [2009] study some properties and convergence of (1) for the class of asymptotically k-strict pseu-
docontractive mappings in the intermedidate sense which are not necessarily Lipschitzian.

Our purpose in this paper is to consider a sequence {x,} defined as (2) and a asymptotically k,— strict pseudocontractive
mapping in the intermediate sense Ishikawa iterative process with errors. The results presented in this paper mainly
improved and extend the corresponding results announced in [D.R.Sahu, 2009; T.H.Kim, 2008; K.Nammanee, 2000;
T.H.Kim, 2008].
{ Xpr1 = (1 —ap)x, + anTnyn + 0, 2)
Yn = (1 _Bn)xn +,311Tnxn + Ty
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2. Preliminaries
Let C be a nonempty subset of a normed space X and 7' : C — C a mapping. We need the following concepts,

() T is nonexpansive if,

ITx =Tyl < llx = yll
for all x,y € C.

(ii) T is asymptotically nonexpansive(cf.[K.Goebel, 1972])if there exists a sequence k, of positive numbers satisfying the
property

limy ook = 1 and |IT"x = T"y|| < kallx — yll

for all integers n > 1 and x,y € C.

(iii) T is uniformly Lipschitzian if there exists a constant L > O such that,

IT"x = T"Y|| < Lllx =yl

for all integers n > 1 and x,y € C.

(iv) T is asymptotically nonexpansive in the intermediate sense [R.E.Bruck, 1993] provided T is uniformly continuous
and,

limS“PnamSMPx,yeC(HT"x - T"YH —lx-yl) <0.
It is clear that every nonexpansive mapping is asymptotically nonexpansive and every asymptotically nonexpansive map-
ping is uniformly Lipschitzian.

Let H be a real Hilbert space with inner product (:,-) and norm || - ||, respectively and let C be a closed convex subset of
H, w,({x,}) denotes the weak w — limit set of {x,} .

Definition 1 Let C be a nonempty subset of a Hilbert space H. A mapping 7 : C — C is said to be an asymptotically
k,-strict pseudocontractive mapping in the intermediate sense with sequence {y,} if there exist sequences {k,} in [0, 1) and
{vu}, {c,} in [0, 00) with limsup, ek, = k < 1, lim, oy, = lim,—oc, = 0 such that

IT"x = TP < (1 + yllx = )P + kallx = T"x = 0 = T"Y)IP + ca, 3)
forall x,y € Candn € N.
we need some facts and tools which are listed as follows,

Lemma 1. ([M.O.Osilike, 2000; K.K.Tan, 1992]) Let {y,},{B.}, {0,} be three sequences of nonnegative numbers satisfying
the recursive inequality,
6n+1 < 6nﬂn + Yn» YneN

IfB, 2 1,22 (B — 1) < c0and £ |y, < oo then lim,_,o, 8, exists.

Lemma 2. (Agarwal, O’Regon. [2007]) Let {x,,} be a bounded sequence in a reflexive Banach space X. if w,({x,}) = {x},
then x,, converges weakly to x.

Lemma 3. Let H be a real Hilbert space. Then the following hold:
(a) lx = YIP = Il = IIyIP = 2¢x =y, ), Yx,y € H;
(D) 11 = 0)x + 1yl> = (1 = Dllxl* + Allyl> = 11 = 0)llx = yII*, Vx,y € H;
(c) let {x,} € H such that x, weak converges to x, then limsup,_, ., ||x, — y|I?> = lim SUP, 00 X — x> +lx = yll, Vy € H.

Lemma 4. ([D.R.Sahu, 2009]) Let C be a nonempty subset of a Hilbert space H,T : C — C an asymptotically k— strict
pseudocontractive mapping in the intermediate sense with sequence {y,}. Then

1
I7"x =TI < T e =i+ \/(1 + (L= kyyn)llx =ylIF + (1 = k)cy)

forall x,y € Candn € N.
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Lemma 5. (/D.R.Sahu, 2009]) Let C be a nonempty subset of a Hilbert space H, T : C — C a uniformly continuous
asymptotically k— strict pseudocontractive mapping in the intermediate sense with sequence{y,} ,let {x,} be a bounded
sequence in C such that ||x,+1 — x,|| = 0 and ||x, — T"xp11]] = 0, (n = o0) Then||x,, — Tx,|| = 0,as(n — o).

3. Main results

Theorem 2. Let C be be a nonempty closed convex subset of a Hilbert space H, T : C — C a continuous asymptotically
k,— strict pseudo -contractive mapping in the intermediate sense with sequence {y,} .Then F(T) is closed and convex and
I —T is demiclosed at zero.

Proof. It is easy to see that F(T) is closed and convex.
We prove that / — T is demiclosed at zero. Assume that {x,} be a sequence in C. By Lemma 4. we obtain
T"x, —T"x|| < M

for all n, m € N and some constant M > 0.
Let f(x) = limsup,_,, [lx, — x||?, for all x € H. Since {x,} weakly converges to x,

fO) = f(x)+llx=yl* forallye H.

Hence we have

f(T™x) = limsupllx, — T"x|
< dimsup((1 + yu)llxe = 2l + knllxn = T"x, = (x = T + ¢) +
tim sup(||x, — 7" x,[I” + 2llx, — 7" x,[|M)
< f(x)+klimsupllx, — T"x, — (x — 7" 0)|> + lim sup(||x, — T"x,|?

n—oo n—oo

+2|x, = T"x,|IM) + f(X)Yim + C
for each m € N. Since f(x) + ||x — Ty = F(T™"x),

llx = T"xI1> < f(X)Ym + ¢ + klimsup ||x, — T"x, — (x = T")|* + lim sup(||x, = T x,|I* + 2l1x, — T"x,||M).

n—oo n—oo

By limsup,_,, [lx, = T™x,l| = 0, we have

lim sup ||x — 7" x|[> < klim sup ||lx — 7" x|

m—oo m—oo
It follows that 7"x — x(m — oo)and (I - T)x =0.0

Theorem 3. Let C be a nonempty subset of a Hilbert space H and T : C — C be uniformly continuous asymptotically k,—
pseudocontracitive in the intermediate sense with sequence vy, such that F(T) # ¢. Assume {0}, {t,} C C, {a,},{B.} C
0, 1) such that 0 < 6 < @, B, < 1 —k, — 6 < | and {x,,} defined as (2) satisfy the following conditions:

(D) B2y Yn < 00, ZL1Cn < 00, T2 Ky < 0, 2?:1”071”2 < coand 2211”7'11”2 < 007
(ii) {x,} be bounded.

Then {x,} converges weakly to an element of F(T).

Proof. First we show that {||y, — T"y,||} be bounded.

(1 = B)(%n + Tn = p) + Ba(T" % + T4 = PIP

(1 =By + T = PP + Ball T" % + 70 = I = Bu(1 = BT X, — xalI*

(1= By = pIP + 2(T, x5 = p) + lITal 1+ BullIT"x = pII?

+2(T, T"x, = p) + [Tl = Bu(1 = BT x5 — ]I

(1= Bllxs = pI* + Ball T, = pIP + llall® = Bu(1 = BT 5, — x4lI* + 0. @)

Iy, — plI*

IA
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where o := 2((1 — B,)(x, — p) + Bu(T"x,, — p), Tpr), we simply o as follows.

o = 2 =B = p)+Bu(T Xy = p), )
< I =B = p) + BT 30 = P + IlTall®
= (1= Bllxn = PP + BallT"x, = pII* = Ba(1 = BINT" %, = xall* + 17l
hence
e = pIF < 201 = Bllxy = pIF + 2BalIT"x, = pI* + 2liall* = 28,(1 = BINT" %, — xall*
<201 =By = pIF + 28,00 + y)llxy = pIF + kallT"x0 = 2l + ¢]
+2llTal? = 2B, (1 = BT %, — 4]
= 2(1+Byyn)llxn = PIP + 2Bucn + 2Tl = 28,(1 = By — k)IT"x, — x|
< 201+ Buya)llxn = pIF + 2Bucy + 2llTall” = 26821 T"x, — xall*.
Which implies that

lya =PI < 201 + Bayu)llxa = pIIF + 2Bacy + 2Tl

By condition (i), (i7) and (7), we have {|[y, — p||} be bounded, and so {y,}.
From lemma 4, we obtained

1
1 -k,

17"y = pI” < (knllyn — pll + \/1 + (L= k)yallyn — pIP + (1 = yu)cn),

hence {||T"y, — pll} be bounded. By ||y, — T"y,|l < IT"y, — pll + [y, — pll, we have {|[y, — T"y,||} be bounded.

Next we prove that lim,,_, ||x,, — pl|, for each p € F(T) exists. Indeed,

1 =PI = 11 = @)Xy + 0 = P) + @u(T"yn + 0 = I
< (= apllxg + o = plIF + @llT™y, + 0 = plIF = au(l = @Iy, — x|
< (= apllx, = pI* +2(1 = @u)Tns X + 0 = ) + @l Ty, — plI*
+20, (0, Ty + 00 — Y — (1 = @)IT" "y, — X,
< (= apll = pIF +2(1 = @)x, = p, o) + @l Ty, — plP?

+201n<THYn - P, O—n> + 2<0-n» O-n> - an(] - an)”Tnyn - -xn||2
= (1= aplx, = pl* + aullT"y, = pl* + 2((1 = @)% = p) + @u(T"ys = P), Tn)
+2lloul* = @n(1 = @)IT"y, — x>

In the other hand,

21 = @)%y = p) + (T, =)o) < NI = @) = p) + au(T"y, = PIF + ol
< (1= alixg = pl* + @,lIT"y, = x|
_a’n(l - an)”Tnyn - -xn||2 + ”O-n”2
By substituting (10) into (9), we have
et = pIP < 201 = @)%, = pIF + 20Ty, = pIF = 2a,(1 = @)IT"ys = xall* + 3lloml
< 201 = ap)llx, = pIP + 2a,[(1 + ¥)llyn = pIF + kallyn = T"yul* + ¢4

=20,(1 = @)IT"yn = xaI* + 3lloall*.

Substituting (6) into (11), we have,
lart = pIF < 201 = @) + (1 + ¥) (A + Bay)lllx = plIF + 20, (1 + ¥)Bacy + 2llTalP)
+2a,¢y + 3lloll* + 2akallyn = T"yall = 267 1Ty, — XlI* = 26112, — T"x,lI*
< 2&4llx0 = pIP + 6, = 283"y, = xulP* = 28%I1x, = T"x, 1%

(&)

(6)

(7

®)

€))

(10)

(1L

12)

where ¢, = [(1 — @,) + @, (1 + y,)(1 + Buya)l, O, = 2a,(1 + v,)(2Bucy + 3||Tn||2) + 2a,c, + 3”0'n||2 + 2a,kplly, — Tyl

Hence,

2 2
||xn+1 - P|| < 28n||-xn - P|| + gns
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By the conditions (i), X2 (g —1) <00, X% 6, < oo, and Lemma 1, we have
lim ||x, — pl| exists. (14)
On the other hand, from (12) we have,

2 2 2 2
0 ”Tn))n - -xn” < 8n||-xn - P|| - ”xn+1 - P|| + 911-

By the conditions (i) and the boundeness of {x,}, we have

lim IT"yn = xall = 0. (15)

Again by (12),
SIT" %, = xll” < &alln = I = 1 = Pl + 6.

Hence,

Tim |7, = x| = 0 (16)
and

X1 = Xall = Nla(T"yn = X0) + oull < @lIT"yn = Xall + lloall.

From (15) and condition (i),

Jim [lx g — [l = O amn

By (16), (17) and uniformly continous of 7" , by Theorem 2 we obtain that
lim ||x, — Tx,|| = 0. (18)

By the boundedness of {x,} , there exists a subsequence {x,,} C {x,} such that {x,;} converges weakly to x.
From (16), uniform continuits of 7 and theorem 2, we see that

lim ||x, = T"x,|| =0
n—oo

for all m € N. We obtain x € F(T).

Next we prove the w,({x,}) = {x}. Suppose there exists another subsequence {x,,} C {x,} which converges to z # x. As
in the case of x, we must have z € F(T) It follows from (11) that lim,_, ||x, — x|| and lim,,_, ||x, — z|| exist. Since {x,}
satisfies the Opial condition, we have

lim [lx,, — x| = lim ||x,,, — x| < lim ||x,, — 2|l = lim ||x, — 2|
n—oo k— o0 k—o0 n—oo

= lim [}x,, - 2l < lim |lx,, = x]| = Tim |lx, - ],
J—ooo J—00 n—oo

a contradiction. So that z = x and w,,({x,}) = {x}. Thus, {x,} converges weakly to x . O

Remark 1. Theorem 2 and Theorem 3 are more general than the results studied in D.R.Sahu [2009] and Schu [1991].
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