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Abstract

This paper shows many relationships for a triangle by using its altitudes to form inner triangles that have a three 4-fold
similarity. The altitudes partition the sides of the triangle a = a; + a», b = by + by, ¢ = ¢ + ¢; into partial side lengths of
ai,az, by, by, c1,co. We show that a1byc; = arbicp and ¢ (¢ — ¢1) = b(by — by) — a(ax — ap). This latter equation can be
written as c% - c% = (b% - b%) - (a% - a%) or a% + b% + c% = a% + b% + c%. We also note that h hy = hshy = hshg, where
hy + hy, hs + hy, hs + hg are the altitudes of the triangle. These concise relationships for a triangle are based on its inherent
similarity, and provide for simple equations, similar to the Pythagorean Theorem for right triangles.
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1. Introduction

Frequently in mathematics as in life, many relationships are established from a simple observation. In this section, we
use a simple geometrical observation to show a three 4-fold similarity of triangles. These triangles are formed using the
altitudes of a triangle. In the next section, we use this similarity to establish a list of many relationships for a triangle. In
the subsequent section, some of these relationships are used to show concise relationships for the sides of a triangle.

Fig.1 shows triangle Aabc, where sides a, b, and ¢ represent any triangle (here we speak of any triangle as primarily any
acute triangle, although there are similar results for any obtuse triangle).

Points D, E, and F separate sides a, b, and ¢ (respectively) as:

a = a +a (D)

b = bi+b 2)

c = ¢+ 3)
The altitudes are drawn such that:

AC L BE “)

BA 1 CF 4)

BC L AD (6)

Using Fig.2 we will show that there is a three 4-fold symmetry of triangles.
We will let the orthocenter be O (not labeled).
From alternate interior angles, Z/BOD = ZAOE, so 90 — y; = 90 — u; and:
M1 = 2 (N
Then from the fact that corresponding angles of similar triangles are similar:

ACEB ~ ACDA shows that

&1+ ¢ =180 - (90 + u1) =90 — 1y ®)
ACFB ~ ACDO shows that
M1+ ¢2 =90 - ¢ 9)
and ACFA ~ ACEO shows that
Mo+ ¢ =1+ ¢ =90—¢ (10)

These angles are shown in Fig.3:

As evident from Fig.3 (and the previous equations):
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Theorem 1. Similar right triangles are formed giving the three 4-fold similarity of triangles:

ABEC ~ ABDO ~ AADC ~ ANAEO (1n
ABFC ~ ABDA ~ AODC ~ AOFA (12)
AAFC ~ ANAEB ~ AOEC ~ AOFB (13)

2. Further Relationships

Here we use the similar triangles to develop many relationships. In order to list the relationships for easy viewing and

reference, the equations are shown without much text.

Using Eq. (11), we have:

Leg From Zu, to 90° _ h3+h4:a_zzwzé (14)
Leg From Z (¢; + ¢,) to 90° by he ai hy
Leg From Zu, to Z (¢ + ¢2) _ izﬁzﬁzlﬁ (15)
Leg From Z (¢; + ¢,) to 90° by he a M
Leg From Zu; to Z(¢; + ¢2) _ a_ _ fﬁ _ b _ E (16)
Leg From Zu; to 90° hs+hy ay hs+hg by
Likewise using Eq. (12), we have:
Leg From Z (u; + ¢») to 90° _ a __a IE _ @ 17
Leg From Z¢; to 90° h+h hs+hg a
Leg From Z (u; + ¢,) to Z¢ _ a __c :lﬂ:iﬁ (18)
Leg From Z¢; to 90° h+hy, hs+hg a
Leg From Z (u; + ¢) to Z¢, _ ﬁzizﬂ:@ (19)
Leg From £ (u; + ¢,) to 90° cr a hg h
Also, using Eq. (13), we have:
Leg From Z (u; + ¢1) to 90° _ € _ by _ /ﬂ _ /2 20)
Leg From Z¢, to 90° hi+hy, h3+hy by ¢
Leg From Z (1 + ¢1) to Z¢p _ b __¢ :/ﬂzlﬁ 21
Leg From Z¢, to 90° hy+hy, hi+thy by ¢
Leg From Z (u; + ¢) to Z¢» _ ﬁzizﬂ:/ﬁ 22)
Leg From £ (u; + ¢;) to 90° ¢ by hy hy
From Eq. (14),% = Z—z = % = Z—j, we have:
aby = he (h3 + hy) = (aaz) (bby) = abhe (h3 + hy) (23)
ai(hs +hy) = by (hs+ he) (24
biby = hy(hs +hs) = (bby)(bby) = b*hy (h3 + hy) (25)
ajay = he (hs + hg) = (aay) (aaz) = a*he (hs + he) (26)
ahy = bohg 27
aiby = hy (hs + he) = (aay) (bby) = abhy (hs + he) (28)
From Eq. (15),#“] = Z—Z = f = Z—j, we have:
ahe = bihs 29)
aa; = bb; (30)
ahy = bhs 3D
arthy = bhg (32)
hshy = hshg (33)
bhy = aphs (34)
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From Eq. (16) =M - b s e have:

’ h;+h4 ap hs+hg b')
aa, =
a(hs +he) =
aby = hs(hs + hy) =
ab = h3 (hs + hg) =

h3 (h3 + hy)

b (hs + hy)

a (bby) = bhs (h; + hy)
(aax) b = ahsz (hs + hg)

b2h3 = Clzhs
bby = hs(hs + he)
From Eq. (17),ﬁ = h;fhs = Z—‘]’ = h2 , we have:
ci(hs +he) = ax(h +hy)
aicy = hg(hy +hy) = (aay)(ccy) = achg (hy + hy)
cica=hy (i +h) = (cer)(cer) = c*hy (hy + hy)
ajay = hg (hs + hg) = (aay) (aay) = a*hg (hs + hg) (Repeat equation)
axcy = hy (hs + he) = (aaz)(ccz) = achy (hs + he)
C2/’l6 = Clll’lg
From Eq. (18),}“"7}[2 = ﬁ = 2’—: h5 , we have:
ahs+hs) = c(hi+hy)
aa = h] (h] + hz)

acy = /’15 (h] + hz) =
ac = h1 (hs + h6) =

ccp =
coh =
From Eq. (19),% = a‘—z = Z; = Z‘, we have:

aa, =
ahg =
ah, =
chg =
chy =
hihy =

From Eq. (20),-=< n +h’ = h3l:-2h4 = Z—‘]‘ = h,z we have:
a(hs +hs) = b(hs+hy)

bicy = hy (hy + hy)
cicy = hy (hy + ho)

(bby) (cca)
(ccy) (cca)

=
=

biby = hy(h3 + hy) = (bby)(bby) =
=

bycy = hy (hs + hy) (bby) (cc1)
Clh4 = b1h2
From Eq. (21),,“”12 = h;im = Z’—: = ’“ , we have:
b(hs +hy) =
bb, =

bcy =h3 (h] +h2) =
blc = h1 (/’lg + h4) =
cCq =

cthy =
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a(ccy) = chs (hy + hy)
(aay) c = ahy (hs + hg)
hs (hs + he)

ahs

ccl
cih
cihs
ahy
azhs
hshe

= bchy (hy + hy)
=cthy (b + o) (Repeat equation)
b*hy (h3 + h4) (Repeat equation)
= bchy (hy + hy)

c(hy +ho)

hy (hy + hy)

b(ccy) = chsz (h + hy)
(bby) c = bhy (hs + hy)
h3 (h3 + hy)

bihs

(35)
(36)
(37
(38)
(39)
(40)

(41)
(42)
(43)

(44)
(45)

(46)
(47)
(48)
(49)
(50)
(SD

(52)
(53)
(54)
(55)
(56)
(57)

(58)
(59)

(60)
(61)

(62)
(63)
(64)
(65)
(66)
(67)
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From Egq. (22),% = é = f% =1 e have:

s
bby, = cc;
bhy = ¢y
bhy = s
chy = by
chy = byhs
hhy = hshy

Now we combine equations which are equal:
From Eq. (29), Eq. (53), Eq. (67):
ah6 = b1h3 = Cll’l1

From Eq. (30), Eq. (47), Eq. (63):
aay = bby = hy (hy + hy)

From Eq. (33), Eq. (57), Eq. (73):
hihy = hshy = hshg

(68)
(69)
(70)
(71)
(72)
(73)

(74)

(75)

(76)

Here we note that Eq. (76) has previously been shown using three separate equations and different notation (Bogomolny,

see Plane Geometry).
From Eq. (34), Eq. (51), Eq. (69):
bh4 = Clll’l5 = C2/’l1

From Eq. (35), Eq. (52), Eq. (66):

aap = ccy = h3 (h3 + /’l4)

From Eq. (36), Eq. (46), Eq. (62):
a(hs + he) = b(h3 + hy) = c(h + hy)

From Eq. (39), Eq. (56), Eq. (72):
Chz = b2h3 = Clzhs

From Eq. (40). Eq. (50), Eq. (68):
bby = ccy = hs (hs + he)

Subtracting Eq. (47) from Eq. (35):

hy (hs + ) = hi (hy + o) = aay = aay = aay = ar) = (a1 + @) (a2 — 1) = a3 — a3
Subtracting Eq. (63) from Eq. (40):

hs (hs + he) — hy (hy + hy) = bby — bby = b(by — by) = (by + by) (by — by) = b3 — b?
Subtracting Eq. (66) from Eq. (50):
2

hs (hs + he) — h3 (hs + hy) = ccy — ccy = c(ca —¢1) = (c1 +e2) (ca —¢1) = €3 — ¢}

Using Eq. (76), then Eq. (82), Eq. (83) and Eq. (84) become:

W-h = a-a
2 2 _ 2 2
hi—hy = b5-0bj
2 42 _ 2 2
hs—hy = ¢ —¢

77

(78)

(79

(80)

81)

(82)

(83)

(84)

(85)
(86)
(87)
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From Fig.1:

@ = (h+h)+cl

B = (hm+h)+c

@ = (h3+hy)*+b?

= (h+h)+ b

B> = (hs+he) +d

? = (hs+he)+a;
ai=h-h = (@a) =d(h-h)
G=h-h = ()’ =a*(h-h)
bi=hi—hy = Ob) =b(h-h)
by=hi—hy = (bby)’ =b* (3 —hj)
d=m-n = () =c(3-m)
G=m-h = () =c(hd-h)

Subtracting Eq. (88) from Eq. (89):

2 2_ 2 2
b*—a” =c; ¢

Subtracting Eq. (90) from Eq. (91):
3c-d= b% - b%

Subtracting Eq. (92) from Eq. (93):

2 42 _ 2 2
¢ =b"=a;-aq

Combining these equations with Eq. (85), Eq. (86), and Eq. (87):

2_ 32 _ 2 2_ 2 12
hy—h] = a;—a;=c"-b
2 _ 32 _ 32 _32_ 2_ 2
hs—hy = by-bj=c —a
he=hy = o —ci=b-d

We will see some of the results of this section in the theorems of the next section.

3. Final Relationships

(88)
(89)
(90)
oD
92)
(93)
(94)
(95)
(96)
o7
(98)
99)

(100)

(101)

(102)

(103)
(104)
(105)

Using Eq. (68) and Eq. (52), which show that cc, = bbs, and cc; = aa, respectively, then Eq. (100), b* — a* = ¢ — ¢} =

c(cy — c1), becomes ¢ (c; — ¢1) = bby, — aa; or ¢ (¢c; — ¢1) = bby + bby — bby — aa,.

Yet Eq. (30) shows that bb; = aa, therefore c (c; — c1) = bby + bby —aa; —aay = b(by — b)) —a(ay —ay) = (bg - b%) -

(a% - a%). This establishes the following theorem:

Theorem 2. For any triangle as depicted in Fig.1:
clca—c)=bby—b))—ala—ay)
This can also be written as
cs—ct=b3-b)— (a5 - dd)

or
2,42, 2 _ 2,42, 2
ay+b;+cy =a;+b]+c3)

From Eq. (18), Eq. (21) and Eq. (16), we have Z—i =t b hogpg Z—; = b respectively. Thus ol s

e b c by ay ci by

establishes the following theorem:

Theorem 3. For any triangle as depicted in Fig.1:

611[?26‘1 = Clzblc‘z.
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(106)

(107)

(108)

hs lu hs ;
ahm This

(109)
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4. Conclusion

The purpose of this paper is to show many of the relationships for a triangle that were established from its altitudes. Many
of these relationships are due to similarity as well as the Pythagorean Theorem, which can itself be shown by similarity
(Gardner 1984, p. 155 and 157). These relationships culminate in simple equations for the lengths of the sides of a triangle
in terms of other triangle lengths. The triangle’s inherent similarity makes all this possible.
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Figure 1.

Acute triangle

Figure 2. Angles of acute triangle

Figure 3. Simplified angles of acute triangle
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A Beautiful Symmetry and Generalization for Fermat’s
Little Theorem

In this note, we generalize the well-known Fermat’s Little Theorem to an antisymmetric expression: If p is a prime
and a and b are any integers, then ab” — a”b is divisible by p. We also show a generalization of Fermat’s Little
Theorem: If n is an odd prime and a is any integer, then a™) — g™ is divisible by n, where k and m are any natural
numbers. Finally, we show that if » is an odd prime and w is an integer, then w" — w is divisible by 6.

Theorem 1 If p is a prime and a and b are any integers, then ab? — a’b is divisible by p.

Proof. Fermat’s Little Theorem states: If p is a prime and a is any integer, then a” — a is divisible by p. So for any
integers a and b we have:

b? — b is divisible by p (1)
a’ —a 1is divisible by p )
Multiplying Equation (1) by a and multiplying Equation (2) by b, and then subtracting Equation (2) from Equa-

tion (1), we have:
ab? — aPb is divisible by p 3)

|
Lemma If n is an odd prime, a € Z and k € Z*, then a) — a is divisible by n.
Proof. By Fermat’s Little Theorem, (a" — a)" is always divisible by n.

If n is an odd prime, then by the binomial expansion:
(@" —a)" = {(a")" + [all terms except the first and the last] — ¢"} is divisible by odd n. )

The last term in the curly brackets is —a” since # is an odd prime in the expansion. Since n divides the expression
in the curly brackets, and since n divides the expression in the square bracket (see the binomial coefficients when
n is a prime), then:

@' - a" = a") - g" is divisible by n. (5)

Adding a" — a (which is divisible by n) to Equation (5), we have that:
{a") - a} is divisible by n. (6)

We can then use the fact that (a(”z) - a)n is divisible by n to start the process again. The process can be repeated
an arbitrary number of times. Therefore, we have that:

{a(”k) — a} is divisible by n, where k is a natural number. @)

O

Theorem 2 If n is an odd prime, a € Z and k,m € 7™, then a™) — g™ s divisible by n.
Proof. From Equation (7),

{a("m) — a} is divisible by n, where m is a natural number. (8)
Subtracting Equation (8) from Equation (7), we have {a(”k) — a"™Y is divisible by n, where a is any integer and
k, m are any natural numbers. |
Of course, Theorem 2 reduces to Fermat’s Little Theorem with odd prime n when k = 1 and m = 0.
Remark 3 A lesser known theorem (than Fermat’s Little Theorem) states the following:
Lemma If n is an odd prime and w is an integer, then w" — w is divisible by 6.

Proof. By Fermat’s Little Theorem, w" — w = w(w"~! — 1) is divisible by n. Since n is an odd prime, then n — 1 is
even. Let n — 1 = 2k. Then wiw™™! — 1) = w(w?* — 1), where (w?)* — 1% is divisible by w?>—1=(w-Dw+1).



(It is a fact that given integers u and v, then " — V" is always divisible by u — v.) Since w" — w = w(w* — 1) where
w? — 1 is divisible by (w — 1)(w + 1), then w" — w is divisible by w(w — 1)(w + 1). So w" — w is divisible by three
consecutive numbers, w — 1, w,w + 1. One of these three numbers must be divisible by 2, and another must be
divisible by 3. So w" — w is divisible by 6. (]



