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Abstract

We have investigated some general classes of disconnected graceful graphs. We obtain the graceful labeling for (Pm ×
Pn)

∪
(Pr × Ps), C2 f+3

∪
(Pm × Pn)

∪
(Pr × Ps), where m, n, r, s ∈ N − {1} and f = 2(mn + rs) − (m + n + r + s).

We also show that the tensor product of Pn and P3, where n ∈ N − {1, 2} admits graceful labeling. In addition to this we
prove that a graph called star of cycle C⋆

n is graceful, for n ≡ 0 (mod 4).
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1. Introduction

We begin with simple, undirected and finite graph G = (V(G), E(G)) with p vertices and q edges. In this work Cn denotes
the cycle on n vertices, Pn denotes the path on n vertices and (Pn × Pm) denotes the grid graph on mn vertices. For all
other terminology and notations we follow (West, 2001).

1.1 Definition If the vertices are assigned values subject to certain conditions then it is known as graph labeling.

1.2 Definition A function f is called graceful labeling of a graph G = (V(G), E(G)) if f : V(G) −→ {0, 1, 2, . . . , q} is
injective and the induce function f ∗ : E(G) −→ {1, 2, . . . , q} defined as f ∗(e = uv) = | f (u) − f (v)| is bijective, ∀ e = uv
∈ E(G). A graph which admits graceful labeling is called graceful graph.

Rosa introduced this concept in (Rosa, 1967, p. 349-355) and named it as β−valuation. Golomb (Golomb, 1972, p.
23-37) discovered such labeling independently and called it graceful labeling which is now the popular term. The famous
graceful tree conjecture and several attempts to settle it provided the reason for extensive research in the field of graph
labeling. Acharya (Acharya, 1982, p. 231-236) constructed certain infinite families of graceful graphs from a given
graceful graph. Acharya and Hegde (Acharya & Hegde, 1990, p. 275-299) generalized graceful labeling to (k, d) graceful
labeling while Acharya and Singh (Acharya & Singh, 2004, p. 291-302) have discussed gracefulness of signed graphs.
Moreover Rosa(Rosa, 1967, p. 349-355) and Golomb (Golomb, 1972, p. 23-37) discussed gracefulness of complete
graphs and Eulerian graphs. For a dynamic survey on graph labeling we refer to (Gallian, 2010).

1.3 Definition The Cartesian product of graphs G and H denoted as G × H, is the graph with vertex set V(G) × V(H) =
{(u, v)/u ∈ V(G) and v ∈ V(H)} and (u, v) adjacent to (u′, v′) if and only if either u = u′ and vv′ ∈ E(H) or v = v′ and
uu′ ∈ E(G).

1.4 Definition The Cartesian product of two paths Pn and Pm denoted as (Pn × Pm) is known as a grid graph on mn
vertices.

1.5 Definition The tensor product of two graphs G1 and G2 denoted by G1(Tp)G2 has vertex set V(G1(Tp)G2) = V(G1) ×
V(G2) and the edge set E(G1(Tp)G2) = {((u1, v1), (u2, v2)) /u1u2 ∈ E(G1) and v1v2 ∈ E(G2)}.
In (Bu & Cao, 1995, p. 6-8) have discussed gracefulness of complete bipartite graph and its union with path. In (Acharya
& Gill, 1981, p. 81-94) have investigated the graceful labeling for the grid graph (Pn×Pm). In this paper we have discussed
gracefulness of (Pm×Pn)

∪
(Pr×Ps), C2 f+3

∪
(Pm×Pn)

∪
(Pr×Ps) (with m, n, r, s ∈ N−{1} and f = 2(mn+rs)−(m+n+r+s)),

Pn(Tp)P3 (with n ∈ N − {1, 2}) and C⋆
n (with n ≡ 0 (mod 4)).
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2. Gracefulness of Some Product Related Graphs

2.1 Theorem The graph G = (Pn × Pm)
∪

(Pr × Ps), where m, n, r, s ∈ N − {1} is graceful.

Proof: It is obvious that the graph G has number of vertices p = rs+mn and number of edges q = 2(rs+mn)−(m+n+r+s).

Now label the vertices of Pn × Pm by the labels q, 0, 1, q− 2, q− 3, q− 4, 4, 5, . . . etc to diagonals of the grid Pn × Pm. This
labeling sequence is having two sequential patterns, one is increasing and the other is decreasing. Such labeling will give
rise to edge labeling as decreasing sequence of labels q, q − 1, . . . , q + m + n + 1 − 2mn. The described labeling pattern
demonstrated in Figure−1.

Now our task is to label the vertices of Pr × Ps. It will depend on the vertex labels of the last grid of Pn × Pm. Let w and t
be vertex labels of last grid of Pn × Pm. These labels produce edge label q + m + n + 1 − 2mn = 2rs + 1 − (r + s). At this
stage we have to consider following two cases.

Case - I: w < t. Then w must be a label from the increasing sequence of labels and t − w = 2rs + 1 − (r + s). Now the
available vertex labels are t + 1, t − 1, t − 2, . . . ,w + 2,w + 1, which are in number 2rs + 1 − (r + s).
We will use these labels for labeling of vertices Pr × Ps. This vertex labeling sequence is 2rs − (r + s) +w + 2,w + 2,w +
3, 2rs − (r + s) + w, 2rs − (r + s) + w − 1, 2rs − (r + s) + w − 2,w + 7,w + 8, . . . etc. This labeling sequence will give rise
to edge labels as 2rs − (r + s), . . . , 2, 1. Thus we have labeled all the rs + mn vertices of G gracefully.

Case - II: w > t. Then w must be a label from the decreasing sequence of labels and w − t = 2rs + 1 − (r + s). Now the
available vertex labels are w − 1,w − 2, . . . , t + 2, t + 1, t − 1, which are in number 2rs + 1 − (r + s).

We will use these labels for labeling of vertices of Pr×Ps, in which vertex labeling sequence is t−1,w−2,w−3, t+1, t+2,
t+ 3,w− 7, . . . etc. This will give rise to edge labels as decreasing sequence of labels 2rs− (r+ s), . . . , 2, 1. Thus we have
labeled all the rs + mn vertices of G gracefully.

Therefore G = (Pn × Pm)
∪

(Pr × Ps) is a graceful graph.

2.2 Illustration Graceful labeling of (P3 × P4)
∪

(P4 × P2) is shown in Figure - 2.

2.3 Theorem The graph G = C2 f+3
∪

(Pm ×Pn)
∪

(Pr ×Ps) , where m, n, r, s ∈ N −{1} and f = 2(mn+ rs)− (m+n+ r+ s)
is graceful.

Proof: It is obvious that G will have number of vertices p = 2 f + 3 + mn + rs and number of edges q = 3 f + 3. Let
u1, u2, . . . , u2 f+3 be the successive vertices of C2 f+3.

Define the vertex labeling function f : V(G) −→ {0, 1, 2, . . . , q} for the cycle C2 f+3 as

f (ui) = (q + 1)− i
2 = (3 f + 4)− i

2 ; if i is even

=
i−1
2 ; if i is odd.

Which will produce edge labels 3 f + 3, 3 f + 2, . . . , f + 2, f + 1 for the cycle C2 f+3. Now our task is to label the vertices of
(Pm × Pn)

∪
(Pr × Ps) for which the available vertex labels are 2 f + 2, 2 f + 1, . . . , f + 2 and which may give rise to edge

labels f , f − 1, . . . . . . , 2, 1.

Since the number of available vertex labels are f + 1 and required number of edge labels are f . For that we first label the
vertices of (Pm × Pn)

∪
(Pr × Ps) by 0, 1, . . . , f , as suggested in Theorem−2.1 and then add the number f + 2 to all the

vertex labels of (Pm × Pn)
∪

(Pr × Ps) in order to produce edge labels 1, 2, . . . , f for (Pm × Pn)
∪

(Pr × Ps).

Thus we have labeled the graph G = C2 f+3
∪

(Pm × Pn)
∪

(Pr × Ps) gracefully. Therefore G is a graceful graph.

3. Gracefulness of Pn(Tp)P3 and Star of Cycle

3.1 Theorem Pn(Tp)P3, the tensor product of Pn and P3, where n ∈ N − {1, 2} is a graceful graph

Proof: Let vi j be successive vertices of Pn(Tp)P3, ∀ i = 1, 2, 3 and ∀ j = 1, 2, . . . , n. Now define the labeling function
f : V(Pn(Tp)P3) −→ {0, 1, . . . , q = 4n − 4} as follows.

f (vi j) = j − 1+ i−1
2 ; if j is odd

= 2 ⌈n+1
2 ⌉ −1 + j+ i−1

2 ; if j is even, ∀ i = 1, 3.

and f (v2 j) = q + 6 − 2 ⌈n
2⌉ − j; if j is odd

= q + 2 − j; if j is even.

Such vertex labeling for Pn(Tp)P3 will produce edge labels q, q − 1, . . . , q
2 +1 and q

2 , q
2 −1, . . . , 2, 1. Thus f is a graceful
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labeling function and consequently Pn(Tp)P3 is a graceful graph.

3.2 Illustration: The graph P5(Tp)P3 and its graceful labeling is shown in Figure - 3.

3.3 Definition A graph obtained by replacing each vertex of star K1,n by a graph G of n vertices is called star of G and it
is denoted by G⋆. The graph G which replaced at the center of K1,n we call the central copy of G⋆.

Above definition was introduced in (Vaidya et al, 2008, p. 54-64).

3.4 Theorem C⋆
n , the star of cycle Cn is graceful graph, when n ≡ 0 (mod 4).

Proof: Let v1, v2, . . . , vn be successive vertices of central copy of C⋆
n and ui1, ui2, . . . , uin be successive vertices of cycles

C(i)
n , i = 1, 2, . . . , n. Let ei be edge such that ei = viui−1i, ∀ i = 2, 3, . . . , n and e1 = v1un1, which join each cycle C(i)

n with
the central copy of C⋆

n . Now we define the labeling function f : V(C⋆
n ) −→ {0, 1, . . . , q = n(n + 2)} as follows:

f (u1i) =
n2+q

4 +
i−1
2 if i ≡ 1 (mod 2)

=
n2+q

4 + n + 1− i
2 if i ≡ 0 (mod 2) and i ≤ n

2

=
n2+q

4 + n− i
2 if i ≡ 0 (mod 2) and i > n

2

Case - I : j ≡ 1 (mod 2) and 3 ≤ j ≤ n − 1.

f (u ji) = f (u( j−1)i) − 2( j − 1)(n + 1) if i ≡ 0 (mod 2)

= f (u( j−1)i) + 2( j − 1)(n + 1) if i ≡ 1 (mod 2)

Case - II : j ≡ 0 (mod 2) and 2 ≤ j ≤ n.

f (u ji) = f (u( j−1)i) + 2( j − 1)(n + 1) if i ≡ 0 (mod 2)

= f (u( j−1)i) − 2( j − 1)(n + 1) if i ≡ 1 (mod 2)

and f (vi) = f (u1i) +
n2+q

4 if i ≡ 0 (mod 2)

= f (u(1i) −
n2+q

4 if i ≡ 1 (mod 2).

Such vertex labeling for C⋆
n will produce edge labels (i − 1)(n + 1) + 1, (i − 1)(n + 1) + 2, (i − 1)(n + 1) + 3,. . . , i(n + 1)

for the cycles C(i)
n , i = 1, 2, . . . , n and edge labels n(n + 1) + 1, n(n + 1) + 2, . . . , n(n + 2) for the central cycle. Also it will

produce edge labels (n + 1), 2(n + 1), . . . , n(n + 1) for edges ei, which join each cycle C(i)
n with the central copy of C⋆

n .
Thus we have labeled all the vertices of C⋆

n gracefully. That is, C⋆
n is a graceful graph.

3.5 Illustration The graph C⋆
4 and its graceful labeling is shown in Figure−4.

4. Concluding Remarks

Here we have discussed the gracefulness of the grid graph and its union with some other graphs. We have also derived that
the tensor product of Pn and P3 admits graceful labeling. The results obtained here are new and of very general nature.
This work throws some light on the gracefulness of disconnected graphs which is a very less explored field.
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