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Abstract

We use the implicit Bogning function (iB-function) to proceed to a kind of inventory of the possible solutions of the
modified nonlinear partial differential equation which characterizes the modified power line of Noguchi. Firstly, we make
an inventory of the forms of solutions through a field of possible solutions, then we identify the most probable forms that
we set out to look for. The iB-function is used because it summarizes within it several types of different functions
depending on the choice of its characteristics and it is easy to handle in the case of strongly nonlinear partial differential
equations. In other words, we use the notion of probability to locate, through the characteristic indices of iB-functions, the
forms of solitary and traveling wave solutions likely to propagate in the modified Noguchi power line.
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1. Introduction

Physics is defined simply as the science which deals with and studies bodies in motion. It is closely linked to other
sciences and in particular Mathematics and numerical calculations to name just the most used, to analyze and study the
feasibility of the physical system considered. It is also subdivided into several study segments in which the dynamics of
nonlinear excitations in power lines occupy an important place (Tiague Takongmo & Bogning, 2018; Tiague Takongmo
& Bogning, 2018; Tiague Takongmo & Bogning, 2018; Tiague Takongmo & Bogning, 2018; Tiague Takongmo &
Bogning, 2018; Tiague Takongmo & Bogning, 2018).Speaking of the power line, the modified one from Noguchi (Tiague
Takongmo & Bogning, 2018) is a bit peculiar in its construction. It is made of a set of identical cells made up of coils and
capacitors. The nonlinear nature of the line is maintained by charge capacitors which vary in a non-linear manner. Other
forms of forced solutions have already been proposed in the context of some research work, but what we bring is the
inventory and the possibilities of obtaining the majority or all forms of solutions including new forms of solutions and
among others, solitary waves, periodic waves and even certain ordinary solutions through the probabilities of obtaining
each type of solution (Ngouo Tchinda & Bogning, 2020).

We remain here in our dynamic of proposing the solutions and the techniques of resolution of the so-called complicated
nonlinear partial differential equations (Bogning et al., 2012; Bogning et al., 2012; Bogning et al., 2013; Bogning et al.,
2013; Bogning et al., 2015; Bogning, 2015, Bogning, 2015; Bogning et al., 2016; Djeumen Tchaho et al., 2012; Djeumen
Tchaho et al., 2011; Djeumen Tchaho et al., 2010, Bogning et al., 2015; Bogning et al., 2013; Njikue et al., 2018; Bogning
&Kofané& 2006; Bogning &Kofané& 2006; Bogning, 2018; Njikuéet al., 2018; Sarwar, S.& Rashidi MM. 2016 ). Mainly,
within the framework of this work, the iB-functions (Bogning J. R. (2019). Manténatique: Les fonctions implicites de
Bogning &applications. Germany, EUE.; Bogning J. R. (2019). Mathematics for physics: The implicit Bogning functions
& Applications. Germany, LAB.; Bogning J. R. (2019). Mathematics for nonlinear physics: Solitary wave in the center of
the resolution of dispersive nonlinear partial differential equations. USA, Dorrance Publishing Co.; Bogning J. R. (2020).
Elénents de la meéanique analytique et de la Physique quantique. Germany, EUE.; Bogning J. R. (2020). Elements of
Analytical Mechanics and Quantum physics. Germany, LAB.) are used to find and build these solutions, precisely
because of the flexibility in the most complicated calculations.

Certainly, as mentioned a little above, apart from our work, several works have dealt with the resolution of nonlinear
partial differential equations, but the particularity of this article is that it draws its originality from the works that we have
been developing for a while and we are continuing to develop them. The use of the notion of probability to locate and
construct solutions of nonlinear partial differential equations is quite new and follows a logical approach which takes its
foundation in our previous work. It is not just a question for us of solving the equations, while placing ourselves in a
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context in relation to many works produced by different authors, but pushing the limits to see how far we can get with the
new approach used.

This manuscript is organized into five main sections, namely, the presentation of the model, some notions on iB-functions,
forms of solutions and solving the equations and the review of the comments on the solutions obtained as conclusion.

2. Noguchi Nonlinear Modified Power Line

Noguchi's modified electric line is constituted by a number N of identical cells where the capacitors of constant
capacitance C are connected in parallel across the terminals of the coils of constant inductance L both connected to a
capacitor of variable charge and crossed by the voltage U,, .
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Figure 1. Presentation of a modified non-linear Noguchi electrical line

The equation which describes the dynamics of signal propagation in this power line has been established [7] and given by

nU,.. +nU, +nU, . +nU,., — L[q (u( x,t))] =0, (1)
where U (X,t) represents the signal or voltage in the circuit, n =h*/12 , n,=h?, n,=LCh*/12,n, = LCh* and h
the step between the cells that make up the network, the nonlinear charge of the capacitor is given by

[a(U(xt))]=aU (xt)+au®(xt)+aU®(xt), )
where g, (i=1,2,3) arenon zero constants.

Equation (1) is the generalized form of the nonlinear partial differential equation which describes the propagation
dynamics in the Noguchi power line.

3. iB-functions
iB- implicit functions are generally defined by

Jim (Zp:aixi):sinhm(Zp:aixi]/cosh”[_zp:aixi], @)

where (Zp:‘”) represents the implicit form of the function, Si”hm(iaixij/COSh"(Zp:aixij the explicit form of

i=0 i=0 i=0

the function, «; (i=0,1,2,..,p ) represent the parameters associated with the independent variables X;

(i=0,12,...,p) , the pair (n, m) e R? indicates the power of the function. More precisely, N is the power of

cosh(zp:a,x.j and m the power of Sinh(iaixij' This function, as defined in relation (1), is also called the
i=0 i-0
iB-functions of several variables and any derivative operation undertaken in this case is partial.

The iB-functions of a single variable is defined by
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Jom (@X) =sinh™ (ax)/ cosh" (ax), (4)

Where J (ax) represents the implicit form of the function, o represents the parameter associated with the
mdependentvarlablex the pair (n,m) < R? indicates the power of the function.

Some important transformations are given by

Jnirmia = Jnmdis (5)

‘Jn+2,m+2 = ‘Jn,m‘JZ,Z’ (6)

Jncomep = Inmdppo (7)

Jnpmp = Jnmdpp ©)

Jnipmep = J2p2pInpmop: (10)

JomIwm = Jniw mems (11)

JomImn = Jmnmens (12)

Jml,nl- my.ny =Y mong :‘]ml+mz+...+mp,nl+nz+...+np’ (13)
Wy =maJ -nad

dx (14)

Some of properties in its compact forms which facilitate the addition and multiplication of expressions are given by the
following formulas

i Crl:]"]fk',mfk' (X) ‘]—m+k',k' (y)
Jom (x+y)=k2 ’ -

By matching ¥ ——Y, we obtain

Z (_1)k' C;,J—k',m—k’ (X) ‘]—m+k’,k’ (y)

J, (X y) ’ (16)

2( ) Ch s () i (¥)

The compact trigonometric formulas which result from formulas (14) and (15) are given by

ic:.,\]_k m-k’ IX —m+k K’ (Iy)
s i(xey)]- 5 U] (17)

C:‘]_m-k,k (IX) ‘]—n+k,k (Iy)

k=0

and

i(_l)k' Crl:l"]—k’,m—k’(ix) —mk K (W)

Jon[i(x=y)]=55 =1 (18)
(_1)k Crll(‘]—mk,k (iX) ‘]—n+k,k (iy)
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4. Forms of Solutions and Solving the Equation
We seek the solutions of equation (1) in the form

U(x,t)=ad,, (ax—adt), (19)

where a, a, ¢, are arbitrary non zero constants. Under these conditions, we transform equation (1) by posing the
change of variable & =aX—a,t. So, we get at first

(e +n,050° U e + 0,070+ ' agU e — L[q E (5))] =0, (20)
with
4(U(£))=aU (£)+aU* (§)+aU° (). @
Taking into account equation (19) in (18) allows to obtain
(e +naga’ U +(na’ ~Laga U, +mar‘oqU o, — Lo, (U°)  ~Laga, (U°) =0, (22)

Equation (22) is the one that will be the object of the effective study in this work. Taking into account the transformation
the sought solution becomes as follows

U(¢&)=al, (&) (23)

E=ax—-ayt’

4.1 Main Equation of Range of Coefficients

Taking into account the ansatz (23) in the equation (22) imposes the calculation of its different terms. for this purpose we
obtain after successive calculations, the derivative of order 5 of & = ax — ¢t given by

Uieer =030 5ms = %dn st ms —dana % ams = %dhsmess (24)
where ¢ (i=12,....,6) are the function of N, M and given by
o, =am(m—-1)(m-2)(m-3)(m-4), (25)
a, :am(m—l)(m—2)(m—3)(n—4)+am(m—1)(m—2)2(n—3) (26)
+am(m—1)(n—2)(m—1)(m—2)+amz(n—l)(m—z)z+amn(m+1)(m—1)(m—2),
a, =am(m-1)(m-2)(n-3)(n—2)+am(m-1)(n-2)°(m-1) .
am? (n—1)(m—2)(n—2)+amn(m+1)(m—1)(n—2)+am? (m—1)(n—2)(n-1) @7
+am3(n—1)2+am2n(m+1)(n—1)+anm2(n—l)(m+1)+amn2(m+1)2+anm(n+1)(m+2)(m+1),
a,=am(m-1)(n-2)(n-1)n+am?(n-1)"n+amn®(m+1)(n-1)
+an2m(n—1)(m+1)+an3(m+1)2+an2(n+l)(m+2)(m+1)+anm(n—l)(n+l)(m+2) (28)
+an2(m+1)(n+1)(m+2)+an(n+1)2(m+2)2+an(n+1)(n+2)(m+3)(m+2),
a; =anm(n—1)(n+1)(n+2)+an?(m+1)(n+1)(n+2)+an(n+1)° (m+2)(n+2) 29)
+an(n+1)(n+2)2(m+3)+an(n+1)(n+2)(n+3)(m+4),
and
a; =an(n+1)(n+2)(n+3)(n+4). (30)

In the same logic of the calculations of the successive derivatives of U with respectto & we have
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U =, (M=5)J, 6 —[ @ (n=5)+a, (M=3) |3, s s +[ @, (n=3) + a2, (M=1) ]I, .,
—[az(n-1)+a,(m+1) ], +[ s (n+1) + ot (M+3) ]J ~[ag(n+3)+ag(m+5) ]340, CD
+a(nN+5)J

The introduction of the different derivatives in equation (22) leads to the following main coefficient range equation

Ai‘] n-4,m-4 + Az‘Jn—Z,m—Z + A’s‘]n,m + AA‘]n+2,m+2 + AS‘Jn+4,m+4 + A%Jn—e,m—G + A7‘]n+6,m+6

n+2,m+2

n+6,m+6"

(32)
_AB‘]Bn—Z,Bm—Z + A9‘]3n,3m - A10J3n+2,3m+2 - Ail‘]Sn—Z,Sm—Z + A12‘J5n,5m - A13‘]5n+2,5m+2 = 0’
where A (i=12,...,13) are given by
A =a(na’ +naia’)(m-1)(m-2)(m-3)-naga’[ o (n—-5)+a,(m-3)], (33)
A - (n1a4 . n4a§a2) am(m-1)(m-2)(n-3)+am(m-1)(n—2)(m-1)
+am’(n-1)(m-2)+amn(m+1)(m-1) (34)
+am(m-1)(n,a’ - Laga, )+ nyagar* [ o, (n=3) + a5 (M-1) ],
A :(n1a4+n4a§a2) am(m-1)(n-2)(n-1)+am (n2—1) +amn(m+1)(n-1)
+anm(n-1)(m+1)+an’(m+1)" +an(n+1)(m+2)(m+1) (35)
~(na® - Laga, )[am(n-1)+an(m+1) |- naga*[ o, (n—1) + e, (m+1) ],
anm(n-1)(n+1)+an’(m+1)(n+1)
A, :(n1a4+n4a§a2) \
+an(n+1)"(m+2)+an(n+1)(n+2)(m+3) (36)
—a(n,a’ - Lega, )n(n+1) -naga’ [a, (n+1) + o (M+3) ],
A =a(na’ +naja’ )n(n+1)(n+2)(n+3)-nagar* [ ot (n+3)+ 5 (M+5) ], 37)
A =noga'e (m=5), (38)
A =naga’ag(n+5), (39)
A =3a’m(3m-1)Loga,, (40)
A =Laga, | 3a°m(3n-1)+3a’n(3m+1)], (41)
A, =3a’Laja,n(3n+1), (42)
A, =5a°Laja;m(5m-1), (43)
A, = Laga,| 5a°m(5n—1)+5a°n(5m+1) |, (44)
and
A, =5a’Laga,n(5n+1). (45)
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4.2 Field of Possible Solutions

In this section, we study the possibilities of grouping the terms of the equation (31) and finding solutions. Thus, to
obtain the values of N and m for which certain terms of equation (31) regroup, we solve the pairs of equations in
n and m such that if AJ =~ and AJ, . (with i# ]) are two terms of the equation (31), we have
simultaneously n=n"and m=m".

In this exercise, we count a total of 51 pairs of equations which lead to the determination of the pairs (N, mM). So we have

nyme _4!_31_§1_§’_1u_110’1111§1213!4 . (46)
2 2 2 2 2

The combination of the values of N and m for which there is a grouping of the terms makes it possible to obtain a table

of the possibilities of solutions comprising 169 pairs.

The 169 pairs constitute the extended field of pairs for which the search for solutions must be made. But the probabilities
of appearance of pairs make it possible to determine the most probable couples and thereby reduce the field of possibilities
in order to obtain a restricted field of possibilities in which the effective research will be carried out.

4.3 Probabilities of Appearance of Pairs (N, M) and Dominant Pairs

To obtain the values of N'and M for which certain terms of equation (30) regroup, we have solved 51 pairs of equations
in N and M. The probabilities of appearance of the pairs (N, M) are given by P(-1-1)=8/51, P(-2,-2)=5/51,
P(0,0)=9/51 , P(-1/2,-1/2)=3/51 , P(-3/2,-3/2)=2/51, P(2,2)=5/51 , P(11)=8/51 , P(1/2,1/2)=3/51
P(4,4)=1/51 | P(3,3)=2/51 , P(3/2,3/2)=2/51 , P(-4,-4)=1/51 | P(-3,-3)=2/51 .

With regard to the probabilities of appearance, the pairs (0,0), (—1,—1) and (1,1) are the dominant pairs. We can define
the restricted field of possibilities by combining the values of n and m of the dominant pairs in the table below.

Table 1. Restricted field of possibilities

(i (__11_1) (_100 (-f
; 5 o B

The goal of obtaining the restricted field of couples aims to verify whether in addition to the dominant couples, there are
other couples which lead to non-trivial solutions. Thus, in the following lines, we will solve equation (32) for the different
values of the above pairs.

4.4 Solving the Secondary Equations From the Main Coefficient Range Equation
In this section, we look for the solutions of equation (32) for the pairs of the restricted field of possibilities.

For the pairs (0,0), (-1,1), (1,-1), (1,0), (0,-1) and (0,1) the equation admits trivial solutions so that the real
search for solutions is done only for the pairs (—1,—1), (1,1) and (=1, 0).

% Case (n,m)=(-1-1)
Taking into account the pair (n,m)=(—1,—1) in equation (32) allows to write

(A_AB+A2)‘]—5,—5+(A2 +A3 _Ats)J—s,—s"F(%_A&O)J—l,—1+(AS_A11)J—7,—7 =0. (47)

Equation (47) holds if and only if we have

A-A+A,=0 (48)
A+A-A;=0 (49)
A=A, =0, (50)
and
A —A, =0. (51)
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The calculations of ¢ (i=12,..,6) and A (j=12,..,13) for (n,m)=(-1-1) allow to rewrite the above
equations fora =0 as

12(na* +nega’) +852n,a0a" —6a’Laga, + 25Lagaa’ =0, (52)
—21(na’ +napa’ ) +(na® - Laga, )+ 634naa +9Laja’ ~10Laga,a’ =0, (53)
8(nla4 +n,ala’ ) —(nzoz2 - Lagal) —142n,aja* —3a’Lata, =0, (54)
24n,aa —a‘Lata, =0. (55)

The equation (55) allows to determine

1
2\s
a:a(mn—ﬂoj ,na; > 0. (56)
La,

The introduction of equation (56) in equations (52), (53) and (54) makes it possible to determine the constraint relations
that the other parameters must verify. The solution under these conditions is given by

1
2
24n,0;

1
2 i
24n,05 o, ) I (ax—agt). (57)

La, jAJ‘l"l(f):‘U(X't)w[

0(e)=a|

% Case (n,m)=(11)
Taking into account the pair (n,m)=(1,1) in equation (31) allows to write

(A3_AE)J1,1+(A4+A§ _'All)Js,3+(A§_'A&o +A12)‘J5,5+(A7 _Als)‘]m =0, (58)

Equation (58) holds if and only if we have

A —-A =0, (59)
A+A-A =0, (60)
A-A,+A,=0, (61)
and
A —A,=0. (62)

The calculations of ¢ (i=12,...,6) and A, (j=12,...,13) for (n,m)=(-1-1) allow to rewrite the above

equations fora = 0 as

8(nloc4 +n,a2a’ ) - (nzoz2 — Laozai) -136n,a,* —3a’La’a, =0, (63)
-20(na* +nega’)-(na’ - Laga, ) -616na,a” +9a’Laga, —10Lagaa’ =0, (64)
12(na’ +n,a5a” )-840n,0,a" —6a’Laga, +25a‘Laga, =0, (65)
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24naja’ —a'Lala, =0. (66)
Equation (66) also gives
L
24n,a |4
a:a(—'ﬂo} ,n;a, >~ 0. (67)
La,

The constraint relations linked to the value of a for this solution to be valid are obtained by introducing (67) in the
equations (63), (64) and (65). The solution in this case is given by

1 1
24n.02 4 24n.02 |
u (5):0{ L; Oj J.(&)=U (X,t):a( L;3 OJ I (ax—agt). (68)
% Case (n,m)=(-10)
Taking into account the pair (n,m)=(—1,0) in equation (32) allows to write
A3‘]—1,0 + Ag‘]fs,o - AiO‘]—l,Z - A&a‘]fs,z =0, (69)

Equation (67) holds if and only if for the values of ; (i =1,2,...,6) and A, (j =1 2,_,_,13) and setting (n,m)=(-1,0)

we have
na' +n,a’ +nola’ - Lala +najat =0, (70)
Lala, =0, (71)
and
Lala, =0. (72)

As we are not only in the logic of solving the nonlinear partial differential equation, but also in the logic of mathematically
obtaining the partial differential equations which admit as solutions the forms of solutions considered from the start, then
the disposition of the above equations impose to modify the structure of the partial differential equation which models the
modified electric line of Noguchi. So, we set @, = a, = 0 and equation (22) reduces to

2 2 2 2 2
(nloc4 +naia )U&ﬁ —(n1a4 +n,aia’ +noja )U§§ +na’aU,..... =0, (73)
such that
&’ (na’ +n,+n,08 +naga’)
a = = : (74)
Qy
as predict in equation (70). In this case the solution of equation (73) is given by
U(&)=al o (£)=U(xt)=al, (ax—at),acR (75)

5. Conclusion

What motivated the design and the realization of this work is that for the resolution of the complicated partial
differential equations or strongly nonlinear, it is often very difficult to obtain the solutions while passing by the simple
integral methods. Under these conditions what remains to be done is to seek the so-called forced solutions. The forced
solutions consist in considering a form of solution and that one imposes it as solution of nonlinear partial differential
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equation considered and thereafter one starts to look for the conditions or to fix the constraints so that this is possible.

Once these constraints and conditions are fixed, the so-called forced solution from the start becomes the exact or
approximate solution, depending on the margin of error committed during the resolution. Animated by this logic, we
wanted to check whether or not there are solutions that can propagate or not, in the modified Noguchi power line or
simply the solutions which verify the nonlinear partial differential equation which govern the dynamics of propagation
in the modified Noguchi power line. At this level of reflection, the choice of the ansatz or solution function becomes
very important. As the iB-function has the advantage of wrapping within it several types of functions and in particular
exponential, hyperbolic and circular functions, we have opted for the iB-function of power(n, m). So the search for
solutions to equation (22) revolves around the choice of pairs(n, m) because each pairﬁn,m) corresponds to a very
precise function. However, generally n and m are reals and their arbitrary choices of which are very difficult and
tedious to make. Another advantage of the use of the iB-function is that from the equation of ranges of coefficients
obtained, we can determine the values of (n,m) for which certain terms are grouped together. We note in the same
sense that when there are several terms which regroup, the probability that the pairs (n,m) which are at the origin of
this regrouping lead to the solution function, is high. On the other hand, when the pair (n,m) allows very little
grouping, the number of chances for it to define the solution function is also very low.

Beyond this general view, the probabilities of grouping or merging the terms are such that the highest are
p(o,o)=g/51, p(_1,_1)=8/51 and p(1,1)=8/51. Apart from the pair (0, 0) which leads to the trivial solution,
we noticeed in most of the cases we have treated so far that the solutions obtained were foreseen by the dominant pairs
which are in the case of this problem (-1,-1) and (1,1).

To return to physics, these solutions are solitary wave solutions of the kink type. The periodic traveling waves can also
be obtained by choosing « and ¢, pure imaginary complexes.

Beyond the work carried out in this manuscript, its physical and mathematical scope is to know in general, how to choose
without too much hassle, the forms of progressive wave solutions or not of the nonlinear partial differential equations
governing the dynamics of propagation in the waveguides. The concept of probability introduced will henceforth make it
possible to locate, without much hesitation, the characteristics of the solitary wave solution-function or not likely to
propagate in the waveguide considered.
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