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Abstract

This paper is devoted to the study of pollutant transport model by water in dimension one. The model studied extend the
results obtained in ( Roamba, Zabsonré & Zongo, 2017) . However, our model does not take into account cold pressure
term and the quadratic friction term as in (Roamba, Zabsonré & Zongo, 2017) which are considered regularizing terms to
show the existence of global weak solutions of your model. Without these regularizing terms, we show the existence of
global weak solutions in time with a periodic domain.
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1. Introduction
In this paper, we are interested to the study of a pollutant transport model in one dimension.

As a reminder, several studies are being done on pollutant transport models. The authors in ( Fernandez-Nieto, Narbona-
Reina & Zabsonré, 2013) were the pawns in the formal derivation of a bilayer model coupling shallow water and Reynolds
lubrication equations. From this derivation, the authors prove that our model verify a dissapative entropy inequality up
to a second’order term. They compare the numerical results with the viscous bilayer shallow water model proposed in (
Narbona-Reina, Zabsonré, Fernandez-Nieto & Bresch ).

The authors in (Roamba, Zabsonré & Zongo), have proven the existence of global weak solution of a similar model
derived in ( Fernandez-Nieto, Narbona-Reina & Zabsonré, 2013). To achieve this, the authors have made a technical
hypothesis on the height of water, namely the water layer is more important than the layer of the pollutant in the form

hy < hy, 6]

where hy, h, represent respectively the pollutant and the water height.

And to overcome this condition, they have resorted to the addition of regularizing terms such as Van Der waals force in
(Kitavsev, Laurengot & Niethammer (2011)) and laminar friction term see (Marche (2005); Mellet & Vasseur (2007);
Roamba, Zabsonré & Traoré (2016)) to show the existence of global weak solutions of the models considered. The model
studied in (Roamba, Zabsonré & Zango (2017)) are read:

Oihy + 0.(hyu) = 0, 2

1
d,(hu) + 0, (hu®) + 5gath — 4v9,(h Oyu) + % — h18(c*hy — V(hy))

rgh10chy + rghydy(hy + hy) + rihy|ufu = 0. 3)
i + O (houy) — £62hs — Gx((ahgz + ch23)6xp2) = 0. @)
with
1 a

0xp2 = p280x(hy + hy) and  V(h) = — -

5 (a>0), (5)

hi

where (t, x) € (0, T)X]O0, 1],
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and hy, h, are respectively, the water and the pollutant heights, u is the water velocity. The ratio of densities is denoted

r=2 where p; and p, are respectively the densities of the water and the pollutant. v is the kinematic viscosity; g is the
L1

constant gravity.

The coeflicients o, r; and S are respectively the coefficients of the interfaz tension, quadratic friction and positive slip

length parameters. a and c are constants. @ and & are positive constants.

The model studied in this paper does not take into account cold pressure term (Van Der Waals force) and the quadratic
friction term as in (Roamba, Zabsonré & Zango (2017)). It is written as follows:

Oihy + 0c(hiu) = 0, (6)

1 1
Ar(hiu) + 05 (h1u?) — 4v(h10u) + rgdy[hy (hy + Zhl)] + Ergaxhg — 0@ hy +au =0, (7)
8y + 8 (hau) — £0°hy = 0. (8)

where (t, x) € (0, T)x]O0, 1].

There are many results on the existence of solutions of the one-dimensional Navier Stokes equations. In (Bresch &
Desjardins (2003)), the authors proved the existence of global weak solutions for 2D viscous Shallow Water equations
and convergence to quasi-geotrophic model. In the paper, the authors shown the control of the vaccum thanks to an
entropy named BD-entropy, which was introduced firstly in (Bresch, Desjardins & Lin (2003)). We note that the authors
in (Bresch, Desjardins & Gérard-Varet (2007); Toumbou, Roux & Sene (2007)) have used this BD-entropy to get existence
result of global weak solutions for Shallow-Water and viscous compressible Navier-Stokes equations. We have used this
entropy in our work.

The authors in (Haspot (2018)) have proved a result of global strond solutions to the Navier-Stokes system with degenerate
viscosity coefficient. This work has been developed in (Kang & Vasseur (2020)).

We integrate their ideas to limit the water height.

We draw on the work done in (Constantin, Drivas, Nguyen & Pasqualotto (2020); Haspot (2018); Kang & Vasseur (2020))
to improve the results obtained in (Roamba, Zabsonré & Zango (2017)), by showing global existence of weak solutions
of one-dimensional pollutant transport model without resorting to cold pressure term and regularizing terms.

The rest of paper is organized as follows: In the Section 2, we give firstly the definition of global weak solutions,
secondly we establish a classical energy inequality and the “mathematical BD entropy”, which give some regularities on
the unknowns. We also give an existence theorem of global weak solutions in the same section. The Section 3 contains
the proof of the energies estimates and main existence result theorem.

We complete the system studied with the initial conditions
70, x) = hyy(x),  h(0,x) = hyy(x),  (hu)(0,x) =my(x) in]O, 1[. )
hi, € L20,1), |, +hyy| € L20, 1), 8.(hy,) € L0, 1),
dmg e L'(0,1), my=0 ifhy, =0, (10)

|InO|2 1 1
o eL'(0,1), loghy, €L (0,1).

lo

2. Mains Results

Definition 1. We say that (hy, h,, u) is a weak solution of (6)-(8), with the initial conditions (9)-(10), verifying the entropy
inequalities (14) and (16) if for all smooth test function ¢ = @(t, x) with

&(T,.) =0, we have:
T 1 T 1
h10¢(0,.)—f fhuw—f fh1u6x¢=0, (11)
0 0 0 0
T 1 T 1 T 1
—ho,#(0,.) - f f hy0,¢ — f f hyudcp + & f f 0:ha0¢ = 0, (12)
0 0 0 0 0 0
T 1 T 1 T 1
By, uo$(0, ) — f f hyud, — f f hu?dyd + 4v f f h10ud ¢
0 0 0 0 0 0
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T 1 T 1 T 1
+0'f f(aihlaxh,)maf fh10§h16x¢+af fu(b
0 0 0 0 0 0
T 1 1 T 1 1 T 1
“rg f f hhsdid— ~g f f 10,6 - 218 f f 20,6 (13)
0 0 2 0 0 2 0 0

Lemma 1. (Energy inequality) For classical solutions of the system (6) — (8), the following inequality holds:
d 1
di Jo

1 1 1 1 !
[_h1|u|2 + =gl =l + srglhy + ho* + _0-|3xh1|2] + 4vf hy|0ul?
2 2 2 2 0

1 1 1
1 1
+af |u|2+—graf 10, ol < —rgsf ENAS (14)
0 2 0 2 0

Remark 1. Notice that the term in the right of (14) can be controlled using Gronwall’s lemma.
Corollary 1. Let (hy, hy, u) be a solution of model (6) — (8). Then, thanks to Lemma 1 we have:
Vhiu isboundedin  L¥(0,T;L*0,1)), ~/hdu isboundedin L*0,T;L*0,1)),

u isboundedin L*0,T;L*0,1)), (h +hy) isboundedin L(0,T;L*(0,1)),

d:hy s boundedin  L¥(0,T;L*(0,1), 8.hy isboundedin L*0,T;L*0,1)),

hy isboundedin  L*(0,T;L*0,1)), hy isboundedin L*(0,T;L*0,1)).
Corollary 2. (see(Haspot (2018)))

There exists a constant C > 0 such as

hy > C. 15)

We will need in the following some additional regularity on /; and this will be achieved through an additional BD entropy
inequality presented in the next lemma

Lemma 2. (BD-entropy) For smooth solutions (hy, hy, u) of model (6) — (8) satisfying the classical energy equality of the
Lemma 1, we have the following mathematical BD entropy inequality:

d ('r1 1 1 1
- fo [zhlu + 4vd, log(h))? — 4valog(hy) + Eg(1 -’ + 5rg|hl +hol + Ecrla"'xh] P

1 1 1
h h
+a f lul® + 4v f (g +gr)oml +rg f (& + 4v=—=)0,hd, by
0 0 h 0 h

1 1 1 1
+aory f 102> + gre f 0shal? < rge f 10,1 2. (16)
0 0 0

Tl
h
While waiting to give the proof of the Lemma 2, we show how to control the term f f (e+ 4vh—2)(9xh6xh2, then all
0 Jo 1
the others are good sign.

Indeed,

h
We have, h—28xh16xh2 = (8x log h))hy0hy, e can write:
1

T 1 /’l2 1 T 1 ) 1 T 1 5
f f |h—5xh13xh2| < Ef f |0 log(h)|” + Ef f lh20 "
0 0 1 0 0 0 0

We will now look at the two terms to the right of the above inequality separately. For the first one, we have:

T 1 T 1 2
|0 |

o, togh)f = [
fofo‘ x o8t o Jo H

1 Tl
< Ef f |9y > (see equation (15)).
0 Jo
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So
dy(log hy) is in L*(0, T; L*(0, 1)).

For the second one, since h, € L*(0,T;H'(0,1)) and d,h, € L*(0,T;L?*(0,1)) then, hyd.ho € L*(0,T;L*(0,1)) (By
Sobolev embedding (see (Marche (2005)) for instance)) which completes the proof.

Corollary 3. Let (hy, hy, u) be a solution of model (6) — (8).

Then, thanks to Lemma 2, we have:
Vhi, 8xh areboundedin  L¥(0,T;L*0,1)) and &hy isboundedin L*0,T;L*0,1))
Remark 2. In the Corollary I, the estimate
Vhiu isboundedin  L¥(0,T;L*0,1)),

implies,
hiu  is bounded in L0, T;L*0,1)),

this lead us
dhy s bounded in  L=(0,T; W20, 1)),

hy and \/h_l are bounded in L~ (0, T; L*(0, 1)).

Corollary 4. The Remark 2 and the Corollary 2, allows us to state the following result, there exists constants 0 < C and

R, such as:
0<C<h <R

Remark 3. We have the following additional regularities:

1. hy is bounded in L*(0, T; L0, 1)) N L=(0, T; L*(0, 1)),
2. u is bounded in L*(0, T; L®(0, 1)) N L*(0, T; L*(0, 1)).

Theorem 1. There exists a global weak solutions to the system (6)-(8) with initial data (9)-(10), and satisfying energy
enequalities (14) and (16).

3. Proof of the Energies Inequalities and Theorem 1
In this section we give proof of some results.
3.1 Proof of Lemma 1

First, we multiply the momentum equation by « and we integrate from O to 1.

1 1 1 1
1 1
f ~0, () + = f qud b3 — 4 f ud (v 8,u) + rg f hyud hy
0 2 2 0 0 0

1 1
+rgf hzuax(h1+h2)+af ul> = 0. (17)
0 0

We use the mass conservation equation (6) for simplification. Then, we obtain:

1 1
° —4f ud,(vhi0u) = 4Vf hy (axu)z
0 0

1 1
o« —o f hudh, = o f 3 (hyu)d>hy
0 0

1
=0 f 8 %hy
0
1
=O'f ax,hlaxhl
0
l 1
= Eo-fo 3,101y .
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1 1 1
) rgf hiudhy = —rgf hzc?x(hlu)zrgf hy0,h;.
0 0 0
I , 1 ! 5
— ochy = = ohy|”.
b 23[) Uoxny Zg\f()‘ P

1 1
. rg f had(hy + hpu = —rg f (h + )3 (o).
0 0

The equation for the thin film flow give us : 0,(hu) = —0,h, + 8(9)261’12 and we have:

1 1 1 1 1
1 d
o rg f hydc(hy + ho)u = rge f 88y + rge f |8Xh2|2+§rgd— f \ha|> + rg f 710,hs
0 0 0 tJo 0

Substituting all these terms in (17), we get (14) by integrating under O to 7.
3.2 Proof of Lemma 2

Let us multiply (7) by 4vd, log(h), integrate with respect to x and use an integration by parts. Thanks to the equation (6)
and the initial conditions (9) — (10), we have:

1 1 5 5 1 6Xh1 1 Liaxhl 1 ) 5
4y | @+ udadhy +dvg | 161 + 16 hlﬁxuax(—) + dav Loy | 182 P+
0 0 0 hy 0o M 0

1 1 1
h h
+4virg f 8:hadhy + 4virg f h—2|6Xh|2+4vrg f h—zaxhzaxhlzo. (18)
0 0 1 0 1

On the one hand, a further integration by parts of the first term in (18), equation (6), and the energy inequality (14) give:

1
4vf (O;u + uou)dhy
0

d 1 1 1
=4v(— f udhy — f udyhy + f uﬁxuaxhl)
dt Jo 0 0
d 1 1 1
=4v<— f udhy — f B,ud(hy) + f uﬁxuaxhl)
dr Jy 0 0
d 1 1
4V<d_t fo udhy — fo hl(axu)z)

d 1 1 1 1 |
= EL [4vu0xhl + §hl|M|2 + ig(l - r)|h]|2 + Erg|hl + h2|2 + 5O.laxhl|2

1 1 1
+a f u® + rge f 8,1 0xhy + rge f N
0 0 0

We can write the third and the fourth term in (18) as follow:

19)

1 1
a.h 1d
162 ax(—" )axhz—— hyldviog(h))
o vj; e uhy = 5 ) 114vlog(hy)|

1 1 1
° 4avf uo =4avf O:(uhy) —4avf Ou
0o M o M 0

1
=—4avditj; log(h;) (See ([?]) .

Substituting finally the last three identities into (18), we obtain (16).
3.3 Proof of Theorem 1

This section is devoted to the prove of Theorem 1. Let (K, hg, u*) be a sequence of weak solutions with initial data

hk

_ 1,k k _ 1k k. k _ k
1)=0 = hln’ h2|t:0 = hzn’ (hu")=0 = my

such that
i — hi, in L'(Q), H5 —> hy in L'(Q),  m —> mg in (L'(Q))?,
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and satisfies
! k ! k k 2 1 k 2 1 k k 2 1 k 2
4y A 0, log(hlo) + 0 [h10|u0| + Eg(l - r)|hlo| + Erg|hlo + h20| + 50'|(9xh10| ] <C

Such approximate solutions can be built by a regularization of capillary effect.

3.3.1 Strong Convergence of /A%, A% and K}

We first give the spaces in which \/hilf is bounded.
By integrating the mass equation, we obtain : \/hTf in L*(0,T; LZ(O, 1)).

As Remark 3 gives us 0, \/E in L*(0, T; L*(0, 1)),
SO
h’f is bounded in L™ (0, T; L*(0, 1)). (20)

Moreover, still using the mass equation, we obtain the following equality:

1
Oy AJHk = 3 ROt — 8,

1 [ k k [ k

= 5 hl]{axu — U ax hlf - hlfaxl/l

which gives that 4, [l is bounded in L2(0.T: L2(0, 1)).

Applying Aubin-Simon lemma (Lions (1969); Simon (1987)), we can extract a subsequence, still denoted (h’f)lgk, such
that

\/th‘ strongly converges to \/h_l in L2(O, T, LZ(O, ).

According to the Corollary 4, we show that
2 2
< .

< Ve

h’f strongly converges to A in LZ(O, T; LZ(O, 1)).

B — hy

:‘h’f—hl

This ensure

‘We have h’; € L*0,T; L=(0, 1)). Moreover, we have ,h,* = —Bx(hguk) + ac')ihz.

We have i% € L*(0,1) and u* € L*(0, 1), so hXu* € L*(0, 1), according to the Sobolev embeddings, we show that the first
term is in W~12(0, ). By analogy we prove that the last term is in the same space and we also get 6th§ in this space.
Thanks to the Aubin-Simon lemma, we find:

h’g strongly Converges to h, in L*(0,T: W20, 1)).

3.3.2 Strong Convergence of hku]f and uf

We have /¥ that’s bounded in L*(0, T; L¥(0, 1)) and u* that’s bounded in L*(0, T; L*(0, 1)), What gives us h*u* is bounded
in L2(0,T; L*(0, 1)).

Let’s look now 8,(h\u*). We have:
d (hhuty = Hhouk + uo ik,

based on the estimates obtained on h’{ in Remark 3, we get:
(W', bounded in L*(0, T; W'2(0, 1)).
Moreover, the momentum equation (7) enables us to write the time derivation of the water discharge:

1
0, uky = =0 (W) - 5 gOH” + 4y, 0. (WK0u) — aut + PRk — rghtd. ik — rght o (n + i)
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we then study each term:

3, (hk(u)?) = 8, (WX uk (uF)) which is in L*(0, T; W~12(0, 1)).

e as h’f isin L*(0,T; L*(0, 1)), and 6Xh’f is in L*(0, T; L*(0, 1)) and we can write the following relation :
° (9x[(h’f)2] is bounded in L*(0, T; L*(0, 1)).

® 3,(h*d.u") is bounded in L*(0, T; W'2(0, 1)).

e The last four terms are bounded in L*(0, T; W~"2(0, 1)).

Then, applying Aubin-Simon lemma, we obtain,

(h]fuk)k stongly Converges to hju in CO(O, T; W_l’z(O, 1)).

3.3.3 Strong Convergence of u*, 73, and Viku*

Thanks to Corollary 4 and Remark 3, we have ¥ and d,u* are bounded in L*(0, T, L>(0, 1)). In order to obtain new
estimates on u*, we are going to control the right hand side of the following equation:

h
Ak = —u* .k + 4vd, log hlfaxuk + 4v8)2€uk - g@xh'f - rgaxhg - rghé@x log h/f - rgh—faxhg + a'aihlf.
Thanks to the estimates obtained on h’f, h’; and u*, all the terms to the right of equality except the last term are in
L*(0,T, L*(0, 1)).

On the other hand, th’f is bounded in L*(0, T, L*(0, 1)), this lead us to é)ih’f is bounded in L*(0, T, W~12(0, 1)) Aubin
Simon’s lemma leads us to the following result:

(uk)k stongly converges to u in LZ(O, T; W_I’Z(O, 1)).

However, the function (h%, 8,u*) — h¥du* is continous in L*(0, T; L¥1(0, 1)) X L*(0, T; L*(0, 1)) to L*(0, T; L*(0, 1)).

So,
h*o.u* weakly convergesto  hjd,u in L*(0,T; L*(0, 1)).

Thanks to the Corollary 4, we say that’s exists constants 0 < @ and 8 < +oo such as @ < h’f <B.

For all constant k > 8, we have the following norm:
Tl
I

h’f Uk strongly converges to \/h_l u in L%0, T; (L*(Q))%).

N

2 T
SKf ik — ul> — 0.
0

So,

3.3.4 Strong Convergence of ,hf, hSo.hk,  2h%,  hto%h; and 8,nkH2nk

e We have 6xh’f bounded in L*(0,T;H'(0,1)) and (9,6xh’f is bounded in L®(0,T; H (0, 1)) since 6,h’f is bounded in
L=(0,T; H'(0,1)). Thanks to compact injection of H 1(0, 1) in L*(0, 1) in one dimension, we have:

Oxh’f strongly converges to  d,h in LZ(O, T, L2(0, 1))
e The bound of 3;%’1]; in L2(0, T; L*(0, 1)) and 8xh’§ in L2(0,T; L*(0, 1)) gives us:

aih’f weakly converges to 6§h1 in LZ(O, T; L2(0, 1)),

6xh§ weakly converges to  d,hy in L2(0,T; L*(0,1)).

e Thanks to the strong convergence of h%, h%, 8,1t and the weak convergence of 92%, we have:

h’;&xh’f strongly converges to  hyd.h; in LI(O, T, LI(O, 1)),
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h’f@ih’f strongly converges to hlaih in LI(O, T; Ll(O, 1)),
8xhlf(9)26hlf strongly converges to 6xh16)26h1 in L'(0, T; L' (0, 1)),
Hka.n5  strongly converges to  hydhy in L0, T; L'(0, 1)),
h’;@xhg strongly converges to  h0.h, in L O, T, L 0, 1)),
(h]{)2 strongly converges to hi? in L'0,7;L0,1)).

3.3.5 Convergences of hfu* and 92h*
We know that 6xh§ is bounded in L*(0, T; L*(0, 1)) this implies 6?};’5 is in L'(0, T; W~12(0, 1)).
So,

a§h§ weakly converges to 6ih2 e L', T; w30, 1))

To end we have u* weakly converges to u in L*(0, T; L*(0, 1)) and the strong convergence of h4 to hs, gives us:

hguk weakly converges to  hu  in LI(O, T; Ll(O, 1)).

4. Conclusion

In this paper, we show the existence of global weak solutions of a 1D pollutant transport model. We note that, for the
model studied in this paper we did not take into account regularizing terms (cold pressure and quadratic friction terms)
as in ( Roamba, Zabsonré & Zongo, 2017) and we considered a better transport equation than that used in ( Roamba,
Zabsonré & Zongo, 2017).
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