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Abstract

In this paper, we study the spherical indicatrices of W-direction curves in three dimensional Euclidean space which were
defined by using the unit Darboux vector field W of a Frenet curve. We obtain the Frenet apparatus of these spherical
indicatrices and the characterizations of being general helix and slant helix. Moreover we give some properties between
the spherical indicatrices and their associated curves.
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1. Introduction

The theory of curves is a subbranch of geometry which deals with curves in Euclidean space or other spaces by using
differential and integral calculus. One of the most studied topic in curve theory is associated curves like involute-evolute
pairs, Bertrand curve pairs, Mannheim partner curves and W-direction curves. Working with these associated curves is
nice aspect that these curves can be characterizated by the properties and behavior of the main curves of them.

The most commonly used ones to characterize curves are general or cylindrical helix and slant helix. A general helix in
IE3 is defined as: its tangent vector field makes a constant angle with a fixed direction. If the principal normal vector field
makes a constant angle with a fixed direction, it is called slant helix. Izumiya and Takeuchi founded that a curve is a slant
helix if and only if the geodesic curvature of the principal image of the principal normal indicatrix which is

5(s) = (L (f)')(s) (L1)

-
(K2 +1712)7 \K

is a constant function (Izumiya & Takenchi, 2004).

Choi and Kim (2012) created the principal(binormal)-direction curves and principal(binormal)-donor curve of a Frenet
curve in E3. They gave the relation of curvature and torsion between the principal-direction curve and its mate curve.
They also defined a new curve called PD-rectifying curve and gave a new characterization of a Bertrand curve by means
of the PD-rectifying curve. They made an application of associated curves and studied a general helix and slant helix
as principal-donor and second principal-donor curve of a plane, respectively. Then Choi et al. (2012). worked on the
principal(binormal)-direction curve and principal(binormal)-donor curve of a Frenet non-lightlike curves in IE?

After that Korpinar et al. (2013). introduced associated curves according to Bishop frame in E>.

Recently, Macit and Diildiil (2014) defined W-direction curve, W-rectifying curve and V-direction curve of a Frenet curve
in E? and also principal-direction curve, B;-direction curve, B,-direction curve and B,-rectifying curve in E*, where B is
the first binormal vector field and B is the second binormal vector field of the Frenet frame of a curve in E*. These curves
were given as the integral curves of vector fields taken from the Frenet frame or Darboux frame along a curve. They gave
the relationship of the Frenet vector fields, the curvature and the torsion between the associated curves and their main
curve.

When all unit Frenet vectors of a curve are moved to the center of the unit sphere S2, their end points describe different
curves on the sphere. These described curves are called spherical indicatrices. For unit tangent vector, unit principal
normal vector and unit binormal vector, the names of the spherical indicatrices are tangent indicatrix, principal normal
indicatrix and binormal indicatrix, respectively. If any of the Frenet vectors is X of a curve given with the arc-lenght
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parameter s, then the equation of the spherical indicatrix is given by

B(s™) = X(s). (1.2)
where s* is the arc-length parameter of spherical indicatrix (Struik, 1957).

There are many works on spherical indicatrices. Kula and Yayl1 (2005), investigated spherical images of tangent and
binormal indicatrix of a slant helix. They found that the spherical images are spherical helices.

Kula et al. (2010) gave some characterizations for a unit speed curve in R? to being a slant helix by using its tangent,
principal normal and binormal indicatrix.

Tunger and Unal (2012) studied spherical indicatrices of a Bertrand curve and its mate curve. They obtained relations
between spherical images and new representations of spherical indicatrices.

In this paper, we study the spherical indicatrices of W-direction curves. We obtain the Frenet apparatus of tangent indica-
trix and binormal indicatrix via Frenet vector fields, curvature and torsion of the main curves. We give the characterizations
of being general helix and slant helix in terms of these image curves.

2. Preliminaries

Let B : I — E3 be a curve and {T, N, B} denote the Frenet frame of 8. T(s) = 8'(s) is called the unit tangent vector of
B at s. (B is a unit speed curve (or parametrized by arc-length s) if and only if |[|8'(s)]| = 1. The curvature of B is given
by «(s) = [|8”(s)|l. The unit principal normal vector N(s) of 8 at s is given by B8”(s) = k(s).N(s). Also the unit vector
B(s) = T(s) X N(s) is called the unit binormal vector of 8 at s. Then the famous Frenet formula holds as:

T'(s) = k(s).N(s)
N'(s) = —«(s).T(s) + T(s)B(s)
B'(s) = —=71(s)N(s)
where 7(s) is the torsion of 8 at s and calculated as 7(s) = (N’(s), B(s)) or 7(s) =||B'(s)||.

Also the Frenet vectors of a curve 8, which is given by arc-length parameter s, can be calculated as:

T(s) =f'(s)
B (s)
N(s) = 2.1
= o @D
B(s) = T(s) X N(s).
For the unit speed curve 5 : [ — E?, the vector
W(s) = ()T (s) + k(s)B(s) (2.2)

is called the Darboux vector of 8 which is the rotation vector of trihedron of the curve with curvature « # 0 when a point
moves along the curve .

A unit speed curve 8 : [ — E" is a Frenet curve if §”(s) # 0, so it has the non-zero curvature.
Definition 1. Let 8 be a Frenet curve in B and W be the unit Darboux vector field of B. The integral curve of W(s) is

called W-direction curve of B. Namely, if B is the W-direction curve of B, then W(s) = E,(s), where W = ﬁ(TT + kB)
(Macit & Diildiil, 2014).

Let the Frenet apparatus of a Frenet curve 8 and its W-direction curve be {T, N, B,«, 7} and {T, N,B.X, ‘T'} respectively.
The relations of Frenet apparatus between the main curve and W-direction curve are given in (Macit & Diildiil, 2014) as:

— T K
T = T + B
V2 + 12 VK2 + 12
— K T
N-=- + 2.3)
V2 + 12 V2 + 12
B=-N
_ | =7k _ —
K= g s T = K2 + T2
K2+ 12
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Remark 1. In this paper we take the signs of absolute value positive. If the sign will be taken negative, the expressions
similarly have the other signs.

Theorem 1. Let B be the W-direction curve of B which is not a general helix. Then B is a general helix if and only if B is
a slant helix (Macit & Diildiil, 2014).

Theorem 2. A curve is a general helix if and only if * = constant (O’Neill, 2006).

Let a be any curve of arc-length parameter s and has the Frenet frame {7, N, B} along a. If « is on a surface, the frame
{T, V, U} along the curve « is called the Darboux frame where T is the unit tangent vector of @, U is the unit normal of
the surface and V is the unit vector given by V = U X T. The relations between these vectors and their derivatives are
(O’Neill, 2006):

T’ 0 Kg  Kn T
Vil=| k., 0 14 \%
v’ —Kk, -1, O U

where «, is the geodesic curvature, k, is the normal curvature and 7, is the geodesic torsion.

The geodesic curvature, normal curvature and geodesic torsion with respect to the surface are also given respectively by
(O’Neill, 2006):

ke = (UXT.T") (2.4)
ko ={a”,U) (2.5)

and
T, =(UxU",T). (2.6)

For a curve @ which is lying on a surface, the following statements are satisfied (O’Neill, 2006):

1) a is a geodesic curve if and only if the geodesic curvature of the curve with respect to the surface vanishes.
2) «a is a asymptotic line if and only if the normal curvature of the curve with respect to the surface vanishes.
3) « is a principal line if and only if the geodesic torsion of the curve with respect to the surface vanishes.

3. Spherical Images of W-direction Curves

In this section, we will introduce tangent indicatrix and binormal indicatrix which are spherical indicatrices of W-direction
curves. We find their Frenet apparatus and give some results of being general helix and slant helix.

Let 8 be a curve with arc-length parameter s and 3 be the W-direction curve of 8. The arc-length parameter 5 of 8 which is
an integral curve of 8, can be taken as 5 = s (Choi & Kim, 2012). The Frenet apparatus of 5 and ,E are {T,N, B,k, 1} and
{7, N, B,%, ?} respectively. Here also ¢ is the geodesic curvature of the principal image of the principal normal indicatrix
given with the equation (1.1).

Using the equation (1.2), the tangent indicatrix and binormal indicatrix of W-direction curve 8 are given with the equations

a(sqe) = T(s) (3.1)
¥(sy) = B(s) (3.2)

where s, and s, are arc-length parameters of tangent and binormal indicatrix, respectively.

Example : Let a curve which is a slant helix be

B(s) = (—% cos(%) — écos (%),—% sin(%) — ésin(%), \/gcos(%)).

The tangent, binormal vectors, the curvature, the torsion and the Darboux vector were found in (Macit & Diildiil, 2014).
T(s) = §sin(£)+lsin & —écos(f)—lcos ﬁ —ﬁ sin(f)
|4 2) 4 2) 4 2] 4 2] 2 2

0 =[S eeos(5) 3 (5) 3 en(3)
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and

k(s) = ? cos(%) ,  T1(s)= —? sin(%).

Also the W-direction curve of 8 was given as:

— 9 3 1 1 3

B(s) = (—g — 6sin (%) -7 sin (s) — T sin(2s), ) cos(s), %) +(c1,C2,C3)
where ¢y, ¢;, c3 are constants.
Now lets find the tangent and binormal indicatrices of this W-direction curve . By using these expressions above and the
equations (2.3), (3.1) and (3.2), the tangent indicatrix and binormal indicatrix are obtained respectively:

1 1. V3
a(sqy) = (5 cos s, 5 sin s, 7)
and

(sy) = ﬁcoss ﬁsins —1
LA i) » T S o)

Figure 1. Red curve=main curve (8), blue curve=w-direction curve of the main curve ()

Figure 2. Red curve=tangent indicatrix (a), blue curve=binormal indicatrix (y)
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Theorem 3. Let 3 be a curve with arc-length parameter s and B be the W-direction curve of B. The Frenet vector fields,
curvature and torsion of the tangent indicatrix a of W-direction curve are given by

1 f
Ty =- T+ B
1+ 72 Vi+f2
N K(f-8) (T+K2(1+f2)2N+B)
VOO =g+ ) + k(1 + 2 “(f-8)
5 - k(1 + f%) (TT—K/(f_g)N+KB)
@ \/(K’)z(f— 2+ A1+ 2 k(1 + f2)

K4(1 +fz)3
Y= ‘/1 S
X TR -9

— /\2 _ I f 2
Ta—K,(f_g)((K,)z(f_g)2+K4(l+f2)3)(3(1<)(1+fg)(f 8) = kK" (f = (1 + f%))

where f =1, g=5 and h= ;.

K’ K"

Proof. The equation of tangent indicatrix « is given in equation (3.1) with the arc-length parameter s,. By differentiating
equation (3.1) and using Frenet formulas we get

ds, _
— =K.
ds
If we use the equations in (2.1) and the relation ‘% = k , we find the tangent, principal and binormal vector fields
respectively as:
Ty =N
K = o

N, =

- T +
Ve +12 e +7
T - ra-

a

= T+
Ve +72 N+

By writing the relations (2.3) in the last equations, we have:

K T
Ty =- T+

V2 + 12 Vi + 72
Ny = Tk S (S VP S

= -
Va =702 + (2 + 723\ Vi2 + 12 T® —T'K V2 + 72
K +12 T® — Tk
Ba, = TL — ﬁN + kB]|.
VK =7k + (k2 +12)3 K-+T

e 7

In the last equations assuming f = 7, ¢ == and h = 7 and arranging the expressions, we obtain the tangent, principal
and binormal vector fields of the tangent indicatrix « of the W-direction curve 3, with respect to the main curve j.

Also the curvature and torsion of the tangent indicatrix « are found as:

s —
Ky = N+ (3.3)

K

- ;22 __\2
Txk-7K)2 + (K,% - TT’)

- _N\3
(K2 + 72)

(3.4)
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Again by using the relations (2.3) in equations (3.3) and (3.4), we get:

\/(TK’ —Tk)? + (k2 + 12)3

@ =

K —T'K
= V(K2 +12)3 3(kk’ + 177K = T'K)
T @k =T (K = TR + (12 + 2P\ (K =T+ 1) )
Taking f, g and / in the last equations, we reach the result. m}

Theorem 4. If any curve B with arc-length parameter s is slant helix, then the tangent indicatrix of W-direction curve of
B is a planar curve (namely, a circle or part of a circle).

Proof. By Theorem 6 in (Macit & Diildiil, 2014), if the geodesic curvature of the principal image of the principal normal
indicatrix of the curve B is ¢, then £ = ¢ where k¥ and 7 are curvature and torsion of the W-direction curve of §.
By using the equation (3.4) and § = ¢, the torsion of the tangent indicatrix « is found as:
6/
T6(1+62)°

Ty =
If the curve S is slant helix, then ¢’ = 0. So by the last equation 7, = 0 which means the tangent indicatrix « is planar.
The planar curves on the sphere are circles or part of circles. O

’ ’”"

Remark 2. From now on, the equations f = %, g=%5, h=%5 , 6= § and K (f — g) = =6k*(1 + £2)*/% will be used
in the calculations.

Theorem S. The tangent indicatrix a of the W-direction curve is a general helix if and only if the following equation is
satisfied:

A,_74(3K Aff 366 ):

+ +—
k 1+ 1+6

where A = k"(f —h) + 3k’ /1 + f2(1 + fg)6.

Proof. If we take ratio of the torsion and curvature of the tangent indicatrix which are in Theorem 3 , use the relation
K(f —g) = —0k*(1 + f2)*/? and make some appropriate calculations, we have:
Ta A

ke B+ 21+ 023 3:3)

By differentiating the equation (3.5), we find that:

, ’_ 3 Aff L 368
(T_(,)__A A(11<(+1+f2+1+62)

Ka B+ f22(1 +62)32

’
If the numerator of the last fraction is zero, then (Z—) = (. Since the harmonic curvature of the curve « is constant, then
it is a general helix. O

Corollary 1. If the curve 8 is a general helix and and the equation A" — 3AK—K/ = 0 is satisfied, then the tangent indicatrix

of the W-direction curve B is a general helix.

Proof. If B is a general helix, then f is constant and also f” = 0. Since f” = 0, then ¢ = 0. For the derivative, we find:

A
ko) B+ 21 +62)32

If the numerator of this fraction is zero, then we reach the result clearly. O

Theorem 6. The tangent indicatrix « of the W-direction curve is a slant helix if and only if the following equation is
satisfied:
X Xy
§(1+48)5 + 81+ 89 (5) =0
( )Y ( ) 7
K IN=( 1= 1= 1\252 =2 213 n2)3/2
where6 =2 , X =(1+6)7T(6"7-6'T)—36(6")"7" and Y:(T (1 +067) +(6)) .
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Proof. From the equation (1.1), the geodesic curvature of the principal image of the principal normal indicatrix of the
tangent indicatrix « is given by
K2 7.\
e ol (3.6)

a = 3
(K2 +72)2 \Ka

-7t =7°% and ¥ + 7 =7(1 + %), then put the equations (3.3)

=13

We take into account that 7% — 7€ = -7°6" , K
and (3.4) in (3.6), we clearly find

3/2
O

148 SU+T v Y
0 \a+e)P +@p) \T+8p2)

After some calculations we have
_6(1+62) X

@ 3.7
, Y (3.7)
== 1=t N2=2 -2 23, s2) 2
where X = (1 + 6)7(8"7 - §'T) = 36(8'*T and ¥ = (T7(1 + 6% + (8)?) .
By differentiating the equation (3.7), we obtain
X Xy
(o) = (1 +6H'2 (6’(1 + 452)? +6(1 +6%) (?) ) :
(62)’ =0 if and only if &'(1 +46%)% + 6(1 +6%) (%) =0.
So by taking into consideration the equation (1.1) , the proof is completed. m

Theorem 7. Let 3 be a curve with arc-length parameter s and B be the W-direction curve of B. The Frenet vector fields,
curvature and torsion of the binormal indicatrix y of W-direction curve are given by

1 f

T, = T - B

Vi+f? Vi+f2

Vg 2 242

N, - K(f ~g) (T+K(1+f)N+B)

VW2 = gP(T+ )+ (1 + /)] “G-9

2 4 —

B, = A+ /) (TT— < ‘g)N+KB)

VO -+ RN )

_ K)*(f -g)?
SR ey

1
TR -9 + (L + )

(36 + fo)(f = &) — & (f = )1 + 7))

where f = I, gzz—: and hzz—
Proof. The equation of binormal indicatrix  is given in equation (3.2) with the arc-length parameter s,,. By differentiating
equation (3.2) and using Frenet formulas we get
ds,
ds

Here we assume T > 0. If 7 <0, the Frenet vector fields have other signs.

= [7].

If we use the equations in (2.1) and the relation ‘% = 7, we find the tangent, principal and binormal vector fields
respectively as:

y=-N
K = T =
L= _
Ve + 7 Ve +7
T = K =
T
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By writing the relations (2.3) in the last equations, we have:

K T
T, = T -
Vi + 12 V2 + 12
N = ™« — Tk ( L V(K + ‘1'2)3N N K B]
) =
Va =)+ 2 + 123\ V2 + 12 K —T'K Vi + 12
2 2 ’ ’
K +T T« =Tk
B, = (T s—— N+ KB).
VK =7k + (2 +12)3 kK +T
In the last equations assuming f = 7, g = ;— and h = ;— , arranging the expressions , we obtain the tangent, principal

and binormal vector fields of the binormal indicatrix y of the W-direction curve S, with respect to the main curve 3.

. . T . ds, _ —
Also the curvature and torsion of the binormal indicatrix y by taking into account that % = 7 are found as:

=2, =2
Ky = X T (3.8)
T
—2 2
@ -TR? + (TS - k')
T, = ; . (3.9)
2 =2
(@ +7)

Again by using the relations (2.3) in equations (3.8) and (3.9), we get:

VK — 7% + (k2 +12)3
Ky =
7 V(K +72)3
.= 1 3k’ + 177K — T'K)
YTk =Tk + R+ 2P | - =T+ ) )

Taking f, g and & in the last equations, we reach the result. O

Corollary 2. The tangent indicatrix and the binormal indicatrix of a W-direction curve are Bertrand mate curves.

Proof. Since the relation between the principal normal vector fields of the tangent indicatrix and binormal indicatrix is:
Ny = =N,,
they are linearly dependent. Thus the result is apparent. O

Theorem 8. If any curve B with arc-length parameter s is slant helix, then the binormal indicatrix of W-direction curve
of B is a planar curve (namely, a circle or part of a circle).

Proof. By using the equation (3.9) and § = ¢, the torsion of the binormal indicatrix vy is found as:
6/
Ty = ———.
YT (1 +62)

If the curve g is slant helix, then ¢" = 0. So by the last equation 7, = 0 which means the binormal indicatrix v is planar.
The planar curves on the sphere are circles or part of circles. O

Theorem 9. The binormal indicatrix y of the W-direction curve is a general helix if and only if the following equation is
satisfied:

A'—A(3i+ Aff 366 ):

+
Kk 1+f2 1+62

where A = k"(f —h) + 3k’ 1 + f2(1 + fg)o.
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Proof. If we take ratio of the torsion and curvature of the binormal indicatrix which are in Theorem 7 , use the relation
K(f —g) = —o0k*(1 + f2)*? and make some appropriate calculations, we have:

T 3P+ ff - 9) — kK (f = W1+ f2) (1 + A1
K WR(f — g2 + 141+ f2) JE T A+ O —gP
_ 3P+ O — @KL+ 2P = K (f = (1 + £
B (AL + 25 + 6O(f - 902
—36K4K’(1 + fo)(1 + fz)3 - K3K”(f —h)(1 + f2)5/2
(AL + f23(1 +62))
A1+ 22 (S36kk' (1 + f9)(1 + ) = k"(f = h)
KO(1 + f2)912(1 + 62)3/2

So lastly we find:

Ty A

Ky, 3+ 221+ §2)327
By differentiating the equation (3.10), we find that:

(3.10)

’_ 3w, Aff 368
A( « T 1+£2 + 1+52)

7\ B A
(E) TR0+ A+ )"

’
If the numerator of the last fraction is zero, then (;—) = (. Since the harmonic curvature of the curve vy is constant, it is a
general helix. m}

Corollary 3. Let 8 be a curve with arc-length parameter s and B be the W-direction curve of B. The tangent indicatrix of
B is a general helix if and only if the binormal indicatrix of B is general helix.

Proof. By the equations (3.5) and (3.10), the result is clear. O

Theorem 10. The binormal indicatrix y of the W-direction curve is a slant helix if and only if the following equation is
satisfied:

X XV
366 % + (1 + & (—):0
y Ty

— 3/2
where 5 =&, X = (1 + 69F(0"T - 6'F) = 3607 and ¥ = (B(1+ 69 +)?)".

Proof. From the equation (1.1), the geodesic curvature of the principal image of the principal normal indicatrix of the
binormal indicatrix 7y is given by
K2 T ’
= —y(l) ) (3.11)

Y~ 3
(G +12)7 \Ky
. — — — -— — =2 — _— ’ -— -— -— .
We take into account that 7k — 78 = —7°0" , Ko —-77 = Tz% and ¥° +7° = 72(1 + 6%) , then put the equations (3.8)

and (3.9) in (3.11), we clearly find
5 — (1 + 62! ( & )
T (o )P TR

After some calculations we have
_(d+ 532X

oy v (3.12)
N[ S 1= \2=2 =2 253 7\2 3/2
where X = (1 + 6)7(6"7 - §'T) = 365’7 and ¥ = (T(1 + 6% + (6)?) .
By differentiating the equation (3.12), we obtain
’ X XV

§,) =1 +6H)"*(366'= + (1 + 6 (—) :

(6,) =@ +6% s+
(6,) =0 if and only if 366'% + (1 + 6% (%) = 0.
So by taking into consideration the equation (1.1) , the proof is completed. O
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Corollary 4. The relation between the geodesic curvatures of the principal images of the principal normal indicatrices
of the tangent indicatrix, binormal indicatrix and the curve 3 is:

S = 6.6,

Proof. By the equations (3.7) and (3.12), we have
0o = 0.6y

where § =

Al
O

Remark 3. The example given at the top of the Section 3 is an application of the theorems 4 and 8.
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