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Abstract 

The paper deals with an inverse problem of determining the right-hand side of the linear equation of oscillations of thin 

plates. The problem is reduced to the optimal control problem. Differentiability of the functional is studied. Necessary 

condition of optimality is derived. 
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1. Introduction 

It is known that the oscillations of thin plates are described by the differential equations with partial derivatives of the 

fourth order. For more detail, the reader is referred to (Komkov, 1975) and (Arman, 1977). Therefore, the study of optimal 

control problems for the equation of the thin plate is of great theoretical and practical importance, see (Kabanikhin, 2009). 

One of the approaches for solving the inverse problems is the optimization method. The essence of this method lies in the 

fact that the inverse problem is reduced to the optimal control problem and this new problem is investigated by the 

methods of optimal control theory. 

The study of such problems started from the end of the twentieth century and is now intensively studied by many authors. 

See for examples: (Kabanikhin, 2009), (Alifanov, Artyukhin, & Rumyantsev, 1988), (Sadek, Adali, Sloss, & Bruchjr, 

1992), (Blanton & Sadek, 1994), (Tong, Williams, & Agrawal, 1998), (X. Zhang & J. Zhang, 1998), (Deineka, 2006) and 

(Bouchitte & Fragala, 2007). 

2. Formulation of the Problem 

Our needs to find the pair of functions adUUυu ),(  from the relations 
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where  byaxyxyx  0 ,0:),(),( , ),0( Tt  , ),0( TQ  , ),( yxρ  is a density of the mass at 

the point ),( yx , ),( yxh is the heath thickness of the plate in the point ),( yx , ),,( tyxu - is deflection of the plate in 
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the point ),( yx  at the moment t ,   is Laplace operator with respect to x , y , 
)1(12 2

3

ν

Eh
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 - cylindrical rigidity, 

ν  
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0 ν - Poisson’s coefficient, 0E -Young's modulus,    
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)(),( 2 Lyxg  are given functions, ),( yxh is a sufficiently smooth given function, a , b , 0μ , 
1 , T  are given 

positive numbers. 

As a generalized solution of the problem (1)-(3) for each function  yx,  from )(2 L , we consider the function 
Utyxu ),,(  such that for any Utyxη  ),,( , 0),,( Tyxη  the integral identity  
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is fulfilled. 

This problem we reduce to the following optimal control problem: to find the minimum of the functional  
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subject to (1)-(3). The function ),( yxυ  is called a control. By );,,( υtyxuu   we denote the generalized solution of the 

problem (1)-(3) corresponding to the control ),( yxυ . 

We regularize the problem (1)-(3), (6) by the following way: instead of the functional (6) consider the next one  
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where 0α  is a positive number. 

Note that by any fixed control ),( yxυ  boundary problem (1)-(3) has unique generalized solution from U  (Quliyev & 

Seyfullayeva, 2013). 

In the considered problem all condition for existence of optimal control are fulfilled (Lions, 1972). Therefore the new 

optimal control problem (1)-(3), (7) also has unique solution.  

3. Existence of the Optimal Control 

Theorem 1. Under the imposed conditions on the problem data, there exists an optimal control in problem (1)-(3), (7). 

Proof. Let’s   adn Uυ   be a minimizing sequence, i.e. 

)(inf)(lim υJυJ
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Therefore by (8), for solutions of problem (1)-(3) corresponding to n , we obtain the estimation 
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By (8) and (9), property of weak compactness in the Hilbert spaces and imbedding theorem, it is possible to consider, that 

as n  
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Take into account last relations in the definition of the generalized solution for the problem (1)-(3), by nυυ  , nuu  , 

passing to limit as ,n we have 
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Therefore, 

)()(inf)(lim 0υJυJυJ
adUυ

n
n




. 

It shows that ),(0 yxυ  provides the minimum to functional (7), i.e. is an optimal control. 

The completes the proof. 

4. Differentiability of the Functional (7) and Necessary and Sufficient Optimality Conditions 

Let us introduce the adjoint problem to (1)-(3), (7) problem for the given control )(),,( 2 QLtyxυ  : 
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From the conditions imposed on the data of the problem (1)-(3), (7) follows that this adjoint problem has unique 

generalized solution from the space )(1,2

2 QW  (Quliyev & Seyfullayeva, 2013). 

To derive the necessary conditions for optimality in the considered problem we take two arbitrary admissible controls 

),( yx  and ),(),( yxyx   . The corresponding solutions of problem (1)-(3) are denoted by );,,( υtyxu  and 

),,();,,();,,( tyxuδυtyxuδυυtyxu  . Then );,,();,,(),,( υtyxuδυυtyxutyxuδ  is a solution of 

the boundary value problem 
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Let’s show that 
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For this purpose, we use Faedo-Galerkin’s method. Take the basis  
1

),(
ii yxω  from )(2

2 


W , where the system 

 
1

),(
ii yxω  is orthonormal in )(2 L  and the approximate solution for the problem (14)-(16) search in the form 





N

i
i

N

i

N yxωtctyxuδ
1

),()(),,(  

from the equalities 








dxdyyxωuδDdxdyyxω
t

uδ
ρ j

N

j

N

),(),(
2

2

 



































 



dxdyyxω
x

uδ

y

D

y

uδ

x

D

yx

uδ

yx

D
ν j

NNN

),(2)1(
2

2

2

2

2

2

2

222

               (17) 

 


dxdyyxωuδuθδudxdydtyxωuδδυυ j

NN

Q

j ),(2),()(  

  ,1     ,),(,,),( Njdxdyyxωtyxfdxdyyxδυωu jj  


 

0)0( N

ic , 0)(
0


t

N

i tc
dt

d
. 

Multiplying both sides of (17) by )(tc
dt

d N

j  and sum over j  from 1 to N , we get 

















dxdy
t

uδ
uδDdxdy

t

uδ

t

uδ
ρ

N
N

NN

2

2

 







































 



dxdy
t

u

x

u

y

D

y

u

x

D

yx

u

yx

D NNNN 


2

2

2

2

2

2

2

222

2)1(  










  

Q

N
NN

N

dxdy
t

u
uuudxdydt

t

u
u





 2)(  

 
 







 .,, dxdy

t

uδ
tyxfdxdydt

t

uδ
δυu

N

Q

N

 

It gives that 

  





























dxdyuδD
t

uδ
ρ

dt

d N
N

2

2

2

1
 



 

 

http://jmr.ccsenet.org                        Journal of Mathematics Research                       Vol. 12, No. 3; 2020 

35 







































 



dxdy
t

uδ

x

uδ

y

D

y

uδ

x

D

yx

uδ

yx

D
ν

NNNN

2

2

2

2

2

2

2

222

2)1(  

  .,,

2)(






























dxdy
t

uδ
tyxfdxdydt

t

uδ
δυu

dxdy
t

uδ
uδuθδudxdydt

t

uδ
uδδυυ

N

Q

N

N
NN

Q

N
N

 

If to integrate this equality over t  by the imposed conditions, we get 
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where C  the constant independent on the estimating quantities and admissible controls. 

Due to equivalency of the norms in )(2
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By virtue of well-known inequality (Ladijenskaya, 1973) 
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and by (18), we have 
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Application of the Gronwall’s lemma leads to 
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From this integrating over t  in (19), we get 
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As follows from this inequality from the sequence  ),,( tyxuδ N  one can chose a subsequence (which is also denoted by

 ),,( tyxu N ) that converges weakly in U  to some function ),,( tyxu  by N . 

Thus, by the weak lower semi-continuity of the norm in the Banach space, (20) implies estimate (16). 

Theorem 2. Let’s all conditions of the Theorem 1 be satisfied. Then functional (7) is continuously Frechet differentiable 

on adU  and its differential in the point adUυ  at the increment )(2 Lδυ , adUδυυ   is defined by the expression 
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is the remainder term. 

Since u  is a generalized solution of the problem (13)-(16), for arbitrary function Utyxη ),,( , 0),,( Tyxη , 
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Similarly, since ),,( tyxψ  is a solution of the problem (10)-(12), for any function Utyxχ ),,( , 0)0,,( yxχ , 
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Let  tyxtyx ,,),,(    and let  tyxtyxu ,,),,(    in (22) and (23), respectively. After subtracting (22) 

from (23), we obtain  
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Then from formula for increment of the functional (25) follows that differential of functional (7) is calculate by the 

formula 
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Then as follows from (27) the gradient of the functional has a from 
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Thus due to known theorem from (Vasilyev, 1981) in order to the control function ),( yxυ  was optimal, it is necessary 
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fulfillment of the inequality    
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Since the functional (7) is strongly convex in adU  and the problem (1)-(3) is linear, condition (28) is also sufficient for the 

optimality. 

Thus the following theorem is proved. 

Theorem 3. Let’s the conditions of the Theorem 1 be satisfied. Then for the optimality of the control adUυ   for 

problem (1)-(3), it is necessary the validity of the inequality 
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for arbitrary adUyxυυ  ),( , where ),,( tyxu  and ),,( tyxψ  are solutions of problems (1)-(3), (10)-(12), respectively.   
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