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Abstract

The purpose of this paper is to build sequences of suitably smooth approximate solutions to the 1D pollutant transport
model that preserve the mathematical structure discovered in (Roamba, Zabsonré, Zongo, 2017). The stability arguments
in this paper then apply to such sequences of approximate solutions, which leads to the global existence of weak solutions
for this model. We show that when the Reynold number goes to infinity, we have always an existence of global weak
solutions result for the corresponding model.

Keywords: shallow water equations, bilayer models, viscosity, friction, capillarity, intermolecular forces, construction of
weak solutions

1. Introduction

We consider a bilayer model of immiscible fluids where the upper layer can be represented by a Reynolds lubrifications
model and the lower layer by a shallow water model. It can be used to simulate for instance the evolution of a pollutant
fluid over water. A similar model was studied in (Fernandez-Nieto, Narbona-Reina & Zabsonré, 2017). The model reads
as follows:

Ohy + 0x(hu) =0, (1)

1
A, (hu) + 0x(hu) + Egath — 410, (h Ou) + g — h10(00*hy — V(hy))

+rihy|ulu + rghidchy + rghydy(hy + hy) = 0, )
Brh + O (o) — £6%hs — 6X((ah22 + bh23)6xp2) =0, 3)
with
1 103
0xp2 = p280x(hy + hy) and V(hy) = P, (a>0), 4

1 1

where (¢, x) € (0, T)x]0, 1[.
These equations represent a system composed of two layers of immiscible fluids.

Where we denote h;, hy respectively, the water and the pollutant heights, u is the water velocity. v; is the kinematic
viscosity and p, the pressure; g is the constant gravity. The coefficients o, r; and S are respectively the coefficients of
the intrefaz tension, quadratic friction and positive slip length parameters ; a and b respectively depend on the friction at
the interfaz and coefficient of the viscosity of the pollutant. @, & are positive constants. r is the ratio of densities given by

r=22 where p; and p; denoted respectively the densities of the water and the pollutant. V(h;) represents the force of
P1

1

Van Der Waals which is given by V(h) = Pl %
1 1
Zabsonré & Zongo, 2017; Seemann, Herminghaus & Jacobs, 2001).

(@ > 0), see (Kitavtsev, Laurencot & Niethammer, 2011; Roamba,

We complete the system studied with the initial conditions

h (0, x) = h1,(x), (0, x) = hp,(x),  (Bu)(0,x) =mo(x) in [0, 1]. ®)
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hy,, ho, € L*0,1),  8,(hy,) € L*(0, 1),
dmye L'0,1), my=0 if £y =0,

’ (6)
[my| | 1
h_ €L (09 1)9 Sa(hlo) €L (Os 1),
lo
where ¢(h) = 4v;logh,.
The energy inequality associated to the system (1)-(3) is:
d (11 1 1 1
— —hul* + U(hy) + =g(1 = )l + =rglhy + o + =10 |
il | Sl + UG + 580 = Al + Srglhy + haP + 510,00l
1 1 1 1 1
+4v, f hy|0ul® + = f luf? + =gre f 10.ha |
0 B Jo 2 0
T pl 1 1 1
n f f nlul® + parg? f 10 + o) e+ bhs) < 3 rge f 0. )
o Jo 0 0
where the potential function U is the indefinite integral of V defined by
1
Ulh) = _ﬁ + %, h; > 0. The entropy inequality associated with system (1)-(3) reads as
1 1

d 1[1h| + 0w = Loty + Lol = AP + Lrelhy + o2 + ~old P + UGh )]

— = y - = = -r =T =00y

dt021u Pl 3<P1 28 1 281 2 20' 1 1

1 1 1 h , 1 h 1
= f lu? + 4v, f (g+gr—=+V ()o | + rgf (& + 4v; =2)0. 0 hy + 4v]a'f 02h,
B Jo 0 hy 0 hy 0

T 1 1 1 2 1 1
+r f f hylul* + gre f 0o + rg? f hg(a+bh2)(ax(h1+h2)) < 5rge f 10,717 (8)
0 0 0 0 0

We say that (hy, hy, u) is a weak solution of (1)-(3), with the initial condition verifying the entropy inequality (8) for all
smooth test functions ¢ = ¢(z, x) with ¢(T,.) = 0, we have:

T 1 T 1
ho, (0, .) — f f h0,¢ — f f hiud ¢ =0, 9)
0 0 0 0
T 1 T 1 T 1
—h02¢(0, ) — f f h26t¢ — f f h2u6x¢ + 8f f 8xh2¢9x¢
0 0 0 0 0 0

T 1
+ f f ((ah22 + bh23)0xp2)6x¢ -0, (10)
0 0

T 1 T 1 T 1
houtto(0, ) — f f hudi — f f I8, + v, f f Iy,
0 0 0 0 0 0
1 T 1 T 1 T 1
+— f f ug + f f (0Phy — V(h1)pdhy + f f (08 hy — V(h))h10.¢
BJo Jo o Jo o Jo
l T 1 T 1 T 1
se [ [ wos-re [ [ wmogen [ mutus
2 0 0 0 0 0 0
T 1 T 1 T 1
—ng f¢h23xh1—rgf f(h1+h2)h25’x¢—rgf f(h1+h2)5xh2¢=0- (11)
0 0 0 0 0 0

This work follows the work done in (Roamba, Zabsonré & Zongo, 2017). In (Roamba, Zabsonré & Zongo, 2017) as in
this present work, we use a model of transport of pollutant in 1D formally derived in (Fernandez-Nieto, Narbona-Reina
& Zabsonré, 2013). In (Roamba, Zabsonré & Zongo, 2017), the authors showed the existence of global weak solutions
of similar model derived in (Fernandez-Nieto, Narbona-Reina & Zabsonré, 2013). To lead well this result, the authors
considered the condition according to which h, < h; (the water layer is more important than the layer of the pollutant).
We suppose in this paper the existence of molecular interactions between molecules and this leads us to use the Van Der
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1
Waals force which is given by V(h) = — — e

b
Herminghaus & Jacobs, 2001). This force of Van Der Waals allows us to lower the height of water which allows us to get
around hypothesis made in (Roamba, Zabsonré & Zongo, 2017).

(a > 0), see (Kitavtsev, Laurencot & Niethammer, 2011; Seemann,

From a theoretical point of view several studies have been carried out on the construction of global weak solutions of
shallow-water equations model. The construction of global weak solutions for a shallow water model is done in (Bresch
& Desjardins, 20006) for the two-dimensional case. In (Kitavtsev, Laurengot & Niethammer, 2011), the authors, to prove
the existence of global weak solutions for one-dimensional lubrification models, have constructed approximate solutions.

In this paper, our contribution is to build sequences of suitably smooth approximate solutions to the 1D pollutant transport
model for a similar model studied in (Roamba, Zabsonré & Zongo, 2017). A similar method of construction of weak
solutions has been made in (Gamba, jiingel & Vasseur, 2009). In (Vasseur & Yu, 2016; Roamba & Zabsonré, 2017), an
other method of construction of weak solutions is developped to prove the existence of global weak solutions by deriving
the Mellet-Vasseur type inequality.

We complete the system (1) — (3) by:
u=0 a x=0,1 (12)

0:hi =0, i=12 a x=0,1 (13)

Our paper is organized as follows. On the one hand, the Section 2 is devoted to the actual construction of solutions to a
perturbed system that preserves the BD entropy discovered in (Bresch & Desjardins, 2002; Bresch & Desjardins, 2006;
Bresch, Desjardins & Lin, 2003), we establish a classical energy equality and the "mathematical BD entropy”, which entail
some regularities on the unknowns. The BD entropy is a mathematical entropy introduced firstly in (Bresch & Desjardins,
2002). Then we give a proposition allowing us to limit inferiorly the height of water which is very fundamental for the
continuation since this limit study gives us additional regularities on the data. We also give an existence theorem of global
weak solutions. To end, we give the proof of existence Theorem including the limits passage in the section.

2. Construction of Approximate Solutions

This section is devoted to the construction of approximate solutions to the 1D pollutant transport model. A small parame-
ter § is introduced. For given i > 0, the approximate system is globally well posed and /; is bounded and bounded away
from 0. The global existence of weak solutions is obtained by taking the limit 7 — 0 and using the stability arguments
detailed in (Roamba, Zabsonré & Zongo, 2017) and (Roamba, Zabsonré & Zongo, 2017). Although the pressure term
V(h;) does not need a regularization as in the case of Bresch and Desjardins (Bresch & Desjardins, 2006), one still needs
to regularize the function A, sufficiently in order to control additional higher order terms arising in the entropy equality.
The approximating systems we take are given by

6;]’11” + 6)((/’11”14”) =0, (14)
1 u
Oulhty) +0s(ls, ") + 580, * = 410l Dsty) + 5 = I, (@i, = Vi, ))

+rghy, Oxha, + rghy, Ox(hy, + ha,) — nhy, (OLhy, + O3hy,) + 770y, = 0, (15)
By, + Oy ty) — @y, + 3*hy,) — 6%y, a,c((ahz,]2 + b(hzn)S)[)xpz”) -0, (16)

with

1 o«

(h,)? ()t
where (¢, x) € (0, T)x]0, 1[ and 7 is a small parameter. Consider (14) — (16) with boundary condions

0xp2, = p280x(hi, + hy)) and V() = (> 0), 7

Uy = Oty = 8:hy, = O3k, = Oy, = dcha, = O3y, =0, (t,x) € (0,T) x {0, 1}. (18)
and initial data
iy, € H'O,1), u) e L*(0,1), 1)
y(x,0) = uy(x), P, (x,0) = h} (x) >0 and fp,(x,0) = A3, (x) >0, in (0, 1),
where ”97’ h(l),, and hg,o are smooth functions such as
wy > ug in LX0,1), ) —hig, hy, —>hyp in H'(0,1)
! ’ (20)

and nh =0, 7hy,—0 in HXO0,1) as n—0.
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We have the following energy inequality

Lemma 1. For classical solutions of the system (14)-(16), the following inequality holds

By, Iy, hs,) + 4w, f f I Bty + - f f e+ 3 ran f f |62h2 P
+3ere f f O, P+ rg’p f f (i, Y@+ bl (3400, +hz) f f 1,2
0 0

1 T 1
+§Vg77f f |03k, |7 < —rgf f &lo.hy, > +mloshy, |* + nloih, |2]+E(u ho, h3 o)
o Jo z
where

1
1 1 1 1 1
E(uy, hy, b)) = f [Ehl,,m,,ﬁ + Ulhy,) + 5800 =l P+ Srelh, + o, + Sl P+ 5105, 1
0

n
+§|3}th1,,|2],
and

Uy = ——— + 2

—+ —, hy > 0.
23K :

Remark 1. Notice that the two terms in the right can be controlled using Gronwall’s lemma.

Remark 2. Let (h1,, ha

n’

[1
5g(1 —Phy, s bounded in  L*(0,T;L*0,1)),

[1
Eo-iixhl,] is bounded in L= (0,T;L*(0, 1)),

1
Erg(h1"+h2”) is bounded in  L*(0,T;L*(0, 1)),

1
\/; Jhu, s boundedin  L™(0,T; L0, 1),

21 Jh, sy is bounded in  L*(0,T;L*(0, 1)),
1
VB
§NTPaha, \Ja+ b, (0., + h)) s bounded in 120, 73130, 1)

Vign(hy,) "2 is boundedin  L™(0,T; L0, 1)),

u, isboundedin L*0,T;L*0,1)),

\/gaihlq is bounded in  L*(0,T;L*(0, 1)),

Vgred.hy, is bounded in - L*(0,T;L*(0, 1)),
\/gaihlv is boundedin L0, T, L2(0, 1)),
nd>u,| is bounded in  L*(0,T; L*(0, 1)).

The following lemma gives us the inequality of entropy necessary to limit d, /hy, .

uy,) be a solution of model (14) — (16). Then, thanks to the energy inequality, we have:

21

Lemma 2. For smooth solutions (hy,, hy, , u,) of model (14) — (16) satisfying the classical energy equality of the lemma 1,

we have the following mathematical BD entropy inequality:

S(“W’hln’hl;)"'ﬁf f luy? +4v1f f (g+gr—"V ()0, +4rgv1f f (1+ —")6 hy,0ho,
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T 1 T 1
+vio f f 6P 2+ rgps f f (e + bl (0011, + 1)) + Srm f f 6P,
0 0 0 0

T 1
N f f [q2|a§u,7|2 + vty [P + 4vn26)2cu,70ilogh1v]
0 0

1 T 1
<>rg f f [awxhlf + l0Phy |2 + 06y, |2] FS I L), 22)
0 0
where
Ir1 1 1 1
2 2 2
S (s, o) = f [—hlqlu” + 0ol 2 = =p(hy,) + ~rglhy, + ha [+ =g(1 = Plhy,|
o 12 B 2 2
1
45010+ Ulh,) + g|a§h1”|2 + g|a§§h1v|2].
Remark 3.

In the lemma 2 all the terms, excepted

Tl hy LT Tl
f f (& + 4vi—2)0,hy Ocho, f f V' (hy)0chy > and f f 4y uydiloghy,
o Jo hy, e Jo Jo ! ' o Jo '

Tl
are controlled since they have the good sign. The control of the term f f |u,7|2unaxh1,] takes inspiration in (Roamba,
0 Jo

Zabsonré & Traor?, 2016). The term f 1 f ' 1’4 (hl”)lﬁxhlql2 can be absorbed thanks to the work done in (Kitavtsev,
Laurengot & Niethammer 2011). It rematpns fgr us to control the terms

f f (e + 4v1 )6 hl 0 th’ f ' f 1 4vn28§un6§loghln, see (Roamba, Zabsonré & Zongo, 2017) and (Kitavtsev,
Laurengot & Nlethammen 2011) forj'ustlﬁcations.

Remark 4. Given n > 0, the equation (14) is parabolic in u,. Also, the quations (15) and (16) are parabolic respectively
in hy, and in hy,. Relying on the works of Bresch and Desjardins in (Bresch & Desjardins, 2006) and those of Kitavtsev,
Laurengot and Niethammer in (Kitavtsev, Laurencot & Niethammer, 2011) the system (14)-(16) with (19)-(20) has a u-
nique classical solution at least locally in time. Arguing as in (Kitavtsev, Laurengot & Niethammer, 2011), the Proposition
1 and the regularities above guarantee the global in time solvability for (14)-(16) with (19)-(20).

Proposition 1. If hy, has the regularities established in corollary 2.1, then there exists constants c| and ¢y such as
0< c1 < hln < ().

Lemma 3. For classical solutions of the system (14) — (16) with a first component hy,, we have

1! 1 1
1 fo I, |0xp(n )P < 5 f I, 1ty + O, ) + 2E (1, b y) + 2= (23)
with

1 1 1 1
E(hy,, ho,, uy) = j(; [§h1n|un|2 +U(hy,) + Eg(l = Plhy, * + Erg|h1,, +hy |* + 50'|¢9xh1,,|2 + g|3ih1,,|2 .

Proor: See (Roamba, Zabsonré & Zongo, 2017).
Corollary 1. Let (hy,, ha,, uy) be a solution of model (14) — (16).
Then, thanks to lemma 3 and the BD entropy equality, we have:

\ /hln is bounded in  L*(0,T;L*(0, 1)),

duJm, isboundedin L0, T; 120, 1)),
8hy, isboundedin L*(0,T;L*(0,1)),
\dihs, s bounded in  L*(0,T; L*(0,1)),
2+mdthy, s boundedin  L*(0,T;L*(0,1)).
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Remark 5. 1. In the remark 2, the estimate
\ /hln u, isboundedin L™(0,T;L*0,1))

implies,
hi,uy  is bounded in  L*(0,T;L*(0, 1))
this leads us
8:hy, is bounded in  L™(0,T; W™ %0, 1)).

2. We have the additional regularities thanks to Corollary 1:
(a) hy,, uy are bounded in L*(0, T; H*(0, 1)),
(b) hy, are bounded in L*(0,T; H*(0, 1)),
(¢) hy,uy is bounded in L*(0, T; L*(0,1)) N L¥(0,T; L*(0,1)).
Remark 6. We have the following additional regularities:

1. hy, and hy, are bounded in L*(0, T} L*(0, 1)).

2. \/hlq is bounded in L*(0, T; H'(0, 1)).
Indeed,

by integrating the mass equation, we obtain directly \[h,, in L*(0,T; L2(Q)). As Corollary 1 gives us 9, hy, in
L0, T; L*(Q)), so ‘/hlv is bounded in L0, T; H'(Q)).

Remark 7. Since we have 0 < ¢; < hln < ¢ uniformly with respect to g, the limit hlq is bounded and bounded away
Jfrom zero. The limit system can then be divided by hy, and becomes parabolic with respect to the velocity u,. Arguing
as in Bresch and Desjardins (Bresch & Desjardins, 2006), Kitavtsev, Laurencot and Niethammer (Kitavtsev, Laurencot &
Niethammer, 2011 ) the initial-boundary value problem system (14)-(16) with (18)-(19) has a unique classical solution at
least locally in time.

Now, we are going to define a weak formulation of the problem (14)-(16) with boundary conditions (18). Consider
(h1,, hay, up) satisfying (20).

Definition 1. A triplet (hy,,ho,,u;) is a global weak solution to (14)-(16) with boundary conditions (18) and initial
conditions (hy,, ha,, u1,) if hi,, hy, and uy enjoy the regularity properties stated above in this section and the following

holds
T 1 T 1
o= [ [ mos- [ [ muse-o 4)
0 0 0 0
T 1 T 1 T 1
—h) ¢(0,.) - f f hy, 01¢p — f f hy, uyd + £ f f Ochy, 0
0 0o Jo 0o Jo 0o Jo
T 1 1 T 1 T
v [ (am b o oo [ [ theg-n [ [ aths0=o 23)
0 0 0 0 0 0
T 1 T 1 T 1 1 T 1
hg u)(0,.) - f f Iy, 0 — f f Iy, 05 + 4, f f hy, 01,0, + — f f Uy
! o Jo 0o Jo o Jo BJo Jo
T 1 T 1 1 T 1
+ f f (00hy, = V(h,)¢d.hy, + f f (002, = Vi, Dhi, 00 = 58 f f (h1,)°0.¢
0 0 0 0 0 0
T 1 T 1 T 1 1 T
v [ [Cremosen [ wufus-re [ [ omoin, -y [ [ 2o
0 0 0 0 0 0 0 0
T 1 T 1 1 T 1 T
—rgf f(h1”+h2")hzvt9x¢—rgf f(h]”+h2”)axhzq¢+77f f h,qaZhlvqb—nf f O, ¢ =0,  (26)
0 0 0 0 0 0 0 0

forall ¢ € C7 ([0, 00) X [0, 1]) such that ¢(T,.) = 0.

We now show that solutions to the system (14)-(16) with boundary and initial conditions (18)-(19) converge to a solution
of (9)-(11) asn — 0.

Theorem 1. For any positive o, 5 and initial data (hy,, hy,, uo) satisfaying (20), there exists a global weak solution to the
system (14)-(16) with boundary conditions (18) and initial conditions (19) in the sense of (24)-(26).
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3. Case 8 = o0
We follow the ideas proposed in (Kitavtsev, Laurengot & Niethammer, 2011).

Let us first consider a sequence of positive real numbers (5,,), 8, — oo, and denote the corresponding solutions to (24)-(26)
with 8 = B, by (hy,,, ha, , ug,). The corresponding system reads as:

dihy,, + Bx(hy, ug,) =0, 27
1 ug,
am%wg+mm%wﬂ+Ewm%f—mwx%&wg+f~4mmwxmm—wmw)
+rghy, Oxha, +rghy, dx(hy, + hy, ) = nuhy, (O1hy,, + 03hy, ) + nadug, = 0, (28)

By, + Oy, ug,) — (@, + 0o, ) — £Phy, — ax((ahzﬁ”2 + by, ), p%) =0, (29)

with

Oxpiy, = p280x(y,, + h, ) and  V(hy,) (a>0), (30)

B 1%
(h,)? (i, )
where (¢, x) € (0, T)x]0, 1[ and 7, is a small parameter.

For this system (27) — (29), the statement of Remark 2, Corollary 1 and the Lemma 1 are true for the weak solutions to
(24)-(26). We may then investigate the behaviour of these solutions as either 8 — oco. Though the estimate on (ug, /8,) is
useless in that case, one still recovers the estimate of (ug,) in L*0,T; Hé(O, 1)) as a consequence of Remark 2, Corollary
1 and the Poincaré inequality. Arguing as in the proof of Theorem 1, we conclude that, after possibly extracting a
subsequence, (/] P hZﬁn , g ) converges towards a weak solution to the model

dihy + 0.(hyu) = 0, €29

1
d,(hu) + 05 (hyu) + Egaxh% — 410 (h8yut) — h1 0 (00%hy — V(hy))
+r1h1|u|2u + rghlaxhz + rghzax(hl + hz) = 0, (32)

B7ha + B (o) — £6%hs — 6X((ah22 + bh23)8xp2) - 0. (33)

4. Conclusion

This article was the subject of the construction of global weak solutions of a model of pollutant transport in dimension
1. Furthermore, we have shown that the existence of global weak solutions of the model is preserved when the Reynolds
number tends to infinity. For our future works, we will show the existence of global weak solutions of the model studied
in this paper when o — 0.
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Appendix

Tha aim of this appendix is to prove technical lemmas that will yield crucial estimates for passing to the limits in the
approximate (14)-(16).

Proof of Lemma 1

First, we multiply the momentum equation by #,, and we integrate from 0 to 1. We use the mass conservation equation of
the first layer for simplification. Then, we obtain

1 1 1 1
1 1
f Eaxhlq(un)znz f 80 () uy — 4 f 8 (vihy, Oty — f h,uydc(cdthy, — V(hy,))
0 0 0 0
1 (u”)Z 1 1 1
+f +r]f h]ﬁlhl”uq—?ff 6iu,]u,7+rgf hlqﬁxhznun
o B 0 0 0

1
+rg f o, Byl + Iy Yty = 0. (34)
0

Now, we simplify each term as follows:
1 1
o —4 f 8:(vihy, Bxuy)uy = 4v, f hy, (D)’
0 0

1 1
. - f Iy, (00, — V() = f By, )T hy, — V()
0 0

1
= —f 6,/’11”(0'3)26/1]” - V(h],,))
0

1 1
- f Dy, ol + f AU,
0 0
1
= [ a5e0.m,P + vth,)
0 2 n n
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1 1 1
hd rgf()\ hlnéth,,“r] = —”gf h2,,ax(hl,,un) = rgﬁ h2,,ath],,v
1 ! )
o g0 [ o= 3ok [

f hlnaxhlvun:—nfo 8 (hy, u)Shy,
= nfol 8y, hy,
=-n f l 0.l B3h,

fo 8,0%h, 0%,

f 0,03h1,03h,

_n d 3.2
- h
2 dtf 9, %
f hlnaxhlvu” = _nf X(hl'lun)axhl'i
= ”f 8ihy, 0%y,
= f 5xth1 8 hl
:—n——f 0., P,
1 1
o f Uyduy = =1 f Oty
0 0
1
. f 0%,
0

1 1
_— f o, (I, + Yty = —rg f (hy, + I, )5, ).
0 0

The pollutant transport equation gives us:

0ulhs,ty) = =, + 80%s, + 0o (@hy,? + bhs, )02, ) + (@, + 3iha,) and we have:

1 1
° rgf ha, 0,(hy, + hy, )un—rgaf 0xh1,0:h, +rg8f |0, h2,]| +—rg—f |k 2,]|2

+p2rg f (h1,)*10x(hy, + hy )P (a + bhy,) + rgf h1,0:ha, + rgﬂf 0y, 0ha,

+rgn f |63hs, > + rgn f 0hy, O2hs, + rgn f 0%, 7.
0 0 0
Substituting all these terms in (34), we get (21) by integrating under O to 7.
Proof of Lemma 2

Let us multiply the equation (15) by d.¢(h,, ), integrate with respect to x and use an integration by parts, and using (1),

we have:

1 1 s , (! dchy,
4y, f (@it + @ u,)d iy, + 4v1g f 18,1, 2 + 1692 f hlqaxunax( . )
0 0 0 1

n




http://jmr.ccsenet.org Journal of Mathematics Research Vol. 12, No. 3; 2020

u.0 N 1 , 1
+4v, f il +4vio f 0%k, > + 4v, f V' ()0, |* + 4virg f Bchy,0.hy,
0o PBh, 0 0

' iy, 2 ' hy, : 47 2, .2 12 3
+4v1rg‘f0 E|6xh1"| +4v1rgf0 Kﬁxhznaxh1q+4v1n£ [0%hy, "+ 1 f(; OuyOyp(hy,) = 0. (35)

On the one hand, a further integration by parts of the first integral of (35), equation (1), and the energy inequality (21)
give

1
4y, f (Oruy + upOruy)dhy,
0

d 1 1 1
=4v1(— f ydh, — f uydhy, + f unaxunaxhlq)
dr Jo o 0

d (! 1 1
= 4v1(—f u,]axhlv - 8xu,]6x(h|”u,7) + f u,]axu,]ﬁxhlv)
dt Jo 0 0

d 1 1 )
=4vl(af0 unaxhlq—fo I, 0.,’)

d (! 1 1 1 1
= j(; [4v1u,,(9xh1n + §h1n|u,,|2 + Uh,) + 5801 - Py, > + 78l + ha, P + Eo-|6xh1”|2
Mooy 2, Ma3;, 2 1 2 ! ! 3 ! 2
202, + L1t ]+B fo g + rge fo Byhy, .k, + ren fo Py, O hy, + rge fo 19y,
1 2 1 1
+rg? f (s, @+ bl (34t + ) + i f 8 [+ f e,
0 0 0
1 1
+rgn f O2hy,0%hy, + rgn f 102k, . (36)
0 0
On the other hand,we can write the third and the fourth integrals of (35) as

L (O, 1d (!
° 161/%[ 8( h] 7)5 M,7h1 = Eaf h171|(,0(]’l1,,)|27
0

Vuyd.hy, V0. (uphy,) U ouy,
= —4V] V1

T 4
o Bh, o B, o B

1d (!
=—/—35f0 @(hy,).

Substituting finally the last three identities into (35), we obtain (22).

[ ] V]

Proof of Proposition 1
We follow the lines performed in (Kitavtsev, Laurencot & Niethammer, 2011). Using the bound on d,h;, we obtain:

hl,](-x9 t) - hl,,()’, t) <

y
1/2 €1 172
) 0xhy,(z, dz| < |lx = Yl 70k, (D2 < ﬁlx =l

for all (x,y) € (0,1) x (0,1) and 7 € (0, T'). Next we integrate the above inequality with respect to y € (0, 1), readily give
the upper bound. To establish the lower bound for &, , we combine the L(0, T; L*(0, 1))-estimates on (hy,)~>/> and d.h;,
just established to obtain a bound on the norm of 1/ y/hy, in L=(0,T; W"'(0, 1)) since

f |0x(h, 7)) = ('h*):;z <> \/_nx/‘ 00,01, 121, .

Due to the continuous embedding of W!1(0, 1) in L®(0, 1), we get the positive lower bound.
Proof of Theorem 1

In this section, we give a proof of the Theorem 1. Let be (h,, , hy, ,u1, ) a sequence of weak solutions with initial data

My ?

_ 17,0 _ 10 _ .0
hiygi=o = by s hay =0 = By, o (b, sty =0 = 1y,

10
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such as

h?qk —s Iy, in H'(Q), hg% —> hy, in H'(Q), m) —> mgin (L'(Q)),

and satisfying the following inequality:

1 1 1
ﬁ ¢(h0’]k) + f [h? sl * + 6420, = P+ S8l =i}, P+ Srali, 13, P+ §a|axh‘fnk|2
a0 |2] <cC
2%,

Take a sequence {n}x=1 — 0 and, for each k > 1, denote the corresponding solution to the approximate system (14)-(16)-
(18)-(19) with n = i by (hy, . ha, , uy,).

un

Convergence of _/h; , h; and h;
Mk 3 M

From the remark 6:

h is bounded in L*(0, T'; Hl(Q)). 37

Mk

Moreover, using the mass equation, we obtain the following equality:

8 h] hl axu,,k—ax( hlqkuflk)’

3 3

which gives that 9, ,hlnk is bounded in L*(0, T; H™'(Q)).

Applying Aubin-Simon lemma (see (Lions, 1989; Simon, 1987), we can extract a subsequence, still denoted (1, )1<,
such as

\ ,hlnk converges strongly to \/h_l in €°(0, T; L*(0, 1)).

According to the Proposition 1, we show that

2
hi| <¢;

I, —hi| <

hl'lk N

1’Ik -

This ensures

hy converges strongly to A in L*(0,T; L*(0, 1)).

g

We have /y, bounded in L*(0,T; H'(0, 1)). Moreover, we have

Oihy, = —0x(ha, uy) + €07y, +mi(Shy, + Othy, ) + 0. ((ahy, + b(hy, ))dxpa, ).

o o o o o g

Let us study each term separately
eSince hzqk is in L®(0, T; L*(0, 1)) and Uy, 1s in L*(0,T; L0, 1)), we show that the first term is in L2(0, 7; W~11(0, 1)).
eFor the second term, since 6xhg‘ is in L*(0, T; L*(0, 1)), we have 6)26hg‘ in L*(0, T; W="1(0, 1)).

e For the third one, for any ¢ € C;°((0, 1) x (0, 7)), using integration by parts and regularities in the previous section,

1
Yhy,
0

2 4
<10 lz20. .20 105h2, Nr20,7:w-110.1))

4
< ClI0cho, Nlz,r;w-1100,1))-

2 3
< 0Wlz20. 702000105k, Nr20,7:w-110,1))

T 1
f Yothy,
0

eFor the last term, as ' \/a + bhgk(ax(hl,]k + hgk)) is in L2(0, T; L*(0, 1)), we have

ax(hgk Ja+ bR (6x(h1,7k + hgk))) in L2(0, T; W~"1(0, 1)),

So, the third term is in L2(0, T; W~1(0, 1)) and therefore, a,hznk is in L*(0, T; W~11(0, 1)).

3
< Cl0cho, Nz,r;w-1100,1)-

11



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 12, No. 3; 2020

Convergence of hy, uy,

According to the remark 5, u,,, € L*(0, T; H'(0, 1)). This fact with the lemma 1 allows us to get
(hy, up) in  L*0,T;H'(0, 1))

Moreover, the momentum equation (2) enables us to write the time derivation of the water discharge:

1 u
Oilh, ty) = =0l 1y *) = S80I, * + 4010, Ootty) = % +hy, (0B, — V(h,))

Mg

—rghy, 0xhy, —rghy, 0x(hy, +hy, )+ iy, (OLhy, + 03y, ) — 0y,

Mk

We then study each term:
® dx(h,, (up)?) = 0x((h1,, up,uy,) Which is in L2(0,T; W11, 1)).
® As y, isin L*(0,T; L%(0, 1)), we have:

0l (hy, *1is in L0, T; W1(0, 1)).
® 0y(hy, Bxity,) = D( (I, \[h1, Oxty) is bounded in L*(0, T; W~"1(0, 1)).
° rghlnk 6Xh2nk is bounded in L*(0, T; W=1(0, 1)).

® I, 9,0%h, is bounded in L=(0, T; W~"1(0, 1)).
o rghy, 8:(hy, + hy, ) is bounded in L*0, T; W10, 1)).

e For any ¢ € C°((0,T) X (0, 1)), we obtain, using integration by parts and the regularities in the previous section,

T 1 T 1
7 _ 4 3 2 2 3
[ [ wm g, |=| [ [ ot watn, + 3000, + 3800, i,
T
Sf ”aihl,,k“LZ(O,l)[”w”L‘”(O,l)”aihlw||L2(0,1) + ||h1,,k||Lw(o,1)||5)3¢¢||L2(0,1)
0
+3[10:l=0.0 10301, 1201 + 30310k, Ilr2c0.1)]

e K

4 2
< C||3xh1,,k||L2(0,1)||W||H3(0,1) < Wlz20,r:m530,1))

Tl
f f OyVi(h, )
o Jo

T 1

2

< ||V1(h1,,k)||L°°((0,1)><(0,T))(f ||',0||H1(o,1))
0

Tl
f f yhy, 0.V(hy, )
o Jo

where V, (hlﬁk) = —f TVi (n)dr,
h

and

T 1
f f i, Ty, 9. + vy, ]
0 0 T ke e

T 1
f f yhy, 03k, dxdt
0 0

T
>
Sf 6%k, N2 Ui, s8¢ 20,1y + I l=©,)l10xh1, 112201 ]
0

, :
SC( | ||w||i,l(o,n) .
0

(38)

(39)

Finally (u,,) and (10%u,,) are bounded in L*(0, 1; H'(0,T)) and L*(0, T; H%(0, 1)) respectively. Collecting the above

information completes the proof of the boundness of the right-hand side of (39), whence

di(hy, uy,) isbounded in L*(0,T; H(0, 1)).

12
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Combining this with (38) and corollary 4 in (Simon, 1987) ensures that (hl,]k Up,) is compact in L*((0,T); L*(0, 1)). So,
there exists m € L2((0, T); L*(0, 1)) such that

hy, up, converges to m in L*((0,T); L*(0, 1)). (40)

-1
Convergences of (h1, )™, uy, and | [y, uy,

o As (hy, )« converges strongly to /1 in L2(0, T; W' (0, 1))NC([0, T1x(0, 1) for p € [1, c0) and we have 0 < ¢; < h,, <c,
we deduce that

(hy H7! converges strongly to h]l in C([0,T]x(0,1)). 41

Mg

e Considering (40) and (41), there exists u; € L*(0,T; H'(0, 1)) such that

uy, converges strongly to  u in L2(0, T; LZ(O, 1)). 42)

e Since ,hlnk converges strongly to Vi, in C°(0, T; L*(0, 1)), by using (42), hy, uy, converges strongly to Vhiu in
L*(0,T;L'(0,1)).

Convergences of sk, ,  ha, Ol . O, , i, 03k, and .y, 92hy

me Cxl
o We have 9./, bounded in L*(0,T; H'(0, 1)) and 8,0,h 1, is bounded in L=(0, T’ H7Y(0, 1)) since :h,, is bounded in
L>(0,T; H'(0, 1)). Thanks to compact injection of H'(0, 1) in L*(0, 1) in one dimension, we have:

0.h; ~ converges strongly to  d,h; in L*(0,T;L*0,1)).

g

e The bound of 6)26}11% in L2(0,T; L*(0, 1)) and d,h,_ in L*(0, T; L*(0, 1)) gives us:

Mk

aihlqk converges strongly to  9*h; in L'(0, T; L'(0, 1)),

(9Xh2,7k converges strongly to  d,hy in LY0,T;L0,1)).

e Thanks to the strong convergence of A L hy ,0ch L, and the weak convergence of 6§h 1> We have:

U

hy Bxhlvk converges strongly to  hyd,h;  in Ll(O, T, Ll(O, 1)),

Mk

h (ﬁhl”k converges strongly to hlaihl in Ll(O, T:L'(0,1)),

M
O;hy, %hy,  converges wealkly to 883y in L'(0,T; L0, 1),
hy d4hy

g M

hy, 0xhy

Mk Mk

converges strongly to  h,0:h,  in L'(0,T; L'(0, 1)),

converges strongly to  hyd,hy in Ll(O, T; Ll(O, 1)),
(hlw )2 converges strongly to h12 in LI(O, T, LI(O, 1)),
(h2nk )? converges strongly to h? in L'0,7;L'0,1)),

hy, by,  converges strongly to  hjhy in LY, T:L'0,1)).

"
Convergences of hy,, O.uy,, uy,

As uy, is bounded in L*(0,T; L*0, 1)), then Oxity, is bounded in L*0,T; W™ 12(0, 1)).
Then,
u, ~ converges stronglyto u in LI(O, T; Ll(O, 1)).
Atlast, the function (hy, , dxity,) > i, Oy, is a continuous in L*(0, T; H'(0, 1)xL*(0, T; W=12(0, 1)) to L*(0, T; W~12(0, 1)).
So,
hlnk Oxuy,  converges weakly to  hi0,u in L2(O, T:H™! 0, 1)).

13
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2
Convergences of hy, uy, and d;h,,

We know that (%Chznk is bounded in L*(0, T; L*(0, 1)) this implies 6)26h’§ is in L1(0, T; W=12(0, 1)).
So,
Gihgnk converges weakly to 8)2(]’12 eLY0,T; W*I’Z(O, 1)).

To conclude, we have u,, converges weakly to u in L*(0, T; L*(0, 1)) and the strong convergence of h’; to hy, gives us:

hzqk u,  converges weakly to hu in Ll(O, T;LY0,1)).

Convergence of (a(hz V2 + b(hy v)3))6x(h1w +h )

U U U

We know that 9,(hy, +/hy, ) converges weakly to d,(h +/y) in L*(0,T;L30,1)) and (a(hy, )2 +b(hy, )*)converges strongly
to ahj + bh3} in L'(0,T; L' (0, 1)).
So,

+hy,) converges weakly to  (ah + bh3)dy(h + hy) in L'(0,T;L'(0, 1)

g

(ath, 2 + bz, ) ot

Convergences of &, V(hl,]k) and V(/’l1,,k )6xh1nk

1 o4

We will begin by studying the convergence of the term /2, V(h,, ). We have hV(hy, ) = W — W and
1’71{ l'lk
' 1 a ( 1 oz) <’ 1 1 +' 1 1
S TS S S B (700 Sl I [T S

' 1 @ ( 1 _al_ 1, = hillh, + hil .\ |1, = hall(hy, )* + B, o +
T U (I, i U 'y '
We use the Proposition 1 to find two constants §; and 8, such as
1 a 1 a
—— = ——— — (5 — )| < 0ilh, — Ml +6lh, — Ml
'(hl,,k » o (m,)? hi R K K
So 5
1 a 1 a
— (= - —=)| <& -m? >0, withd; =2max(d;, ).
'(hl,,k » o () hi h o
We have

1 a

—_— converges strongly to
(h1,)* (m,)?

1 o
— — — in L*(0, T; L*(0, 1)).
nooh
103 1 104

1
e — tO —_
(h1,) () n ok
The strong convergence of 9k, in L*(0,T; L*(0, 1)) gives us

A similar reasoning ensures the strong convergence of in L2(0, T; L*(0, 1)).

V(h, )dxhi,  converges weakly to  V(h)dchy  in LY0,T;L0,1)).

2 7 6
Convergence of duy,, hi, 0;h1, , 0vho,

e The bound of 8%u,, in L*(0,T; L*(0, 1)) gives us:
6)2ru,7k converges strongly to 6114 inL! o, T, L 0, 1)).

e, we have:

T 1 T 1 T 1 T 1
f f hy, 07hy, ¢ = =3 f f Orhy, 0.603hy, -3 f f 0:hy, 0703y, — f f ¢0hy, Orhy,
0 TO | 0 0 0 0 0 0
[ [ m,a00m,
0 0

14
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The function (Bihlqk , 8ih1nk) — Bihlnk 8ih1nk is a continuous in L*(0, T; H'(0, 1)) x L*(0, T; W~12(0, 1)) to
L*0,T; W~12(0, 1)), so (a)%hl"k aihlnk )k converges weakly to Bihl,ﬁihln in L*(0, T; W=1-2(0, 1)). Next, the function
(aihlnkﬁihl%) —> 6)36}11%61}11% is a continuous in L0, T; H'(0, 1)) x L2(0, T; W~1%(0, 1)) to L*(0, T; W~"2(0, 1)), so

(6ih1nk ajth.,,k )k converges weakly to 63.}116?(}11 in L*(0, T; W=12(0, 1)).

axhlnkaihlnk converges weakly to (%Chléih] in L2(0,T; L0, 1)). Finally, A
LY(0,T; L0, 1)).

e We have:

T 1 T 1
[ [ [ [t
0 0 0 0

The bound of hy, in L=(0, T; L*(0, 1)), give us:

" aihlnk converges strongly to h;0%h; in

the strong convergence of hzqk in L*(0, T; W=11(0, 1)).

Convergence of /,, éﬁh]vk

The function (hlw s 5)3/’1,“.) — h]”k 6)3(}11% is a continuous in L*(0, 7; H'(0, 1))xL?*(0, T; W='2(0, 1)) to L*(0, T; W~"2(0, 1)),
50 hy, 6§h1w converges weakly to 4133y in L*(0, T; W=12(0, 1)).

These above convergences then allow us to pass to the limit as n» — oo in the weak formulation of the approximating
systems (14) — (16) — (18) — (19) in order to get that (hy, hy, u;) satisfies (24) — (25).
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