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Abstract

In this paper, we define the generalized (p, q)-Fibonacci-Like sequences {S,,.} associated with the (p, q)-Fibonacci
and the (p, q)-Lucas sequences and then we get some fundamental identities and sums formulas involving odd and
even terms of the generalized (p, q)-Fibonacci-Like sequences. We obtain the Binet's formula to find the nth general
term of generalized (p, q)-Fibonacci-Like sequences {S,,.}. Also, the generating functions of these sequences are
presented and proved.
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1. Introduction

The Fibonacci and Lucas sequences are well-known examples of the most interesting second order recurrence
sequences in all of mathematics. Many authors have studied the Fibonacci and Lucas sequences, some of whom
introduced new sequences related to it as well as proving many identities for them (Horadam, 1961; Koshy, 2001;
Gupta et al, 2012). The Fibonacci sequence {F,} is defined by recurrence relation F, = F,_; + F,_, with the initial
values F, =0, F;, =1 for n> 2, and Lucas sequence {L,} is defined by recurrence relation L, =L, + L,_,
with initial values L, =2, L, =1 for n > 2. Then, the k-Fibonacci sequences and k-Lucas sequences are introduced
by recurrence relations

Fin =kFin-1+Fen—2 Fio=0F1=1 n=22 k=1
and

Lk,n = kLk,‘n.—l + Lk,n—Zl Lk,O = 2, Lk,l = k, nz= 2, k = 1

respectively (Falcon 2001; Falcon & Plaza, 2007). Most of the authors introduced Fibonacci pattern based sequences in
many ways which are known as Fibonacci-Like sequences (Harne, 2014; Singh, et al, 2010, 2014; Wani et al, 2016).
Some authors defined various k-Fibonacci-like sequences. It has obtained a lot of study on the new family of
k-Fibonacci sequences, k-Lucas sequences (Panwar, 2014; Tasyurdu, 2016; Wani et al, 2018).

The (p, q)-Fibonacci sequences and the (p, q)-Lucas sequences are defined by second-order recurrence relations

Fp,q.n = pr,q,Tl—l + qu'qln_z, Fp,q,O = 0, Fp,q,l = 1, nz= 2 (1)
and

Lp,q,n = pr,q,n—l + qu,q,n—Zv Lp,q,O =2, Lp,q,l =p n=2 2

respectively. It is considered some properties of the (p,q)-Fibonacci sequences and the (p,q)-Lucas sequences
(Suvarnamani & Tatong, 2015, 2016). The corresponding characteristic equation of the equation (1) and (2) is

r2—pr—q=0

_ pt/p*+4 p—Vp%+4q
2 2

and its roots are r; = 1and r, = . Then the Binet's formulas for the (p, q)-Fibonacci sequences and

the (p, q)-Lucas sequences are given respectively by

=13

E =
pan =

j— n n
Lp,q_n =1 +nr.

Also, the roots r; and r, verifies the relations
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T‘1+7‘2=p

nr =-—q

r — 1, =4/p?+4q.

In this paper, we introduce the generalized (p,q)-Fibonacci-Like sequences associated with the (p, gq)-Fibonacci
sequences and the (p,q)-Lucas sequences and present some identities of the generalized (p,q)-Fibonacci-Like
sequences.

2. Results
2.1 Generalized (p, q)-Fibonacci-Like Sequences {S, .}

In this section, we define the generalized (p, q)-Fibonacci-Like sequences associated with the (p,q)-Fibonacci
sequence and the (p, q)-Lucas sequence and obtain the Binet's formula to find the nth term in the sequences {S, 4.}
Also, we found generating functions of the generalized (p, q)-Fibonacci-Like sequences.

Definition 2.1. For p > 1,q > 1 and k > 0, the generalized (p, q)-Fibonacci-Like sequences {S,,.} are defined by
recurrence relation

Sp,q,n = pSp,q,n—l + qu,q,n—Zn nz2 3)
with initial conditions S, ;o = 2k, S, 41 =1+ kp.
The first values of the generalized (p, q)-Fibonacci-Like sequences are

2k, 1+ kp,p + kp? + 2kq,p? + kp3 + 3kpq + q, ...

Definition 2.1 is the general model of the different sequences presented by many authors. We can give with the
following corollary.
Corollary 2.1. Particular cases of Definition 2.1 are
* If k=0,the (p,q)-Fibonacci sequences {Fp,qyn}n20 in (Suvarnamani & Tatong, 2015) are obtained
Eyon =0Fpgn-1+ dFpgn-20 Fpgo=0,Fpq1=1 n=2
* If k=0, p=a and g = b, the generalize the Fibonacci sequences {F,},-o in (Klaman and Mena, 2002) are
obtained
Fy=aFn,_1+bF,_,, Fo=0 F=1 n=>2
* If k=0 and p = q = 1, the Fibonacci sequence {F,},>, (Horadam, 1961) is obtained
E,=F, ,+F,, F,=0,F=1 n>2
* If k=0, p=2 and q = 1, the Pell sequence {P,},-, in (Horadam, 1971) is obtained
P,=2P,_i+P,, P,=0,P =1 n=2
* Ifk=0, p=1 and g = 2, the Jacobsthal sequence {J,},s, in (Horadam, 1996) is obtained
Jn=Jn1+2/n2 Jo=0 =1 n=2
* If k=1, p=1 and g = 1, the Fibonacci-Like sequence {S,},,=¢ in (Singh, et al, 2010) is obtained
Sp=Sn1+Sn_2 So=2,5=2 n=2
* Ifk=1,p=1 and g = 2, the sequence {V,},, in (Gupta et al, 2012) is obtained
Vo=V +2V, .y, Vo=2,V,=2 n=2

The relation between (p, q)-Fibonacci sequences, (p, g)-Lucas sequences and the generalized (p, q)-Fibonacci-Like
sequences can be written as follows

S

van = Fpgn T kL

pan N =0.
The corresponding characteristic equation of the equation (3) is

r2—pr—q=20
and its roots are

p+p*+4q

7‘1 = 2
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_p—+pP*+4q
Ty = > .
By using these two roots, we obtain Binet's formula of the generalized (p, q)-Fibonacci-Like sequences is

Span = (rl rz) + k(" + 15 (4)

-

where r, +1, =p, nr, =—q and 1, — 1, = /p? + 4q.

Now, we will give generating functions for the generalized (p, q)-Fibonacci-Like sequences {Sp,q,n}. A generating
function g(x) isaformal power series

9(x) = Xnzo anx™ ()
whose coefficients give the sequence {ay, a,, ...} given a generating function is the analytic expression for the nth
term in the corresponding series.

Theorem 2.1. The generating functions of the generalized (p, q)-Fibonacci-Like sequences {Sp,q,n} are

— 2k + (1 — kp)x
— TL_
g(X)_Z panX 1—px—qx?

Proof. The generalized (p, q)-Fibonacci-Like sequences can be considered as the coefficients of the power series of the
corresponding generating function in equation (5). Let us suppose that generalized (p, q)-Fibonacci-Like sequences are
coefficient of a potantial series contered at the origin and consider the corresponding analytic function g(x) such that

g(x) = Sp_q,(] + Sp‘qylx + Sp’qyzxz + -+ Sp'q‘nxn + .. (6)

Then we can write
PGO)X = PSy 0% + PSpg1X% + DSpgaX? + 4 pSygnx™H + - )
qg(x)xz = qu.q,Oxz + qu,q,1x3 + qu,q_2x4 4ot qu,q,nxn+2 + oo ®)

From the equations (6), (7) and (8), we obtain

g1 = px — qx?) = Sp g0+ SpgaX = PSpq0*
where Sy, o n = DSpgn-1 + 4Spgn-2, 1 = 0 with initial conditions S, ,, = 2k, S,,, =1+ kp from equation (3).
So the generating functions of the generalized (p, q)-Fibonacci-Like sequences is

2k + (1 —kp)x
(x)—zqunx” Tpr—qx? [ ]

2.2 Some ldentities of the Generalized (p, q)-Fibonacci-Like Sequences {Sp,q,n}

In this section, we obtain some fundamental identities of the generalized (p, q)-Fibonacci-Like sequences {S,,,} like
Cassini's identity, Catalan's identity, Vajda's identity and d'Ocagne's identity and introduce sums formulas of the first n

terms with odd and even indices of the generalized (p, q)-Fibonacci-Like sequences {S, ;. }.
Theorem 2.2. (Cassini's identity) Let p,q,k and n be positive integers. For n = 1, we get

Sp,q,n+1Sp,q,n—1 - Sz%,q,n = (_l)nqn_1(1 - kZ(PZ + 4"”)
Proof. Let p,q,k and n = 1 be positive integers. By using the equation (4), we have

r1n+1 .r.2n+1 _ .rzn 1
Span+1Span-1— Sp.an = [(—r — > + k(@M + 1) +1)] [( > + k@t + rzn'l)]
11

oy —
[(7”1—7"2>+k(r1 +r2)

L R S L L S R <2r12" —2r2" = 2r{" + 2r22">

(ry —12)?

n—-n
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+k2(r e 4 e e - 2
i (-0 @f - 2nry +1F
_rr DG 2 2, K2(r{ g (o = 2mrp +14))
(rp— 1)
_ (_1)nqn_1(7”1 - 7'2)2
(r, —1,)?
= (=DM + (=" (p? + 4)
= (~D)"q" (1 - k2 (p? + 40)). -

Using Theorem 2.2, we obtain the Cassini's identity for each sequence in Corollary 2.1. So, we can write following
remark.

+ k2 (=)™ (1 — 1)

Remark 2.1. We have the following Cassini's identities for all sequences in Corollary 2.1:

« The (p,q)-Fibonacci sequences {Fp'q'n}nzo D FygnirFpgno1— Fqn = (=D"q™?

*  The generalize the Fibonacci sequences {F,}ns0 : Fni1Fno1 — F2 = (—=1)"b"1

* The Fibonacci sequence {E }s0 @ Fpi1Fno1 — B2 = (1"

*  The Pell sequence {P,}y50 : Pps1Pn_1i — P? = (—1)"

*  The Jacobsthal sequence {J,}ns0 : JusiJn-1 —J? = (=1)"2"1

*  The Fibonacci-Like sequence {S},s0 @ Sp+1Sn—1 — S2 = 4(—1)"*?!

© Thesequence {Vilnzo @ VagiVooy — W72 = (—1)"*127+2

Theorem 2.3. Let p,q,k and n be positive integers. For n > 2, we have
Sp,q,n—ZSp,q,n+1 - Sp,q,n—lsp,q,n =p(=q)"? (_1 +k*(p* + 4Q))-

Proof. Let p,q,k and n > 2 be positive integers. By using the equation (4), we have

rln—z _ r2n—2 r1n+1 _ r2n+1
Span-25p.qn+1 — Span-1Sp.qn = [( T, ) + k(rln_z + an—Z)] [( =T ) + k(r1n+1 + T‘2n+1)]
Tn—l _ Tn—l rt—
- [(71 2 ) + k(P + rzn‘l)] [( L ) + k(! + rzn)]
n—-n n—-n

L A o T B e o L Tk <27‘12"_1 o 2r22"_1>

(r, —1)2

) (s S L L T h CAEE S T

n—n

22 (=)0 + 13 — i, — i)
=1 2 (rl rz)z LR S k222 + 18 — rEry, — )
11y

= (" A=D1 + 1) ()" 2 (1 + 1) — 1))
= (" *(-Dp + ()" *p(®* + 49))
=p(—)" (1 +k*(p* + 4q)). m
Theorem 2.4. (Catalan's identity) Let p,q,k,m and n be positive integers. For m > n, we have
Spam-nSpamin = Spam = (@)™ (=1 + k*(0* + 40)) g n-
Proof. Let p,q,k and m > n be positive integers. By using the equation (4), we have

, pmn _ pmen 7ﬂ1m+n _ 7n2m+n
Sp,q,m—nsp,q,m+n - Sp,q,m = [( =T ) + k(" + rzm—n)] [( — ) + k(,r.1m+n + T2m+n)
2
" —rn
-~ [(—1 2 ) + k(G + rzm)]
n—-n
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A i 40 (i )
(rp —1)?
+R2(rr v 2 = 200 4 1))
- (=) — )2 —13)°
L COMICDE (g - e 22
(rp—1) (rp—1)
= ( Q)m n( 1) p.qn + kz((_q)m—n(pz + 4q)FIJ2.CI.Tl)

= (—q)™ "( 1+ k?(p? +4q)) Pam [

Using Theorem 2.4, we obtain the Catalan's identity for each sequence in Corollary 2.1. So, we can write following
remark.

n—rn

Remark 2.2. We have the following Catalan's identities for all sequences in Corollary 2.1:

« The (p,q)-Fibonacci sequences {Fp'q'"}nzo: Fyqm-nFpqmin — pqm = (—)™(-1DF%,

*  The generalize the Fibonacci sequences {F,}nso @ Fn-nFnin — Fa = (=)™ "(=DFZ,

*+  The Fibonacci sequence {F}nso!  En-nFmin — B2 = (=)™ ™1FE

*  ThePell sequence {P,}ns0: Pn-nPnsn — Ba = (D™ ™1FZ,

*  The Jacobsthal sequence {J,}ns0: Jm-ntmin —Jo = (=2)""(=1)FZ;,

*  The Fibonacci-Like sequence {S,}ns0! Sm-nSmin — Sa = (=)™ "4FZ ,

*  Thesequence (V}nso: VinenVimin — Ve = (=)™ m2m "3EZ,

Theorem 2.5. (Vajda's identity) Let p,q,k,m,n and t be positive integers. Then we have
Sp.am+nSp.am+t — SpamSp.gmin+t = (= Q)m(l —k*(p* + 4CI)) vantpaqt-

Proof. Let p,q,k,m,n and t be positive integers. By using the equation (4), we have

Sp.q.m+n5p,q,m+t - Sp.q.mSp,q,m+n+t

rlm+n _ r2m+n m+t r2m+t
— [( ) + k(rm+n + rm+n)] [( ) + k(T m+t + rm+t)]

n=rn p)

rlm _ sz r1m+n+t _ rzm+n+t
———= ]+ kG +r™ " + k(r{vtntt 4 pmAntt)

n—-n n—-n

(ry —1,)?
+k2(r1mr2m + (rPrf + rirl — ettt — ”“))

_ oM (=0 — ) + T )

Tl ) ( 7’1 rz _ Tl rz + r1n+t + rn+t) Lk 2r12m+n+t _ 2r22m+n+t _ 2r12m+n+t + 2r22m+n+t
n—-n

+ k2 (—)™(rf G =) — G - 1)

(r —1)2
QMO DO =) m (ry —1p)?
= (r, —1,)? +ERZEDEQME -0 =) (r, —1,)?
—( Q) p.qn pqt+k2( 1)( Q)m(P +4Q) p.qn pqt
_( Q)m(l_kz(p +4Q)) P.gQn pqt n

Using Theorem 2.5, we obtain the Vajda's identity for each sequence in Corollary 2.1. So, we can write following
remark.

Remark 2.3. We have the following Vajda's identities for all sequences in Corollary 2.1:

* The (p,q)-Fibonacci sequences {Fp‘q,n}nzo: FyamenFoamet = FoqmFpamintt = ()™ FpgnFpar
*  The generalize the Fibonacci sequence {F,}ns0: FnenFmt — FnFmantst = (D) FapnFape

*  The Fibonacci sequence {F,}ns0: FminFm+t = FnFminse = (CD™F110F1 1
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*  The Pell sequence {Pn}nzo: BninPmst — PnPmsnse = (_1)mF2,1,nF2,1,t

* The Jacobsthal sequence {/n}nso! Jm+nmet = JmIman+e = (=2)™FianFi

*  The Fibonacci-Like sequence {S,}ns0' Sm+nSm+t — SmSman+t = (=)™ 14F 1 1 Fy 1,

¢ The sequence {Vn}nzo: Vm+an+t - Vme+n+t = (_1)m+12m+3F1,2,nF1,2,t

Theorem 2.6. Let p,q,k,m and n be positive integers. Then we have

Sp,q,mSp,q,n+1 + qu,q,m—lsp,q,n = (1 + kz(pz + 4Q))Fp,q,m+n + 2kLp,q,m+n-

Proof. Let p, q,k,m and n be positive integers. By using the equation (4), we have

T'm — T'm T.n+1 _ rn+1
Sp,q,msp,q,n+1 + qu,q,m—lsp,q,n = [( ; rZ ) + k(rlm + sz)] [( : r TZ ) + k(r1n+1 + T2n+1)]
1

1 2 2
m-1 m-1 n n
n - — — n—n
+q || ——————— |+ k@ + ) + k(@ + 1Y
n—-n n—n
m+n+1 m+n+1 n+1i,.m m,.n+1 m+n-—1 m+n-—1 m-1.,.n n,.m-1
(] +7; =t =) + () (] +7; -y =)
(r, —1,)?
2,,.1‘m+n+1 _ z,rém+n+1 + (—T1T2)2T1m+n_1 _ 21‘2m+n_1
+k
n—-n

+k2((r1m+n+1 L e L L e I S G 8 ) | (2 (L S UL B L LS rlnrzm‘l))

r1m+n+1 + T2m+n+1 _ T.1m+nr2 _ r1r2m+n f (2T1m+n+1 _ 2T21n+n+1 _ 21,.1‘m+n1,.2 + 2r1r2rn+n>

2
(ry—1y) n—n
+k2(r1m+n+1 + rzm+n+1 _ .r.1m+n.,,2 _ rlrzm+n)

@M =M (i — 1) kK (27’1m+n(7”1 —13) + 21" (1 — 1)

) + k2" = (- 1)

(ry —1)? n—n
e 2O =)\ (= = )
= = =

= Fp,q,m+n + k(ZLp,q,m+n) + kz(pz + 4q)Fp,q,m+n
= (14 k*(p* + 49))Fypgmen + 2kLy g min- n
Theorem 2.7. (d'Ocagne's identity) Let p, g, k, m and n be positive integers. For m > n, we have

Sp,q,msp,q,n+1 - Sp,q,m+1sp,q,n = (_Q)n(l - kZ(PZ + 4q))Fp,q,m—n-
Proof. Let p,q,k and m > n be positive integers. By using the equation (4), we have

o Lt
SpamSp.an+1 — Spqm+1Spqn = [( -1 ) + k(" + rzm)] [( P ) + k(@ + T2n+1)]
_rm+1 _ _rm+1 Tn —_ 7-71
- [(—1 2 )+ k@ + )| [ —2 ) + kG + )
n-n n—n

3 _rlmrzn+1 _ r1n+1r2m + r1m+1r2n + rlnrzm+1 Tk 27.1m+n+1 _ 27.2m+n+1 _ 27'1m+n+1 + 27,.2m+n+1
(1 —1p)?

+EZ(rrrptl 4 I — L gt

n—-n

_ " =) — 1)

(rn—=1)?

- kz(’lmrzn =1y —12)

I A Gt SO P S G it S0 LG Uk Y

n—-n n—-n
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= (_q)an,q,m—n - kz(_Q)an,q,m—n(pz + 4Q)
= (—Q)n(l - kz(Pz + 4q))Fp,q,m—n- u

Using Theorem 2.7, we obtain the d'Ocagne's identity for each sequence in Corollary 2.1. So, we can write following
remark.

Remark 2.4. We have the following d’Ocagne's identities for all sequences in Corollary 2.1:

* The (p,q)-Fibonacci sequences {FP:q'n}nzo: FyqmFpan+1 — Fogm+1Fpgn = (O™Fp g m-n

*  The generalize the Fibonacci sequence {F,}ns0: FnFns1 — Fms1Fn = (D) Fopm-n

*  The Fibonacci sequence {F,}ns0: FnFni1 — Fni1Fo = CD"Fiimen

* ThePell sequence {P,}ns0: PnPrt1 — Pms1Pr = CD"Fr1men

*  The Jacobsthal sequence {/;,}ns0 JmSn+1 = Jm+iSn = (Z2)"Fi2m—n

*  The Fibonacci-Like sequence {S,}ns0: SmSn+1 — Sm+1Sn = (1" 14F; 1 s

© Thesequence {(Vilnzo' Vi1 — VimsaVo = (CD"12M3F 50

Now, we give sums formulas of terms of the generalized (p, q)-Fibonacci-Like sequences {Sp_q‘n}.
Theorem 2.8. Sums of the first n terms of the generalized (p, q)-Fibonacci-Like sequences {Sp,q,n} are

n
_ 1+k(2-p)— Sp,q,n+1 - qu,q,n
Spai = 1—p—gq .

i=0

Proof. Let n be positive integer. By using the equation (4), we have

i

- z ri T
1 - 2 . .
ZSPW. - Z [(n - rz> +k(ri + rzl)]
i=0 i=0

1 [1—-rP*t 1 -t 1—rttt 1 —pptt
= - +k +
n—n\ 1-n 1-m, 1-n 1-mn

11+1 n+1
- =1
+—— (T172)>

(1_7”1)(1 7’2) = - n n

T — rl)(l — 5 (2= G ) = P Y + 07+ ()

(1 —r)(1—r1) (7'1 -1, ©+ 2k~ k(r1+r2)>

1 it — it r1” -
+ + k(e + kO + 1) (nr
(1—r1)(1—r2)l ( Ty ( ) -1 G 2)(nir2)

_ 1+k@2-p) - Sp,q,n+1 quqn
1-p—q

Theorem 2.9. Sums of the first n terms with odd indices of the generalized (p, q)-Fibonacci-Like sequences {Sp‘q,n}
are

n
_1+kp(1+CI)—q Spq2n+3+q5pq2n+1
Spq2i+1_ 1_p —2q+q

49



http://jmr.ccsenet.org Journal of Mathematics Research \ol. 11, No. 6; 2019

Proof. Let n be positive integer. By using the equation (4), we have

2l+1 2L+1 . .
Z Spq 2i+1 — z [( ) + k(rle-l + rZZH—l)]

i=0 i=0 i=0 =0
1 1— r12(n+1) 1— rzz(n+1) 2(n+1) 1— 2(n+1)
= r - thln|—t=—]+n|—25—
n-r|\ 1-12 2\ 172 ! T2 2 1—r22
_ 1 (i =) +mmy) 7”12n+3 e + gttt — gt (ry1,)?
A-r»HA -1 =T =T =Ty 172
k 2n+3 2n+3 2n+1 2n+1 2
(1 g ((r1 + 1)1 —nry) — (rf + i) + (rf + () )
1
1

= A= (1+nrr+ k@ +1,)(1—n1my))
1 2

1 r12n+3 r2n+3
- 1- le)(l - 7’22) n—-n * k(rlzn+3 * r22n+3)
1 r12n+1 _ r22n+1
+ (1 _ 7”1 )(1 — TZZ) ( =T + k(r].2n+1 + r22n+1) (Tﬂ”z)z

=1+kp(1+q)—q—5 q2n+3+q Spq2n+1
1-p?-2q+q*

Theorem 2.10. Sums of the first n terms with even indices of the generalized (p, q)-Fibonacci-Like sequences {Sp‘q,n}
are

n
Z ‘=p+k(2_p2_2q) Spq2n+2+q5pq2n
o 1-p?-2q+¢q?

Proof. Let n be positive integer. By using the equation (4), we have

ZS i =Z[<r1r i:z >+k(r12i+r22i)]

=0

2(n+1) 2( +1) 2( +1) 2(n+1)

_ 1 f1-7 " - " 1 -
n—rn|l 1-r 1—r2 1—r1 1-7f

_ 1 7,12 _ 7,22 B 7ﬂ12n+2 _ r22n+2 7n12n _ r22n (r , )2
A-r)A-rH\rn—n =T Hn—r, L2

+ k (2 _ ,r.2 _ T'Z _ (r2n+2 + r2n+2) + (r2n + ,r.Zn)(r T )2)
(1_r1)(1_r2) 1 2 1 2 1 2 172
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1
=—(1_r2)(1_r2)(r1+r2 +k(2—r12—r22))
1 2
1 r12n+2 _ .r22n+2
B 1- 7"12)(1 - Tzz) ( n—n * k(r12"+2 * T22"+2)
1 r2‘n _ r2n
+ (1- le)(l — 7.22) < 17”1 — 7”2 + k(rlzn + r22n)> (7”17”2)2

_p+ k(2 —p*—2q) = Spgon+z + 4*Spqom
1—-p2—-2q+q? '
4. Discussion

In this study we defined new recurrence sequences called the generalized (p, q)-Fibonacci-Like sequences. Some
properties involving terms of these sequences, Binet’s formula and generating functions were presented. We obtained the
fundamental relationship between these sequences and well-known the (p, g)-Fibonacci sequences, the generalize the
Fibonacci sequences, the Fibonacci sequence, the Pell sequence, the Jacobsthal sequence, some Fibonacci-Like
sequences. We gave some fundamental identities like Cassini's identity, Catalan's identity, Vajda's identity and d'Ocagne’s
identity for the generalized (p, q)-Fibonacci-Like sequences and their sums.
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