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Abstract

In this paper, some fuzzy ideals in BCK-Algebra has been discussed and some theorems relating with fuzzy ideals and
anti-fuzzy ideals in BCK-Algebra have been proved.
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1. Introduction

The study of BCK-algebra was initiated by Imai and Iseki (IMAI& ISKI, 1966) in 1966 as a generalization of the concept
of set-theoretic difference and propositional calculi. The concept of fuzzy sets was introduced by L. A. Zadeh (ZADEH,
1965). And Rosenfeld (AZRIEL ROSENFELD, 1971) The first to apply the concept of fuzzy sets to algebraic systems in
1971. And O.Xi applied the concept of fuzzy sets on BCK-algebras.

2. Preliminaries

Definition 2.1. (Meng & Guo, 2005) Let (X,*,0) be a groupoid with a distinguished element 0 and a binary operationx.
Then (X,*,0) isa BCl-algebra if: forall x,y,z € X,

M ((x*y)* (x*x2)*(z*y)=0,

() &+ (x*y)*xy=0,

(I x = x=0,

(V) x * y=0andy * x=0implyx =1y

In a BCl-algebra X, a partially ordered relation < can be delned by

x <y lfandonlyif x + y = 0

A BCl-algebra is said to be a BCK-algebra if it satisfies:

(V) 0 * x =0 forallx € X.

A BCK/BCl-algebra X has the following properties: (Jun& Lee, 2011)
(bl) (vx € X) (x = 0 = x).

(b2) (Vx,y,z € X) ((x * y) * z = (x * 2) * ¥).

M) (Vx,y,z€EX)(x Sy=>x*xz2<y*2zz*xy < 2zZx*X).
(b4) (Vx,y,z € X) ((x * 2) * (y x 2) < x * ¥).

In particular, if X is a BCK-algebra then the following property hold:
(bS) (vx,y € X) ((x * y) * x = 0).

Taking the set A = {0, a, b} combined with the operator* defined in the table below

* 0 a b
0 0 b a

a a 0 b
b b a 0
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Itis clear that BCl-algebra axioms are satisfied, so A is BCl-algebra, but is not BCK-algebra, notice that 0 x a = 0 from
the table means that Axiom (I1V) is not satisfied from BCK-algebra.

Definition 2.2. (Zahedi& Bozorgee, 1999) A BCK-algebra X is said to be bounded if there exists an element 1 € X such
that x < 1 forall x € X.

We will denote 1 = x by Nx for brief. We note that N1 = 0 and NO = 1 inabounded BCK-Algebra.
Definition 2.3. (Zahedi& Bozorgee, 1999) A BCK-algebra X is called commutative if
x* (x*xy)=yx* (y=*x) Forall x,y € X
Definition 2.4. (Ahsan & Deeba, 1989) A BCK algebra X is called implicative if
x*x (y*x) =x forallx,y € X

Definition 2.5. (Jun, & Oztirk, 2018) A BCK-algebra X is positive implicative if it satisfies
the following condition:

(Vx,y,z € X)((x * 2) * (y * 2) = (x * y) * 2).
Definition 2.6. (Meng & Guo, 2005) A nonempty subset | of a BCK/BCl-algebra X is said to be an ideal
if it satisfies:
(1) 0el,and (I2)forallx,y €X; x *y €landy €l implyx €1 .
Any ideal | has the property: (13) x € Iand y < x implyy €1
Definition 2.7. (Kordi& Moussavi, 2007) Let X be a set. A fuzzy set u in X is a function

p o X - [0,1].
Definition 2.8. (Kordi& Moussavi, 2007) A fuzzy set p in a BCl-algebra X is said to be a fuzzy
ideal in X if it satisfies:
(F1) u(0) = p(x),
(F2) u(x) = minf{u(x * y),u(y)} forallx,y € X.
If u isfuzzy ideal in X then, for x,y,z € X, such that (x * y) * z =0, then
u(x) = min{u(y), u(z)}

Definition 2.9. (Hong & Jun, 1998)A fuzzy subset u of a BCK-algebra X is called an anti-fuzzy ideal of X if
() u(0) < px),
(i) p(x) < max{u(x * y),u(y)},
Forall x,y € X.
Definition 2.10 (Kordi& Moussavi, 2007) A nonempty subset A in a BCl-algebra X is
called a p-ideal of X if it satisfies
(i1) 0 € 4,
(i2) If forallx,y,z € X, (x * z) * (y *x z) € A andy € A, implythat x € A.
If we putz = 0, then it follows that A is an ideal. Thus, every p-ideal is an ideal.

Definition 2.11. (Kordi& Moussavi, 2007) Let X be a BCl-algebra. A fuzzy subset p in X is called a fuzzy p-ideal if it
satisfies

(F1) u(0) = pu(x),

(F2) pu(x) = minfu((x * z) * (y * 2)),u(y)}, forallx,y,z € X.

Definition 2.12. (Mostafa, Omar & Ahmed, 2011) A fuzzy set u in X is called anti fuzzy p-ideal
of X if it satisfies:

(AF1) p (0) < pu(x),

(AF5) u (x) < max{ ,u((x * z)* (y * z)),,u (y)} forallx,y,z € X

Definition 2.13. (Solairaju & Ragavan , 2011) A fuzzy ideal u in a BCl-algebra X is said to be closed if for all x €
X,u(0 * x) = p(x).
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Theorem 2.14. (Meng & Guo, 2005) Let u be a fuzzy ideal in a BCl-algebra X. Then u is closed if and only if
forany x,y € X,u(x * y) = u(x) Au(y), thatis, u is a fuzzy subalgebra in X.
3. Results

In this paper, we defined ideals generated by a set in finite and implicative BCK-Algebra, and main ideal generated by
element in implicative BCK Algebra.

We found also equivalence definition for fuzzy ideals and anti-fuzzy ideals in BCK Algebra. We changed fuzzy ideals into
fuzzy sub-Algebra of BCK-Algebra, and we proved in implicative BCI Algebra that the fuzzy set is anti- fuzzy p-ideal in
BCI-Algebra if and only if the fuzzy set is anti-fuzzy ideal within certain conditions.

Theorem 3.1. Let I be aideal in a BCK-algebra X, x € I then
x*y€l ;Vyel
Proof. Since x * y < x forall x,y € X ,then (x *y) *x = 0, And since | isan ideal, so 0 € I, hence
(x*y)*x €1l ,but x € I, so by the definition of ideal we get x *y € I.
Theorem 3.2. Let X be implicative and finite BCK algebra, and @ # S € X then, the set:
A={x€eX; x<x;Vx,V..Vx, ;€S ,i=12,..,n;n€Z*}
is ideal in X contains S, and it is the smallest ideal which contains S.
Proof. Since 0*x =0 forall x € X, then 0% (x; VX, V..Vx,) =0
= 0<xVx,V..Vx, = 0€A
fxxy€eAd & yeAthenx*y<x; Vx,V.Vx, & y<x, VX, V..VXx,
= (x*yY)*(; Va,V..Vx,)=0&y*x(x;Vx,V..Vx,) =0
And by the definition 2.5. We get
(*x(xVa V..V, ))*(*(qVx,V..Vx,)) =0
= (x*(Vx,V..Vx,))*0=0
= (x* (x, Vx, V ...Vxn)) *x0=0
= x*x(Vx,V..Vx,) =0
= x<xVxV..Vx,
= x€A
So, we conclude the A is ideal in X.
If B is another ideal in X contains S, then
Vx€EA = x€X; x<xVx,V..Vx,; K,€SEB ,i=12,..,n
= x;Vx,V.Vx, EB = x€B = ACB
We conclude that A is ideal in X contains S and it's the smallest ideal in X contain S.

Theorem 3.3. Let X be implicative and finite BCK algebraand let a € X, thentheset A={x € X ; x < a} isanideal
in X contains a and it's the smallest ideal in X contains a.

Proof. 0 <a=0€Alf xxyeA & yeAthenx*xy<a &y<a

= x*y <a= (x=*y)=*a=0Inaddition, by the definition 2.5. We get

=y*a=0 (x*xa)*x(y+xa)=0,Buty<a

= (x*xa)*x0=0= x*xa=0

= x<a = x€EA

Therefore, we conclude the A is ideal in X.

If B is another ideal in X contains a,then Vx €A = x<a = x €B

So A € B. We conclude that A is ideal in X contains a and it is the smallest ideal in X contain a.

Definition 3.4. Let X be implicative and finite BCK algebra and let a € X, then we call the ideal exists in theorem (3.2.)
with main ideal generated by element a, and we denote it by < a >, so

<a>={x€X ; x<a}
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Notice 3.5. The two theorems (3.1.) and (3.2.) are not satisfied in BCI algebra.

Theorem 3.6. Let X be BCK algebra and let u be fuzzy set in X, then p is anti-fuzzy ideal in X if and only if for any
element a € [0,1] then the next set is ideal in X.

Ag={x€X ; ux)<a}l ;A,+0

Proof. Suppose that u is anti-fuzzy ideal in X, and since for x € A, Taket € [0, 1] suchthat A, # @ and let
x,y € X suchthatx € A,. Thenu(x) < a, and also we have u is anti-fuzzy ideal in X, so ©(0) < u(x)

S u0)<pux)<a = ul0)<a =0€4,
Letxxy€eA, & yeEA,
Wehave x xy €A, = u(xxy)<a
And y € A, = u(y) < a,we have u is anti-fuzzy ideal in X, so
pue) sptxxy)Auy) <ana=a
= u(x)<a = x € A, Therefore, A, isanidealin X.
Now suppose for contradiction that p is not an anti-fuzzy ideal of X.
If (i) from 2.9. is not true, that is ©(0) > u(x), for some x € X then we take
a; = %(u(o) + u(x)),so u(0) >a;, & pu(x) <ay, hence
0 < u(x) < ay <1, therefore x € A,, which means that A,, # @.

As A, is an ideal we have 0 € A, implies u(0) < a;, which is a contradiction because u(0) > a,, therefore u(0) <
u(x) forall x € X.

If () > pCx x y) v (), we take @z = 5 (u(x) + (uCx xy) V (), then
(ulx =y) vu@y)) <a, <u(x),so x & A,, which gives a contradiction by (12) from 2.6. Therefore
u@) < px*y) vuy).
Theorem 3.7. Let X be BCK algebra and let p be fuzzy set in X, if
(x*xa)*(yxb)=(x*xy)*x(a*xb) V x,y,a,b€ X,then
Lputxxy)=ply*x) ,Vx,y€X
2. u is fuzzy sub-algebra of X.
Proof. 1- we have u (x *y) = u((x = y) = 0), and by (lIl) from 2.1.
ux=*y)= ,u((x xy) * (x * x)), and by the assumption
i xy) = pu((es ) (y < x))

p(xxy) =p(0x(y=*x))=pu(0) = pu(y *x), therefore
p(x *y) = puly *x)
Also p (y * x) = u((y * x) * 0), and by (I11) from 2.1.

p(yxx) =pu((y=x)*(y*y)), and by the assumption
p@x) =pu(y*y)* xxy)) =p(0* (x*y))
pn(@xx) =u(0) = pulx*y), therefore u(y = x) = u(x *y)

Hence p(x *y) = u(y * x).
2-we have p (x xy) = u((x * y) = 0), and by (I11) from 2.1.

p(xxy) =pu((x*y)*(x*x)),, and by the assumption
plxxy) =p((x*x)*(y*x)

u(xxy) =p(0x(y*x))

p(xxy) =p(0) = pu(y) Au(z), because
0<z ,vzeX = 0x*y <z and according to the definition 2.8.
u(0) = u() Au(z), hence pu(x *y) = u(y) A u(z), that means p is fuzzy sub-algebra of X according by 2.14.
Theorem 3.8. Let X be BCI algebra and let u be fuzzy set in X, then u is anti-fuzzy p-ideal in X if and only if u is
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anti-fuzzy ideal and satisfied the condition x <x*y Vx,y€X.
Proof. Proof of the necessity of the condition exists in the reference [7]
Let us prove the opposite, let u is anti-fuzzy ideal and satisfied the condition
x<x=*y Vx,y € X.According to definition 2.9. u(0) < u(x).
Wehave x <x*y = x*xy<(x*y)*z
=xxy < (x*z)*(y*2z)
= (x*y) * ((x x2) = (y * 2)) = 0. We have p is anti-fuzzy ideal, therefore
ulxxy) < p((xy) = ((x*x2) * (y*2)) vV u( (x * 2) * (y * 2))
px xy) < p(0) v u((x x2) * (y * 2)), but u(0) < pu( (x * 2) * (y * 2)), so
u(x xy) < p((x * z) * (y * 2)), hence

pxy)Vu) < p((xx2) * (y*2)) v u(y), but ulx) < plx=y) vu(y), therefore u(x) < u((x*z) *(y *2)) v
u(y), hence u is anti-fuzzy p-ideal.
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