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Abstract

A kind of second-order implicit upwind fractional steps finite difference method is presented in this paper to numerically
simulate the coupled system of enhanced (chemical) oil production in porous media. Some techniques, such as the
calculus of variations, energy analysis method, commutativity of the products of difference operators, decomposition of
high-order difference operators and the theory of a priori estimates are introduced and optimal order error estimates in />
norm are derived.

Keywords: enhanced (chemical) oil production, three-dimensional porous coupled system, second-order implicit upwind
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1. Introduction

A mass of residual crude oil stays in the reservoir after water-flooding exploiting because of the constraint of capillary
force preventing the motion and the slight influence of injected water and the undesirable fluidity ratio between displace-
ment phase and driven phase weakening the displacement force. Then it is more important to develop the displacement
efficiency. A popular method is considered to add some chemical addition agents such as polymer, surfactant and alkali in-
to the injected mixture, which can improve the flooding efficiency. The polymer can optimize the fluidity of displacement
phase, modify the ratio with respect to driven phases, balance the leading edges well, weaken the inner porous layer, and
increase the efficiency of displacement and the pressure gradient. Surfactant and alkali can decrease interfacial tensions
of different phases, then make the bound oil move and gather (Ewing, Yuan & Li, 1989; Institute of Mathematics, 1995,
2006, 2011; Yuan et al., 1998; Yuan, 2013; Yuan, Cheng, Yang & Li, 2014, 20142, 20143).

This paper discusses a second-order upwind fractional steps difference method for numerical simulation of enhanced
(chemical) oil production in porous media, and gives the theoretical analysis. Based on the previous mathematical and
mechanical theory, the software is accomplished, applied in national oilfields such as Daqing Oilfield and Shengli Oilfield
and give rise to important benefits and social value.

The mathematical model is a nonlinear coupled system with initial values and boundary values (Ewing, Yuan & Li, 1989;
Institute of Mathematics, 1995, 2006, 2011; Yuan et al., 1998; Yuan, 2013; Yuan et al., 2014, 20142, 20143):

0
d(C)a—lt7 +Vou=gX, 0, X=(x,x,x) €Qiel=(0T], (1a)
u=-a(lc)Vp, XeQtel (1b)
ac ap
$X) 7 +b(O) +u-Ve =V - (DVe) = g(X.1,0. X € Q1€ . )
0
¢(X)E(Csa/) + V : (sau - ¢CK(XVS(X) = Q(k(X’ t7 C» S(J/,)’X E Qat e J7(l = 1,2, e anca (3)

where Q is a bounded domain, a(c) = a(X, c) = k(X)u(c)™', d(c) = d(X, c), and other notations are explained as follows.
¢(X) denotes the porosity of rock, k(X) denotes the permeability, x(c) means the viscosity of fluid, and both D = D(X) and
K, = K,(X) (@ =1,2,---,n.) denote the diffusion coeflicients. u is Darcy velocity, p = p(X, t) is the pressure, ¢ = c(X, ?)
means the saturation of water, and s, = s,(X, f) denotes the concentrations of components. The components denote sorts
of chemical agents such as the polymer, surfactant, alkali and other ions, and the number is denoted by n..
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Two different boundary value conditions are considered in this paper.
(D) The boundary values condition for the constant pressure:

p=eX, 1), Xe€oQ,tel,
c=nX,r1), X € 0Q,t € J,
So = ho(X, 1), X€dQ,teJ,a=1,2,--- ,n,, @)

where JQ denotes the outer boundary surface of Q.
(IT) The boundary values condition for no permeation case:

u-y=0, Xe€0Q,teJ,
DVc-y=0, Xe€dQ,teJ, 5
KoVsq-y=0, XedQ,teJ,a=1,2,--- ,ng,
where y denotes the outer normal unit vector.
Initial conditions: pX,0) = po(X), X € Q,
c(X,0) = cp(X), X € Q, (6)
5¢(X,0) = 500X), X € Qa=1,2,--- ,n..

It is easy to compute the concentration by rewriting (3) as the following expression
0 ap ac
(Z)CE(S(,) +u-Vsy, = V- (¢cK,Vsy) = Qo — Solq — d(c)a + ¢E)’X eQteda=12---,n. @)

Under an assumption of periodic condition, Douglas, Ewing, Wheeler, Russell and other scholars present finite difference
method and finite element method to analyze a type of two dimensional incompressible two-phase displacement problems
and give theoretical error estimates (Douglas, 1981, 1983; Douglas & Russell, 1982; Ewing, Russell & Wheeler, 1984).
A combination of the characteristic method with normal finite difference method or with normal finite element method
is discussed, which can reflect the hyperbolic nature of one-order part of convection-diffusion equations and decrease the
order of truncation error. This technique can also overcome numerical oscillation and dispersion, and can improve greatly
the computational stability and accuracy. Douglas, Yuan and Ewing present mathematical model of slight compression,
numerical method and theoretical analysis for two-dimensional compressible displacement problem under periodic con-
dition and begin a new modern numerical model research (Douglas & Roberts, 19832; Ewing, 1983; Yuan, 1992, 1993).
The authors drop the period condition, give a new modified characteristic finite difference algorithm and finite element
algorithm, and derive optimal order error estimates in L*-norm (Yuan, 1994, 1996, 19962). An interpolation computation
is introduced to deal the points along the characteristics lying outside the bounded domain. The characteristics intersects
the grid boundary and the corresponding values of unknown function should be computed, so the time step should vary
due to the position of the grids nearby the boundary along characteristics in program design. In conclusion, the actual
computation is most complicated (Yuan, 1996, 19962).

For parabolic equations, Axelsson, Ewing, and Lazarov present upwind finite differences (Axelsson & Gustafasson, 1979;
Ewing, Lazarov & Vassilevski, 1994; Lazarov, Mishev & Vassilevski, 1996). It can overcome numerical oscillation and
cancel extra interpolation computation of grids nearby the boundary along characteristics. Douglas and Peaceman apply
upwind method successfully in incompressible two-phase (water and oil) displacements (Peaceman, 1980). While it is
hard naturally to give theoretical analysis. The stability and convergence are derived by Fourier method only for constant
coefficient cases and this analysis is not generalized for variable coefficient equations (Douglas & Gunn, 1963, 1964;
Marchuk, 1990). Considering actual application, numerical stability and accuracy, the authors present one second-order
upwind fractional steps finite difference method for three-dimensional compressible two-phase displacement coupled
problem of enhanced oil production. This algorithm can overcome numerical oscillation and dispersion, and decrease
the computational scale by decomposition three-dimensional problem into three successive one-dimensional subprob-
lems. Using the calculus of variation, energy analysis method, commutativity of the products of difference operators,
decomposition of high-order difference operators and the theory of a priori estimates, the authors give the second-order
convergence result of accuracy and error estimates in />-norm, and successfully solve the famous problem of Douglas and
Ewing.

Generally, the problem is positive definite,
O<a.<alc)<a",0<d, <d(c) <d",0< ¢, < dX) < ¢",
0<D, <DX,)<D" 0<K, <Ky X)<K',a=12,--- ,n, (8a)

'6—“()(, oA, (8b)
Oc
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where a., a*, d., d*, ¢., ¢*, D, D* K., K* and A* are positive constants. The coefficients d(c), b(c), g(c) and Q,(c, s,) are
Lipschitz continuous with respect to the unknown functions nearby their &y neighbors.

Exact solutions of (1)~ (6) are assumed to be suitably smooth,

*p Pc s,

,C, 8q € LY(WH)n Whe(W!h), = —, =7
P63 ( ) ( ) o’ o’ o

e L¥(L™),a=1,2,--- ,n.

In this paper, M and ¢ denote a general positive constant and a general positive small constant, respectively, and they may
have different meanings at different places.

2. Method

Let Q;, denote the partition of Q (see Figure 1.). Let iy, hy and h3 be three different spacial steps in x;-axis, x,-axis and
x3-axis, respectively, and the grid points is denoted by x1; = ihy, x2; = jha, X3 = khs.

i1, k) <i<i(j, k)
Qp = Ceriy X2, X36) | Ji(u, k) < j < joa(i, k)
ki@, )) <k <k, )

N\
i
N
N
N
N
N
N
E
N

ir(j.k)

J1Gk)

L7a(0,k)
Vv

Figure 1. Sketch of the partition of €,

Let 0€, represent the boundary of €, and let X = (x1, x2, x3)7, Xiji = (ihy, jho, kh3)T, " = nAt, W(Xije, 1) = Wi

AL = @i Cl) + a@ivn i Chy 0] 120l s = | @it €0 + @it ji iy )| 12,

and the signs A” A

n n
itk G e @1 CAN be defined analogously. Let

n
ijk+1/2°

0%, (Anfsn Pn+l),~jk = h1_2 [A:‘l+1/2,jk (P?:ll,jk - P;;;l) - A?—I/2,jk (Pzr‘lj;l - P?—Jrll,jk)] > (%)
ox, (4"6,,P n+1)ijk = 1% [ Ao (P = PIR) = ALy (PR = PiTLL)] (9b)
O, (An5X3 Pnﬂ),-jk = h§2 [A?j,k+l/2 (PZTlirl - P?;Ircl) - Azr‘lj,k—l/z (P?;cl - P?jirkl—l)] ’ 9
v, (A"V,,P"”)ijk = 65, (A", P””)ijk + 05, (A"éxZP”“)ijk + 85, (4”6, P”“)ijk . (10)
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The fractional steps algorithm of flow equation (1) is given by

n+1/3 _ pn
ijk ijk _ n+1/3 n
d(Chy)———" =5, (A"5, P" )ijk + 05, (A"6,, P"),
+ 6)_(3 (An6X3Pn)ijk + q(xijka tn+l)9 il(j» k) <i< i2(j’ k)’ (] ]a)
P;’];m = el Xijk € 0K, (11b)
P23 _ Pn-;l/3
n ijk ij n " " .o .
d(Cly)————— = 0, (A"0, (PP = P)) 1K) < < jali. ), (11¢)
P;;;m = el Xij € 09, (11d)
el _ pn+2/3
n ijk ijk n " " .. ..
d(Cly) = = 05, (A", (P! = P) ki, ) < k < k(i ). (11e)
P;’];1 = e;;;‘,x,.jk € Q. (11f)

Then the values of Darcy velocity UM = (U '1”1, U;’”, Ug'“)T are computed by

Ul = 1 A ?:11,]‘1(_ 7;121 LA P?j;l - zr‘l—+ll,jk (12)
L,ijk 2 i+1/2,jk hl i-1/2,jk hl ’

n+1 n+l : E
and U2,ijk’ U3’Uk are obtained similarly.

The implicit upwind fractional steps method of saturation equation (2) is considered.

C{1+1/3 _ -1

ijk ijk _ L n+1/3
Pii At - (1 " ?IUI P )ijk o (D(SXIC )ijk
h -1 h -1
+ (1 + ?2|U§'+1|D‘1) 85, (D8, C"),y + (1 + 33|Ug+1|D—1) 8z, (D8.,C");
ijk ijk
n P?;(l - P:l/k non .. . .o

= W(C) i + [ Xij 1", €, 11 (oK) < i < i2(J, K, (13a)

C?;;UB = h;’;cl,Xijk € oy, (13b)
Cr2R el I -l
k k " _ n n .. L
Pijk— L =1+ 20D 8, (D6 (CMR =) ik < < oK), (13¢)
At 2 ik ijk
ClZ = WY Xij € 0, (13d)
cml - 2l I -1
¢ijk ijk At ijk — (1 + ?3|U§l+]|D_l) 6}3 (D6x3 (Cl’l+l _ Cn))[]k
ijk
3
- Z 5Ug+l,xﬁcfﬁl,k1(i, J) <k <k, )), (13e)
p=1

Cl = Wil X € 0%y, (13f)

where 6y, C;j];‘ = U?;;k{H(U’I“L.‘k)D;j}CD,-_ 12,605 + (1 = H(U?;;k))Di‘j,‘cDi+ 1/2, k0, }Cg];',

Sum O = USAH(US DDy 12465, + (1= HUS T O)D Dyt 24625} Cl

1 _ 1 1 -1 1 -1 1
6U§+I,X3C;1j-;; = Ug,-;/'k{H(Ug;jk)DijkDij»k‘l/267‘3 + (1 - H(Ug;jk))DijkDUsk‘*'1/25)53 }C:l]';; s and

1, 220
H(Z)z{ 0. :<o0.

An implicit upwind fractional steps method, second-order accuracy, of components concentration equation (7) runs in
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parallel, D,(c) = ¢(X)c(X, HK(X),

Sn+1/3 _sn h -1
a,ijk a,ijk 1 |ym - n n e
— A& - (1 + = [0 D3l +l)) 65, (Da(C"* )3, 55717

n+1
GijwCi > 1O g
ijk

-1
+ (1 + 2oz D(,‘<c"*‘>) 65, (DalC1)3S3),
ijk
-1

hy | -
+ (1 + ?3 |02 D;l(c"“)) S5, (DQ(C"”)(S,C}SZ)U/{ + Qo (C ST )

ijk
pil—pn cml — o
n n n ijk ijk ijk ijk\ . . . ..
- Sa,,'jk(Q(C,';/;l) - d(C,';/;l) . At =t Dijk ! AL ! ),l](j, k) <i<i(jk),a=1,2,---,n, (14a)
SZ*IJII? = h’(’;}}k,Xijk €0y, a=1,2,--- ,n, (14b)

n+2/3 _ qn+l/3

i ij hy |~ -1
¢,]kCl"j;1u = (1 + 72 |U£l+1|Dal(Cn+l))

83, (Da(C™ 5, (ST = 51)

At ik ijk’
jl(i7k)<j<j2(i’k)9a= 1927"' s e, (140)
ng.jf = W Xije € 0Q,a = 1,2, ,n,, (14d)
gn+l _ gn¥2/3 f 1
"k o . B
¢Ukcln;lrcl% = (1 + ? |U§+1|D(ll(cn+1)) 6)?3 (D(I(Cn+1)6x3(s:;+l _ Sz))ljk
ijk
3 (14e)
= > SgpSethe kG, ) <k <kl =12, ,n,
B=1
St = Hothe Xije € 0Qu, a0 = 1,2, ,n,, (141)
where 6 SHh = UTHAH(OT )DL (C™ )i Do(C™ )iy, jex, +H(A=H(O T DL (C™ )ik Da(C™ i 2, k6, IS ks
— pril. —pril PRl-pl ..
and §gpn St Ot ShYY are defined analogously. Ut = %[Al’f:ll/w e+ A~ ], and similarly
i+l fn+l
for U’Z’;ik, Ug’;ik.
Initial approximation:
P?jk = po(Xiji), C?jk = Co(Xijk),Sg,i_,-k = S, 0(Xijk), Xijk € Qpv = 1,2, 1. (15)
The implicit program runs in the following order. Given {P;‘jk, C;’jk,SZ e @ = 1,2,---,n.}, the solution of transition

sheaf { P?J.;]/ 3} in x; direction is first computed by using the method of speedup from (11a) and (11b), then the transitional
n+2/3

ijk

obtained according to (11e) and (11f) similarly. Secondly, the values of Darcy velocity {U:.’;;Cl} are computed by (12). The

solution {P' } in x, direction is computed according to (11c) and (11d), finally the solution {P;’jf,:l} in x3 direction is

computation of saturation proceeds later. The transitional solution {C ;'];1/ 31 is computed by using the method of speedup
‘ n+2/3
Cijk

and (13d), finally the solution {C;‘j’;('} in x3 direction is obtained by (13e) and (13f) similarly. Provided {C;?];’(' }, numerical

in x; direction according to (13a) and (13b), then the transitional solution { } in x, direction is computed by (13c)

solutions {Ij;’;,“cl} are obtained continuously. In the last process the values of concentration are computed in parallel for

a = 1,2,--- ,n. . The transitional solution {S Zt]lf

according to (14a) and (14b), then {SZ;?,?} is computed in x, direction by (14¢) and (14d), finally the solution {S (’f’l;k} is
obtained by (14e) and (14f) in x; direction analogously. This finite difference solution of (11), (13) and (14) exists, and is

unique according to the positive definite condition.

} in x; direction is computed first by using the method of speedup

3. Convergence Analysis

For convenience, take the domain Q = {[0, 1]}3, h = 1/N, Xijx = (x15, X2, x3)" = (ih, jh, k)T, " = nAt, WX, t") = Wl’;k
Letn=p—-P,é =c—-C,{, = s —Sa, Where p, c and s, are exact solutions of (1)~ (6), and P, C and S, are numerical
solutions of (11)~ (14). Introduce inner products and norms in L>(Q2) and H'(Q) (Yuan, 2010, 2012).

N N-1 N

n no._ n n 13 nn2 _ n o.n n n _ n n 13
<Vv'iw' >= Z vijkwijkh , Vg =< ViV >, W = Z Z vijkwijkh s
i,jk=1 i=0 jk=1

77



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 11, No. 2; 2019

N-1 N N-1 N
n n n n 13 n n _ n n 13
D = 30 3 iy Wy = 30 N vl
Jj=0 ik=1 k=0 i,j=1

162, V"I* = [6:,0", 82, V)1, 1160V I1P = [0,V 613V, 1[0V 1P = [643V", 63V)3.

Theorem 1 Assume exact solutions of (1)~ (6) are suitably smooth: p,c € W (W) n L®(WH®), s, € W (W) N

2 ..
L® (W), %’;, gﬁ € L°°(W4°°) as” € L®(W*>), %rf, (9,26, 33,52“ € L°(L™), a = 1,2,--+ ,n.. And assume that the partition

parameters satisfy

At < MK, (16)

The difference algorithm (11)~ (14) are applied layer by layer, then error estimates hold

lp = Pliz=o.rpnty + lle = Cllzso.ri:ny + 1di(p = Plli2o,r1:2) + ldi(c = Ollzzo.rn)
< Mi{At + h?), (17a)
I5¢ = S allz=o.r71) + 1di(Sa = S Il 20.11:2) £ Mo{AL + Pha=1,2,-,n, (17b)

where ||gllz=.pmy = sup llg"llm, and the constants are M7 = M (||pllwiowey, [Pl L=y

nAt<T
* * 054 Psa
1192 I waes)s || ooy, llclwrowsssy, || L (wes)s ||y||L°°(L°°)), M = M (Isellwis sy, 155 N zewas)s 153 e @e))-
Proof. Considering the flow equation first, cancelling the transitional solutions P"*!/3 and P"*?/3 by (11a), (11c) and (11e),
n+1 n

d(C,,k)M ~ VHA"VL P e
= q(Xiji, ") = (A {65, (A6, (A~ (C™)6, (A", d, P™)))ij

+ 05, (A", (71 (C™)6 4y (A" 1y d P™)))ijic + 05, (A", (A7 (C™)6 1, (A6 1, d P™)))i )

+ (AL 65, (A6 4, (A7 (C™)0, (A", (™ (C™)S 1y (A" Sy d P )i | < iy ik < N = 1, (18a)
Pl =€l X € 0, (18b)

where d, P, = (P:’J;l ;’jk)/At.

Eq. (18) subtracted from the flow equation (1) (¢ = #**!), it gives rise to the error equation of the pressure,

n+1 n+1

e~ T ne n " Pl — Pl u
4 VaA"Var i = =[d(el) = d(Cli)l === + Va(la(e"*")

d(Cl ]k)
- a(C")] Vhp"“),;,-k — (AD*{[05, (@™ 6, (™ ()6, (@ 6., P

= 05, (A"6,, (d (C")6,, (A" S, di P"))iic] + -+ -

+ [05,(@"™ 1 6., (d7 ()0, (@ 1, dip™))ijic — 05, (A6, (d™ (C")0, (A", di P)) )i ]}

+ (A {65, (@™ 165, (@7 ()01 (@181, (@7 ()04 (@ 8y di D))

= 05, (A"6,(d ™ (C")0,, (A6, (A (CM3, (A"6yd PY)))iji + ! 1 < iy jok < N - 1, (192)
7]}21 =0, X,]k € 09},, (19b)
where |0'"+1| < M(|%2 ,9,2 Pllze =y, || Ll 2o cwasoys 1Pl o wasey, el posqwasoy AL + h?}.
An induction hypothesis is given by
sup max {||7"[l1.co, 1" 1.0} = 0, (B, A1) = 0, (20)

1<n<L

where [|7°|2 = 17"}2  + V'3

At =l — gt ' and sum-

Using the calculus of variation, multiplying both sides of error equation (19) by 6,77 ik = d,yrl]k Tk

ming by parts, then a form in inner products holds
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(d(C™)d,n", d, ") At + %{(A"th””, V"™ — (A", V)

< ~([d(c"™) = d(CH)d,p", d7 YAt + (Vi([a(c™) — a(C™)]Vp™), d,n")At

— (AD*{(B5, (@6, (d7 ()0, (@16, dyp™))) — 65, (A"6,, (47 (C)6 1, (A" 6, di P))), di™)
o+ (O, (@6, (d 7 ()6, (@ 61, dip"))) = 65, (A6, (d 7 (C)6 4, (A", d, P"))), di"))
+ (AN (85, (@16, (@7 ()0 (@™ 6, (d7 ("0, (@ 81y dip™)))))

2y

— 85, (A"6,, (d ™ (CM0., (A", (47 (C")5,, (A"6, di PY))), dir" Y} + (7, dim"YAt.
Continue to estimate the right terms of (21),
—([d(c™") = d(CM)dip", din" At < M{IE"IP + (AtY*} At + elldin” P At, (22a)
(Va(la(c™") = a(CHIVap™ ), di" YAt < M {IIVhf”II2 + €17 + (At)z} At + lld7"|*At. (22b)
The third term of the right side of (21) is considered. The first part is discussed here
— (A1 (65, (@" 16, (d ()51, (@ 6.,,dip™)) — 65, (A6, (d ' (C")5,,(A"6,,d, P"))), di")
= —(ADM(035, (A"6,,(d ™ (C")0,, (A5, dim™))), dit") + (55, (A", (d™ (C™)S, ([
— A"5.,d,p™), di") + (85, (A6, ([d ' ("™*") = d™ (C)]6 (@' 5.,y p™))), di”")
+ {05, ([ = A"16,,(d "' (c")o,,d,P"))), din™)).

The operators —05x, (A"0y,), —0x,(A"0y,), - - - are self-conjugate, positive definite, bounded and the domain is a unit cube,
but their products are not commutative generally. Noting that the difference operators dy,0x, = 0x,0x,, 05,0x, = 05,05,
0x,05, = 05,05, 05,05, = 05,05, are commutative, the first term of the right side of (22c) is written by

— (MDY (55, (A"6,,(d™(C")6 (A" S, din"))), di")

= (AD{d™N(C")6,,6,,(A"S,,di ") + 6., d (C™)S,, (A"S,d,n"™), A" S, d,n")

= (AD* (65,6, (A", die™), d" (CMYA"S ., dy7") + (65, (A"6 5, di™), 6, d” (CA" S, d,n"))

= ~(AD* (65, (A", dim™), 8., (A~ (CMA"S ., dT™)) + (A"S 1, di7"), 6,y (6, d~ (CA"S  di™)))

= —~(AD*[(A"S,,6,,din" + 5, A"S,di",d" (CMA"S,, 6, din" + 6., (d” (CA™)S,, din™)

+{A"S,,d", 6,6, d”(CMA"S, din" + 8, d (C")5,A"S din™ + 6,,d” (C"A"S,, 8, di7")) 23)
N

= —(Ap’ Z {A7 12k A, jkd_l(C?jk)[(sxl 6x2d’”zr'ljk]2

i, jk=1

(22¢)

-1 -1
+[A] 410400 (A1 oy d ™ (CHOOx dimtly + ALy o 5 d™ (CH)Ox AT 11 0 4O ity

-1 -1
+ A 1 a Al 2,k Ond (C;ljk)dxzdfﬂ?jk]éxl S, dimy + [0, A7 1726006 (d (CHOAL 2 i)

-1 -1 3
+ AL 1100 AL o O d (Cly) + AL 11 s ATy o jOx O d ™ (Cly) 10, dim 61, dfﬂ?jk}h .

By the induction hypothesis (20) we can get that A7, , 2k AZ/ 12k d! (C;f].k), 0, (AL, /2’jkd“ (le_'/.k)), ‘5XIAZ]‘+1 o are bound-
ed. Applying the positive definiteness of A,d~! and the decomposition of high order difference operators, we can extract
high-order difference quotient term 6y, 6,,d,n" from the former two terms of the above expression, and cancel related terms
by Cauchy inequality,
N
3 -1 2
- (Ar) Z {A7 At pd (CHl0x 0, dimty]
i, jk=1
-1 -1
+[A] 410400 (A1 oy d ™ (CH0x Aty + ALy o 5 d ™ (CH)0x AT 1 2 4O ATty

+ - |0, O ity I
N
= _(At)3 Z {az(d*)il[éxl 6xzdl7r1r‘ljk]2 + [Azj+1/2,k5)€2(Azr‘l+l/2,jkd71(C?jk))éxl dlﬂ-zr‘ljk
i,jk=1
+ oo 10, S dimly J° < M{|[6y, din"|* + |[8,di”|P)(AD)
< MAH||V, P + (V7). (24a)
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For the third term of (23),

N
- (Ary’ Z [5x1A?,j+1/2,k5Xz(d_l(C;;'k)A?H/z,jk)

i,jk=1
-1 3
AL O Al O A ()16, iy 8 ity

ijk ijk ijk
< M{IVu™ 1P + V"2 A,

N
- (A1)’ Z Azjuf1/2,1¢A?+1/2,jk5)n(sz‘FI(C;ljk)fs)q”lt”lr‘lj/ﬁxzdﬂr?jkh3
ijk=1
< M(A)"?|ld 7P At < e|ld P At,

Then,

— (A ({05, (A"S, (d ™ (C")S 1, (A" S d,"))), dy™)
< M{IV2™ P + IV P AL + elldi (At

Considering the rest of (22¢) similarly,

(24b)

(24c)

(25)

— (A (85, (@ 6,4, (A7 (™S, (@™ 6, dip™))) = 85, (A6, (d™H(C™)O 1, (A", d P))), di™)

< M{IVR ™ P + IV + €M1 + (A AL + elld, (P At.

The estimates (26) can be obtained analogously for the other two terms of the third right term of (21).

For the fourth term on the right hand side of (21),

(AD*{(05, (A6, (d 7 (CM)6, (A"6,(d ™ (C")6, (A8, di ), i) + - - - |

N

1 i n 12
< 5@l d) 00" Y [8xSnbudily '

i,jk=1
+ MV P + IV I + I + (MDA + elldin”| P At.

Collecting (22)~ (27), it holds for error equation (21) as Az and ¢ are sufficiently small,

1
Il "> At + E{<A"V,,7r"“, VY — (A", V"))

< M{|IV™ P + V| + B + (Ar)?) At
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Error estimates of the saturation equation is discussed later. Cancelling CZ};” 3and €73 of (13a), (13c) and (13e),

crl-cr 2 h |
[ [ n+lyy—1\— n+1
— - ; (1+ 101077565, (D55, C" )

¢l jk

n+1 n

n ijk ijk n
=-> Syt Cli' = b(Cl]k); + 8(Xijin ", Cly)
B=1

h —1\— — h n -1\~ n
= QO+ UMD 365, (D6, 67 (1 + U5 ID™) ™ 65, (D6, di C)])y 0

h —1\— - h n —1\— n
+(1+ §|U"+1|D Drds (D8 [0 (1 + §|U3H|D )65, (D5 CM)))

_ Rt ey n
+(1+= |U;+‘|D D)0 (D, [¢7'(1 + §|U3”|D )65, (D6, d, C)]), )

+(AD’(1 + —|U’:”|D D505 (D8, [ (1 + SIU3 D) 65,(D6, [¢7 (1 + S1U5™ D)

6x?(D6x3d,C”)])Uk+At{(l+ U D485, (D6, (67" Zaum ")
=1

3

B . i B

+ (14 101D 560 (D6.(67! ) S 1, € )] = (A0P (1 + SIUT DT
ﬁ_

85, (DSy, (7' (1 + = |U;+'|D D)0 (D8, (7" Zaum )i 1 < ik <N -1, (29a)
p=1

il = W Xy € 0%, (290)

Error equation of the saturation is obtained by (2) (¢ = #**!) and (29)

n+1 3

ijk i k n n n
ik ; - Z (1+ Iuﬁ+1|D D05 (D8, ™), = Z (Guper g, Crit = 1, i)
B=1
3
+Z[(1+ S DT - (1+—|U"+1|D Dkl6, (D8, C™ 1),
B=1
n+l n n+l pn
n n n l ik ijk n ijk ijk
+ (X, " ,,;‘ - ¢(Xiji ", Cly) — b(C,],g —— — [b(ch —b<c,]k>];

- (AZ)Z{[(l + 2 +1|D I)Uk X (D6x1 [¢ (1 + +1|D_1)_ldxz(Déxzd,c")])ijk
h —1\— — n -1\~ n
(1 + §|U"“|D Dida (Do [#7 (1 + —|U;1|D D765, (D8 dC")]))

+[(1+ 3 |u2“|D D)ix0n (D8, [¢7" (1 + = |u3“|D 65, (D6, dic™)]);
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h —1\— — h n -1\~ n
-1+ E|U"+1|D Di0n(Dox[67 (1 + S1U3 D) 85, (DS diCM]), 1)

+(Ar)3{(1+ |u1“|D D)0 (DO [¢7! (1 + |u2“|D Y65, (DS, [0 (1 + = |u3“|D H

85, (DS, dic™)]), 5 — (1 + §|Uf“|D‘1);,-,16;1 (Do, [¢7' (1 + —|U§+1|D_1)_]5XZ(D5)¢2 [¢7'(1+
h —1\— n
+5lU3ID™) 165,(D8,d, CM)]), ) + A (1 + 5 |u1+1|D D05 (DS, (7" Zam "

3
h . -1 _ n
= (L+ SIUT D™ 5305 (D6, (¢ lﬁz;éuz*‘,mc i+

3
— (A1 + SID )05, (D6, (67 (1 + SHAID™) 385 (D867 ) 6 1, M)y
B=1

3
-1+ |U"“|D D)0 (DS, (67 (1 + |U”*‘|D*1);,-16x2(06X2(¢*1Zéugu,xﬁC’”‘))))Uk}
=1

b < kSN, o
f:ﬁl =0,X;x € 0y, 308)
For
a n+1 | 1
—( oy k(1 qu*,,le, )65, (DS )
|ugt/lk z]k 05, (D, c n+])ijk +0(h*), B=1,2,3.
Then
n+1 ZC p )
e 1 < MUz e, 5 vy, lellzsapay, 15 -l wes) U7 + A
Multiplying both sides of (30) by 6,7, = :l;]rcl - & = di&; At and summing by parts, we can get the inner product

expression of error equation

3
<¢dz§",d,§">m+Z<Daxﬁ§"”,6xﬁ[(1+ Sl |DT) Tt - )
B=1

M

G crl - Gt 1€ L dEMAL
1

=
Il

_ h
 ([(1+ 2 Sl 1D = (14 SIUET D) 165, (D6, €. dig" A

M&

1

=™
1]

n+l _ _n n+l _ n
+(g(c™") = g(CM), di&"YAt — <b(C")%, d &AL — {[b(c") - b(C")]%,
- @+ §IU7+1|D-‘)’16;“ (Do, [¢7'(1 + SIU;’*‘|D-1)"6;2(D6ndt§”)]), dig")y + -

dEMAt

h —1\— — h’ n — 1\~ n n
(14 SIU3 D™ 65,(D [¢7 (14 SIUF D) 65, (DO dig")). ") + -+ |+

h e _ B _ B
+ Q01+ IUTIDT) 65, (D8, [¢7! (1 + SIUS D) 65, (D8 [¢7! (1 + S U5 DT

5)_(3(D5x3dt§”)]),dt§”)+---}+(At)2{((1+ Iul”ID )65, (D6, (67 Zéw 1)
i B 3
= (L SUID T 6 (D8 (67! ; Suprt g C™* )€y + -
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3
h —1\— — h n —1\— — . n
=~ A1+ S ID™) 65, (D6, (67 (14 ST IDT) 6D (67! ) S ).
p=1

h n+1;y—1y\—1 -1 h n+1;y—1\—1 -1 : n+1 n (31)
— (14 310D 65, (D6, (87 (1 + 105 1D 5 (D5 (@7 Y B 1, C ). i)
B=1
+ (", d, &ML
For the second term of the left side,
h —1\— n n
(D", 8, [(1+ Sha™ 1D € = £M)])
(32)

1 n h n —1\—1 n n h n —1\—1 n
> E{(D(sxpg 1+ E|uﬁ+1|D D76, (DS E", (1 + §|uﬁ”|D 6,,¢M)
- MI[6, & PAL - elldi&"|PAL. B = 1,2,3.

The other terms on the right side of (31) are considered. The velocity vector U**! is bounded by the induction hypothesis
(20),

3
+1 n+l
;QUEHMC” — Sy i€V

(33)
< M{"" = U + VP + (A0 J AL + elld &P A
It is to estimate the second term of the right side of (31). Note that
h n+1 n+l -1
h el h |1 §(|U,3,ijk| - |”ﬁ,ijk|)Di/k
(1+ Sl D)™ = (1 + SIUGH D)™ = ; B=123,
2Bk 2 BT (1+ 4t IDED(1 + S|z D7)
and (20),
2 h h
n _1\—1 n —1\—1 n n
D10+ S 1D = (14 ST D) 165, (D65, € ). dig" A
ool (34)

< M{["t — U™ + (AD?)Ar + &lld &P At

By gp—Lipschitz continuity and (20), it is derived for the third, fourth, fifth terms and the last term of the right side of
(3D,

(g(c™") - g(CM), d,"yAt < M{IE"I + (At )AL + elld&"PAt, (35a)
n+l _ _n
- (b(C")%, dE"YAL < MIld"|PAt + elldié" P A, (35b)
n+l _ n
—([be™) - b(C”)]%, dEAL < M{IEIE + (A)AT + elldi P A, (35¢)
(", d AL < M{E* + (AD?)At + £||d,E")* At. (35d)

The sixth term of the right side of (31) is analyzed as follows.
h —1\— - h n —1\— n n
= (A0y{(1+ SIUFID™) 85, (D6, [97! (1 + S1U5 D) 65, (D6, dié")]). dié")
h _ h _
= (A(D(5,, (¢ (1 + 105 1D ) )05, (D5, di") + ¢7' (1 + SU5 D)
1 2 2 2 2 2 2
h IR Bt e .
8,05, (DS, d:EM)), 6., (1 + E|U;’+1|D NdE + (1 + E|U;+‘|D N, dig"
= ~(A*[(D6y,0,,diE" + 6, DS, diE", Dy~ (1 + S1Us*ID™) "1+ SIUiD™) !
h - h _
8 On,dié" + {6, [Dg™!(1+ SIUS D) (L+ SIUT D) 16, dig” + Dy (1+
h n+lyy—1\~1 h n+lyy—-1\~1 n -1 h n+lyy—1\—1
+ SIS o (1+ SIUTIDT) T 60, dié” + 6 [Dg7! (1 + S1U3*1D7)

h RS i B B
5 (1+ 5|U7“|D N Md&"y + (D6, die", DS, (67 (1 + 5|Uz+1|D N+
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h e . ) B B
+ S IUTID™) )80 80dié” + {80, [Dy, (7! (1 + U ID) (1 + SIUT D)

h - h -
Sy d&" + Doy (¢ (1 + 51U3 D7) s (1 + SIUTID™) 6 ,,d,g" (36)

+ 0,100, (671 + 2105 D) 3 (1 4 210D a ).

For the terms of the above expression,

— h n -1\~ h n -1\~ T
~ (AN(D8y,6,,di€". Dy~ (1+ SIUFID™) (1 + SV D) 6,6 di")

N
- h n —1\— h n -1\~ n
= (A1)’ Z Dy j1pxDici o, a1 + §|U2+1|D D1+ SlU DT (0, 8y il ) I,

ijk=1
Note that 0 < D, < D(X) < D*, 0 < ¢. < ¢(X) < ¢*, and U™ is bounded, we have 0 < b; < (1 + ’%IU;‘*WD");}(,
0 < by < (1 + 4Ur*! D)7, then have
— (ADND6y,6,,die", D~ (1 + E|U2+1|D Ha+ 5|U1+1|D N6, 6, diE"
N
< —(ADUP) Mbiby )| (01,05l ) 1. (372)
ijk=1
The terms consisting of 6,,9,,d,£" are
— (A [(D6y,6,,diE", 6, [ Dy (1 + 5|U2+‘|D 7+ E|U1+‘|D N6y, dié
h _ h _
+ D¢ (1 + |0 DY S, (1 + S |UT DT 6, diE)
2 2 (37b)

— h n —1\— h n —1\— n
(04 D8 dig". Dy~ (1+ S|U3™ DT (1 + SIUTIDT) 6y, 6.,,di8")

— h n —1\— h n -1\~ n
+(DO,d", DS, (67! (1 + U5 ID™) (1 + ZIUT DT 6, 8,,dig").

The first term is discussed first. It is derived that A|JU"*!||; ., is bounded by the induction hypothesis and inverse theorem,

and the operators &,,(1 + 4|U7*! ID‘I);].}(, 8y (1 + Ut ID")i_j,lc are bounded. Applying &-Cauchy inequality,

— h n —1\— h n —1\— 1
~ (ADD6y, 8,5, [D¢™ (1 + S1U5 D7) (1 + ZUF D) o dig")

N
o h o R
= (A1)’ Z Dij12480[Dic1j2 (1 + §|U2+I|D D1+ §|U1+1|D D
k= (37¢)
6X16xzdl‘ :l]ké‘xldlgln]khS

N N
<e(AD D (G OudEl ) h + MAY Y. (6,di") 1.
ijk=1 ijk=1

Estimate the other terms of (37b) similarly.

h — - — h n — - 1 1
= @01+ SIUFNDT) 65, (Do [¢7 (1 + U5 IDT) 60, (D dig)]). dig") + - 38)
< M{IVAE™IP + 1V + 1€ 1P + 11" 1P} A
The same result (38) can be obtained for the other parts of the sixth term.

For the seventh, eighth and ninth terms, it holds by the condition (16), the induction hypothesis (20) and inverse estimates,

A+ g|U;'+1|D‘1)_16;C, (D5, [¢7'(1 + §|U’2”1|D‘1)_'622(D§,C2 [67'(1+

h _
+ SIUEIDT) 6 (DO d)]), dié") + -+ 59)

< elldi€"IPAt + M{IVE™ | + IV, + 1€ + (AD)*}At.
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3
R et ot SN "
AP+ 2 D760 (D6, (67 Y 6 ™)
p=1

3
B e _ n n
= (1+ U3 ID™) 65, (D6, (9 1;60;+1,xﬁc ). dg"y+ )

— (An¥(1 + I"”ID )65 (DS, (67 (1+ D7) 65, (Do, (67 Zéw )

—(l+5 |U"“|D )65, (Do, (671 (1 + 5 |U;“|D ) 65,(Do, (¢ Z‘SU"“ ™)) ")
ﬁ_
< elld&"|P At + Ml = U P + [V + Vg + I1EHP + 1€ + (AD* At

Applying (38)~ (40) to estimate (31),

”dt‘fn” At + = Z <D6xﬁ§n+l (1 + = | n+l|D ) 6x/;§n+]> <D6Xﬁ§ [(1 + = | 11+1|D—l)*1(sxﬁ§n>]
< elld&" P At + Ml = U P+ ld P+ (IVaE™ P + IV + 18P
+[1€"1 + (Ar))Ar.
Summing the resulting error (28) on  for 0 < n < L and noting that 7° = 0,

L
D IdiIPAL + (ALYt
n=0

L
Z([A” A, th")+MZ VA2 12 + 1t + (Af)AL

n=1

L L
Z \di&" P AL + MZ (V™I + h* + (An*}AL.

n=1

Summing (41) on ¢ for 0 < n < L, and noting that £ = 0 and [Ju"*" — U"!||2 < M{||€"]]? + [V 1> + K4},
L 1< h h
D NP A+ 5 > (D8 (14 S ID™) 6,61 = (D6, [(1+ SluglD™") "6,6%)]
n= p=1

sZ{Z(z)ax,,f",[(H S iD= (14 5 |u,3|D 18,

n=1 p=1
+ elld " IPAL + M{ld "I + IVRE P+ IIV,E7 + 1€ 11 + "7 + (An)*)At

3

Note

/
1(| ﬂtjk ﬁzjkDDl]k

1 T
(1 +4 Zt;k'Dijk)(l + §|”ﬁ,ijk|Dijk)

1 -1y “1y-
‘(1"' |ugt/k|Dijk) -1+ ﬁl/k|D“
B -1
LD dud A

1 -1 h
(1 + thk'Dijk)(l + El l]le

< MhALB = 1,2,3,
uk)

Combining (43) and (44),

L 3
D lldi" P + Z (Do, (1 + = |u§+‘|D“)”6Xﬁ§“‘>
ﬁ:

n=0

L L
< MOl IPAr+ MY {1V P + IV R + R+ (An)AL
n=0 n=0
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Since the condition 7° = §0 =0,
L L L L
P <8 ) A IPAL+ MO IR IPAL €I <& ) Id€"IPAL+ M ) €' IPAL.
n=0 n=0 n=0 n=0
Collecting (42) and (45),
L L

DI + Idig" IPJA + i+ 1€ T < Ml 1+ g™ 11 + h* + (Ar? A, (46)

n=0 n=0
Using the Gronwall lemma,

L
Z [ldm"|1* + Il IP]AL + [l 1T + 65T < M{R* + (Ar)?). (47)
n=0

It remains to test the induction hypothesis (20). It is right as n = 0 because of 7° = ¢° = 0. Assume the induction
hypothesis holds for any positive integer n between 1 and a given positive integer I. By (47) we have ||x'*!||; + |I§l+‘ [ <
M{h? + At}. Then by (16) and inverse estimates ||7"*'[l; « + €}l o < MA'/?, (20) holds for n = [ + 1. Therefore, error
estimate (17a) has been proved.

Then the error estimates of components concentration are considered. Cancelling the transition solutions S 113 and § 3

of (14a), (14c) and (14e),
n+l
a,ijk

S 3 h
n Jijk yrn — n - n n
$inCr! T = D (L SOOI )65, (Da(CT 60,8 5

ijk At =

3 n+1 —pr Cn+1 Cn
7 l ik ijk ijk ijk
= = D Sty St + Qa (Shiie) = St in(a(CliH = d(ClH =5 + dip—"——)
B=1

h & — n - n n — h i — n -
- @1+ §|U;'+‘|Da‘(c )ids (Da(C™ 8, (€™ )7 (1 + §|U;1|Da‘<c oy

5)(2 (Da(CnJr ! )6)(7 dlS )))

h & — n - n n -
it o+ (L S105 DG (C “)),,-iéxq(Da(c o, (Cmg)!

(] + Elﬁg-ﬂ|D;l(Cn+l))_1523(Da(cn+l)6x3dtsg)))ijk} + (At)3(1 Un+l|D (Cn+1))ljk
05, (Da(C"* 13, (€1 e)™ (1 + §u7;+1 D€ H) 65 (Da(C™! )%((C’“' o) (1+

h 7 — n - n n
+ 105D C ) 65, (Da(C™ )81, diS 1))

h
+ Ad(1+ 171D (C )65 (Da(CM 5, (€™ ) Zéw S
B=1

+(1+ |05 1D;1 (€™ 1) 165, (Da(C* )6 (C7 ) ! Zéuw WSl
’B_

h & — n - n n - h 7 — n -
= (A*(1+ IO} ID (€ ), (D€ )3, (€)™ (1 + 5103 ID; (€)™

3

55,(Da(C 6, ((C™ )7 Z ot Sa" Mg 1S i jk<N=Ta=12n (48a)
p=1

St = Hotie Xije € 0Qp, @ = 1,2, ,n,. (48b)

Error equation of components concentration is derived by (7) (¢ = #**!) and (48),

(Ztl - a,l
¢,,kc;1,;‘—”‘ Y Z(l + |U"+‘|D HC )05 (Da(C™ 6,80 ),
B=1

as(l’ - h F i — n - n n n
={o(C" =" D=+ D+ 510D )05 ([Dal™) = Do(C™ )16, S5 ),
B=1
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3
+Z[(1 + |M‘B+1|D (}’H—]))* _(l+ |Un+]|D (C}’L+1)) ] xB(Dg(cn+])6xﬁSZ+l "

3
+ Z {6U"*' xﬁS:)lerl /';*',ngz }ljk + Qa(c:l;lr(l’ Zt;k) Qd(Clanlr(l’ Sgt]lk)
p=1
F) n+1 Pn+1 P
(S q(Cn+l) q(cn+1))ljk + (Sn+1d(cn+1) p d(CnJrl)—)ljk
Cn+] _Cr B sn+1 ac
At “ ot

h
(Cn+1¢)_1(1 + _|U +1|D (CIH—I)) 6x2(Da/(Cn+l)6X2dl§(l)))l]k -+ [(1 + Elu

_ (1 Uﬂ+1|D (Cn+])) ]l]kfsxl (DQ(CJH-I)(S)C] (( n+l¢) (1 + +1|D;](cn+]))*16;2(Dw(Cn+l)

+(She ),,k} (A1) {(1+ Wlallteday 165 (Da(C™ 6., (

— -1
r11+1 |D01(Cn+1))

1

6x2dtsg+l))) + (1 + _|U11+1|D (Cn+l))”k 5 (Du/(Cn+1)6x1 ((CVL+1¢) (1 4 — h Un+1|D;l(Cn+l))_

ijk
S5, (Do C"™ Ny di L)) + -+ + (1 + —|0§+1|D‘ (C"); 0, (DQ<C"+1)6XZ(<C””¢)“

(1+5 |U;’“|D HC )6 (DalC B di))) i+ |+ (AP (1 + 3 yelos ‘(C"“))

ljk ijk

85, (Do (C™ 18, ((C™ 1) (1+5|U IDIHC™ ) ' 65, (Dal(C )6, (C™ 1 )7 (1 + 2|02+

D;1(Cn+l))_1(533(DQ(Cn+1)6x3dt§g)))))ijk 4+ .- }

3
h 7 — n - n n - n
+ At{(1 + S10TIDG )05 (Da(C O (€ )Y Syl )+
B=1

+(1+ |U;“|D(, (C"1)) 185 (Da( €™ )8, ((C™*1 )™ Z Sopet ™ Mg+
ﬁ_

— @1+ 5 1D (P )k (D C™ 6, (7 (1 4 2 |U"+1|D eyt

ijk

6)?2(Da(C"*l)ém((C””@*l Z 5U;+1’xﬁgg+l))))ijk T } + Eaijts

B=1
1<i,jk<N-lLa=12,---,n 49)
{(,)lz-:]lk O Xz]k € 89}1,(1’ = 1 2 (49b)

where |e, il < M{R?* + At},a = 1,2, ,n,.

In numerical analysis there exists bound water in oil reservoir, that is to say there exists a positive constant c, such that
c(X, 1) > c. > 0. It holds as h and At sufficiently small because of the convergence result of ¢(X, 7) (17a),

CX,1) > % (50)
Multiplying both sides of (49) by 6,{"; k= =dJ0 UkAt = {Zf}k Zn ik and making inner product,
1{"“ @ 1 1 1 1 1_
(pC"* A7 L d DAL + Z:(DQ(C’“r 0Lt O [(1+ IU"+ D, (C™ )" ( =)

p=1

= e - e gy

+Z 1+ | O 1D (€)™ 85, (IDalc™!) = Do(C™1)168,,S5). i)
+([(1+5 |uﬁ“|D e -1+ |U;}“|D HC™ ) 65, (D™ )83, ), il At
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£ (B gy S = 6 ST LA+ (a5 = Qu(CT, ST, LA
=1

n+1 Pn+1 P
+(Shq(C™") = shg(c™™), d,g“a>At+<s"”d(c”“) -Sn d(C"”)—t,d,(;’)At
crt cn o n+1
+<s(,¢—t R

—(Ar>3{<(1+ 1O 1D; (€)™ 65 (Da(C 8, (€)' (1 + hU"+‘|D ey

55 (DulCT AL ") + -+ ([ + SR IDE ) = (14 107D )]

85, (Dale"oy, ("' 9) ' (1 + 5 |u"“|D;1<c"“))‘ S5, (Dol S, disy™)), di"y + -+ 1)
AN+ DT ID; ) 3 (Du(C™ 6, (€)1 + S0 1D

h - _
8 (Da(C™* 10, (€)™ (1 15 IDHC™ ) 65, (D€ 8, dilb)))- did") + -

ho. ~ 3
0?1+ 107D (C D) 85, (Da(C™ 10, (€™ ) BZ; Syt da” ) did”)

h 7 — n - n n - h Frhn
oo = QP+ SI0IDLHC) 65, (Da(C o, (€797 (1 + 105"
D, (€ )85, (Da(C" )5, (€7 ) Zéw GO + -+ (s did”)
The left side terms of (51) are estimated first, by (17a),

1
(pC™ Ly, dilhyAE > §¢*C*|Idz§Z||2At, (52a)

3
h - _
2 (D€ 8,80 6, L1+ S1057 1051 €)@ = ED)
p=1

1 3
zﬁZ <D(I(Cn+l)6xﬁ£n+l (1 + = |U11+]|D (Cn+l)) 6xﬁ§n+1> <D0(Cn)6 g(w(l +_|Un|

3
DN(C) 6,0 = M Y (|85, 8 | A — ez A (52b)
B=1

The right side terms of (51) are considered later.

(p(C™! - "“) d,g(,w < elld, LIP AL + M{E* + (At)*)At, (53a)

M

{((1 + E|[jg+l|D;](Cvn+]))*16’)?[;([Da(cn+]) _ Da(cn+])]6 S}’H—]) dtng)

B~ a
1

=
Il

- h ~ _
0+ S 10 ) = (14 21105 ) 1o (Dot o, £, diD )

< elld, P AL+ M{E* + (At)*)At, (53b)
3

> (O 4, S = O g, s67 dida) At < elldi LI P A+ M{Jl™ " = U™ + V40P Ar

B=1

< &lld P AL+ MYV + B+ (AnPAt, (53¢c)

.(C - Q. R ,di£ )AL < glld; t+ 14 + h" + (Ar)°}At,
Q n+l n+l Q Cn+l Sg+l d g A ||d 3||2A M || z+l||2 h4 (A )2 A (53d)
(S q(C””) saq(c"™), dil3)AL < elld I AL+ M{IZLIP + h* + (AD?}AL, (53e)
pn+l Pn+l P
(51 d(" ) =5 = Sd(C ) di )M < elld P A+ MUIZGIP + 1 + (Ar?)Ar, (53f)
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(9C"+1
ot

(jn+1 cn
(Sa¢>— - it

For the last five terms of the right side of (51),

L dilDAL < elld CP AL+ M{ICHP + B + (An* At (53g)

W01+ S10571D; (€)1 (D€, (€907 (1 + 51057 1D €)™
5 (Da(C NG i) iy + -} + - + (e i) >
< elld L PAL + M{|IVAETP + B + (AD?)AL.

Applying (52) ~ (54) on both sides of (51),

3
l h 7 — n - "
¢*c*||d,§(, P+ 2 > {(Da(C™ D55, i (14 105D € ) 8,0
p=1
n n h Fn =1y -1 n (55)
—(Du(CM, L5 (1 + SITFIDN(C) Sy}
< lldi 3P AL+ MUV P + 1 1P + B + (An?)Ar
Summing (55) on ¢ for 0 < n < L, and noting that {g =0,
Z ldiZaIP At + Z (Da(CH 18,05 (1 + |U§“|D (€M) e
B=1
h . _
~(Du(C63,45. (1 + SITZIDGH(C) 16,0 (56)
L
< MY (I P+ IE P + i+ (An)A
n=0
Then,
L
Z A, 2317 AL + Z 165,57 1P < M IVAZE P + 15T 1P + h* + (ArP)Ar. 57)
n=0
Noting that 0 = 0,
L L
AP =8 )" IdigaPAr+ M Y IgaIPAL,
n=0 n=0
continue,
L L
DN LIPA + T < MO I T + B+ (AnP)Ar. (58)
n=0 n=0
Using the Gronwall lemma,
L
2P AL+ IZEE < M{B* + (Ar?). (59)
n=0
The proof ends.
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