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Abstract

In this work, We show that every Jordan triple system can be viewed as a T ∗ extension of another one or an ideal of
co-dimension one of a Jordan triple system whose represent the T ∗ extension of another Jordan triple system. Moreover,
several result involving the structure of quadratic Jordan triple systems are given.
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Introduction

The triple system structures play an important role in various domains of theoretical and mathematical physics as for
example Nambu mechanics (Nambu, 1973; Takhtajan, 1994). Furthermore, other motivation to study triple systems
comes from string theory and M-branes involving naturally an algebra with a ternary operation (Bagger & Lambert,
2007). This give another motivation for development of mathematical concepts such as Jordan triple systems.

It is well known that using the T-K-K construction, we can construct a Lie triple system starting a Jordan one Moreover,
from a Lie triple system, we can obtain a graded Lie algebra.

In this paper, we start by giving some preliminary results. After that, we extend the notion of T ∗−extention, introduced
by M. Bordemann in case of nonassociative algebras, to contruct a non semisimple Jordan triple system. Recall that
M. Bordemann shows in his work that if the Jordan algebra have an even dimension which have an isotropic ideal of
dimension equal to half of the dimension of the algebra, then the original algebra is a T ∗-extension of another Jordan
algebra. In the case where the dimension of the Jordan algebra is odd, this Jordan algebra comes an ideal of codimension
one of a T ∗-extension. An extension of this result to the case of Lie triple system can be found. One of the aims of this
paper is to extend these results to the case of Jordan triple system. We shall proceed differently from the Jordan algebra
case. We shall use the relashinship between Jordan triple systems and Lie triple systems.

Definition 1. We define Jordan triple system as a linear space A endowed with a trilinear map {u, v,w} which satisfy

{u, v,w} = {w, v, u}

{x, y, {u, v,w}} − {u, v, {x, y,w}} = {{x, y, u}, v,w} − {u, {y, x, v},w}.

Definition 2. A Linear map D of A is called a derivation if it satisfy D of A into A such that

D({u, v,w}) = {D(u), v,w} + {u,D(v),w} + {u, v,D(w)},∀u, v,w ∈ A.

The set containing the derivation of A will be denoted by Der(A). This set is a Lie algebra and called the derivation algebra
of A. An example of derivation of Jordan triple systems A can be defined for u, v ∈ A, by the map L(u, v) (resp.R(u, v))
which are defined by L(u, v)w = (u, v,w) ( resp. R(u, v)w = (w, u, v)) , for all w in A, is a derivation of A These maps are
called respectively the left and the right multiplication. The sub-algebra L(T,T ) = {∑ai,bi

L(ai, bi); ai, bi ∈ A} of Der(A),
is called The algebra of inner derivation .

Definition 3. (1) An invariant bilinear form B on A is a bilinear form who

B(R(x, y)z, u) = B(z,R(y, x)u) and B(L(x, y)z, u) = B(z, L(y, x)u) for all x, y, z ∈ A.

If a symmetric bilinear form B is right invariant or left invariant, then B is left invariant also. That is, B the invariance of
B is equivalent to the fact that B is right invariant.

(2) A quadratic Jordan triple system is a Jordan triple system with a symmetric nondegenerate and invariant bilinear
form on B. Such bilinear form is said a quadratic structure on A. If (A, B) is a quadratic Jordan triple system which
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contain an ideal where the restriction of B onto this ideal is nondegenerate, we say that (A, B) is reducible. Elsewhere,
(A, B) is said irreducible. (3)A symplectic form is a skewsymmetric bilinear form ω satisfiying

ω(u, {t,w, v}) − ω(v, {t,w, u}) + ω(w, {v, u, t}) + ω(t, {u, v,w}) = 0,

∀u, v,w, t in A. A Jordan triple system endowed with a symplectic form is called symplectic Jordan triple system.

Definition 4. A symmetric, (resp. antisymmetric) homomorphism of A with respect to B is a homomorphism g whose
satisfies if B(g(u), v) = B(u, g(v)), (resp. B(g(u), v) = −B(u, g(v))), for all u, v belonging to A.

The following theorem give a necessary and sufficient condition for making a symplectic Jordan triple system quadratic.

Theorem 0.1. A symplectic Jordan triple system (A, ω) have a quadratic structure B if and only if there is a derivation D
of A which is invertible and antisymmetric with respect to B satisfying ω(u, v) = B(D(u), v) for all u, v belonging to A.

Proof. Let D be an invertible and antisymmetric Derivation with respect to B. It is is easy to check that the bilinear form
ω of A defined by: ω(u, v) = B(D(u), v), ∀u, v ∈ A, is symplectic.

Conversly,It is well known that if ω and B are two nondegenerate bilinear forms, then there is a homomorphism D of A
which satisfies ω(u, v) = B(D(u), v), ∀u, v ∈ A. Furthermore, the fact that the bilinear form ω is a symplectic form implies
that

B(D({u, v,w}), t) = B({D(u), v,w)}, t) + B({u, δ(v),w)}, t) + B({u, v, δ(w))}, t)A.

Since the bilinear form B is non-degenerate, then D becomes a derivation.

now, we are ready to announce the theorem of construction of quadratic Jordan triple system from a non necessary
quadratic one.

Theorem 0.2. Onsider a Jordan triple system (A, { , , }) and a trilinear map Ω from A × A × A onto A∗. On the linear
space T ∗

Ω
(A) = A

⊕
A∗ we define the following multiplication

{u + f , v + g,w + h} = {u, v,w}A + Ω(u, v,w) + { f , v,w} + {u, g,w} + {u, v, h}, (1)

for all u, v,w ∈ A and f , g, h ∈ A∗. Where,

{ f , v,w}(t) = f ({t,w, v}); {u, g,w}(t) = g({u, t,w}) and {u, v, h}(t) = h({v, u, t}), .

The linear space T ∗
Ω

(A) endowed with the multiplication above is an Jordan triple system if and only if , the map Ω verify
the following identity:

Ω(u, v,w) = Ω(w, v, u) (2)

and

Ω(a, b, {u, v,w}) −Ω(u, v, {a, b,w}) = Ω({a, b, u}, v,w) −Ω(u, {b, a, v},w). (3)

∀a, b, u, v,w ∈ A. Moreover, if we define on T ∗
Ω

(A) the bilinear form B by:

B(u + f , v + g) = g(u) + f (v)

then B is a symmetric nondegenerate and invariant bilinear form on T ∗
Ω

(A).

(T ∗
Ω

(A), B) constructed above is said the T ∗
Ω

-extension of A by Ω.

Proof. Calculation.

Theorem 0.3. Every T ∗-extension of a Jordan triple system admitting an invertible derivation D admits a symplectic
structure.

Proof. The result follows from Theorem 0.1.
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Example 0.1. Let A be a Jordan triple system and Gp = xK[x]/tpK[x], where p is a not nul positive integer. On the
linear space Ap = A ⊗Gn we define the following product:

{x ⊗ uq, v ⊗ xs,w ⊗ xt} = {u, v,w} ⊗ tq+s+t,

with u, v,w belong to A and q, s, t are not null posive integers.

We get that An is a Jordan triple system which is nilpotent. The homomorphism D of Ap :

D(x ⊗ xq) = q(x ⊗ xq)

for any x ∈ A and q is an integer smallest than p is a derivation of Ap which is invertible. Now, on the linear space
T ∗−extension of Tp is a quadratic Jordan triple system. Moreover, this quadratic Jordan triple system endowed with the
following derivation: D̃(X + f ) = D(X) − f ◦ D. Then D̃ is a symplectic Jordan triple system.

Proposition 0.4. Let Z(A) = {u ∈ A; {u, v,w} = 0,∀v,w ∈ A} be the center of A. Then, the orthogonal of Z(A) with respect
to B is equal to the aasociator of the Jordan triple system A which is the linear space spanned by {{u, v,w}, u, v,w ∈ A.

Proof. Computation

Definition 5. For a Jordan triple system A we denote by the ascending series (A(p))p∈0,1,2... by A(0) = A and A(p+1) =

(A(p), A(p), A(p)), ∀p ∈ N. By a same way, we define the descending serie (Ap)p∈{0,1,2...} by A0 = A and Ap+1 = (Ap, Ap, A,),
∀p ∈ N The Jordan triple system A is said to be nilpotent (resp. solvable) If there is an integer p satisfying A(p) = {0})
(resp.Ap = {0})

Definition 6. Let (A, B) be quadratic Jordan triple system

1. An ideal I of A is a subspace of A satisfying (I, A, A) + (A, I, A) ⊆ I.

2. U of A is called:

(a) Nilpotent (resp. solvablet) if it is nilpotent (resp. solvable) as a Jordan triple system.

(b) Degenerate (resp. non-degenerate) if B|I×I is degenerate (resp. non-degenerate).

(c) Abelian if {I, I, I} = {0}.

3. The biggest solvable ideal ofV is called the Jacobson radical ofV .

4. A Jordan triple system (A, B) is semisimple if it contains no non trivial solvable ideal.

5. A B-irreducible Jordan triple system B-irreducible is a Jordan triple system whose contains no non trivial non-
degenerate ideal

The proof of the following proposition is easy.

Proposition 0.5. The orthogonal with respect of B of an ideal I of a quadratic Jordan triple system (A, B) is an ideal of
A. Moreover, if I is nondegenerate, then its orthogonal is also nondegenerate.

Lemma 0.6. Every quadratic Jordan triple system can be written as a direct summation of a nondegenerate, B-irreducible
ideals (Ai)i∈{1,...,r} which satisfies

B(Ai, A j) = {0}, ∀i , j.

Proof. To prove this lemma it is sufficient to precede by induction on n = dim(A). If the lemma is hold for any Jordan
triple system of dimension k less than n, then by the previous proposition, the lemma hold for n.

Lemma 0.7. In the case where A is semisimple, the previous decomposition coincide with the decomposition of A onto
simple ideals.

Proof. Straitforward computation

Theorem 0.8. Every quadratic Jordan triple system of dimension n where nn is an even integer and containing an n
2

dimentional ideal which is isotropic is isomorphic to a T ∗-extension of another Jordan triple system.
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Proof. The isotropic ideal I of dimension n
2 is abelian because B is nondegenerate. Its complementary isotropic ideal is

denoted V

Let u, v,w ∈ V . We can write {a, b, c} = γ(a, b, c) + σ(a, b, c), whith γ(a, b, c) ∈ I and σ(a, b, c) ∈ V . We can easly verify
that (V, σ) is a Jordan triple system.
Consider the linear map µ : I −→ V∗; i 7−→ B(i, .). This linear map is bijective. Moreover, dim(I) = n

2 = dim(V∗).
Thus, µ is an linear spaces isomorhism. Put the T ∗-extension T ∗

Ω
(A) = V bigoplusV∗ of V by Ω defined on V by:

Ω(u, v,w) = µ(γ(u, v,wu, v,w ∈ V . Moreover, let us consider Ψ : A = I
⊕

V longrightarrowV
⊕

V∗; j + u 7−→ u + µ( j).
The fact that B is invariant implies that for all u, v,w ∈ V, j ∈ I,

µ( j)
(
{u, v,w}

)
= B
(

j, {u, v,w}
)
= B
(
{ j,w, v}, u

)
= µ
(
{ j,w, v}

)
(u).

Similarly,
µ( j)
(
{u, v,w}

)
= µ
(
{w, j, u}

)
(v) = µ

(
{v, u, j}

)
(w).

Hence, if Ψ : A = I
⊕

V −→ V
⊕

V∗ defined by j + u 7−→ u + µ( j),∀ j ∈ I, u ∈ V then, for U = j + u,V = k + v,W =
p + w ∈ A = I

⊕
V , we obtain

Ψ
(
{U,V,W}

)
= σ(u, v,w) ⊕ µ

(
γ(u, v,w)

)
+ µ
(
{u, v, p}

)
+ µ
(
{ j, v,w}

)
+ µ
(
{u, k,w}

)
= σ(u, v,w) ⊕ ω(u, v,w) + µ(p)

(
{v, u, .}

)
+ µ( j)

(
{.,w, v}

)
+ µ(k)

(
{w, ., u}

)
=
{
Ω(U),Ω(V),Ω(W)

}
.

Which I;plies that Ωa Jordan triple systems isomorphism

Theorem 0.9. Every quadratic Jordan triple system of odd dimension n containing an n−1
2 dimentional ideal which is

isotropic is isometric to an ideal of dimension n − 1 of a T ∗-extension of another Jordan triple system.

Proof. Similar to the previous proof.
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