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Abstract

In this articles we will study the integration of the vectorial functions in Fréchet spaces. Particularly we will introduce
and we will study a new functional space and we will prove some theorems of representation.
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1. Preliminaries

In this articles we will study the integration of the vectorial functions in Fréchet spaces. Particularly we will introduce
and we will study a new functional space and we will prove some theorems of representation.

1.1 Definitions

Definition 1. A real-valued function p (x) defined on a complex linear space S is called a semi-norm, if

px+y)<px)+pQ») Yx,y €S (1.1)

and
p(Ax) = p(x) YieC, VxeSs. (1.2)

Definition 2. A complex linear topological spaces S is called a locally convex, linear topological space, or, in short, a
locally convex space, if any if its open sets contains a convex, balanced and absorbing open set.

Definition 3. A complex linear space % is called a Quasi-normed linear space if, for every x € §, there is associated a
real number |x|, the quasi-norm of the vector x, which satisfies

|xlg > 0and |x|z =0 x=0; (1.3)
|x + ylg < |xg + ylg Yx,y € 8 (1.4)
Wy = l-aly  Vae® (15)

lim0 lapxlg =0 Vxeg; (1.6)
lllimo laxlz =0 Va € C. (1.7)

The topology of a quasi-normed linear space & is thus defined by the distance

d(x,y) =|x—)lg. (1.8)

We say that the sequence {x,}, C & converges strongly to x € &, x, — x forn — +c0in §, or

§ - lim x, = x, (1.9)
if
lim |x, — xlg = lim d (x,,x) = 0. (1.10)
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1.2 Fréchet Space

Definition 4. A quasi-normed linear space § is called a Fréchet space if it is complete, i.e., if every Cauchy sequence of
& converges strongly to a point of §.

Remark 1. Let the topology of a locally convex space & be defined by a countable number of semi-norms p, (x), with
n=1,2,... Then § is a quasi-normed linear space by the quasi-norm

Dn (%)
|xlg = Z 27 (1 + p, (x)) (1.11)

For, the convergence }}im D (xp) =0, withn = 1,2, ...is equivalent to § — lim x; = 0 with respect to the quasi-norm |x|g
—00

h—oo

above.

Definition 5. (Fréchet in Bourbaki sence) A locally convex space & is called a Fréchet space if it is quasi-normed and
complete.

Let X, Y be locally convex spaces on the same scalar field; we denote by L (X, Y) the totality of continuous linear operators
on X into Y; L(X,Y) is a linear space.

Definition 6. (Simple Convergence Topology). This is the topology of the convergence at each point of X and thus it is
defined by the family of semi-norms of the form

p(T) = sup {q(Tx))| (1.12)
j=l..r
where {x /};=1 are an arbitrary finite system of point of X and q an arbitrary continuous semi-normon Y. L (X, Y) endowed
with this topology will be denoted by L (X,Y) and it is a locally convex linear topological space.

Definition 7. (Bounded Convergence Topology). This is the topology of uniform convergence on bounded sets of X and
thus it is defined by the family of semi-norms of the form

p(T) = sup{q(Tx)} (1.13)

xeB

where B is an arbitrary bounded set of X and q an arbitrary continuous semi-norm on Y. L(X,Y) endowed with this
topology will be denoted by Ly, (X, Y) and it is a locally convex linear topological space.

Remark 2. Since any finite set of X is bounded, the simple convergence topology is weaker than the bounded convergence
topology.

2. Bochner Integral

In this section we will introduce the concept of integration of Bochner for vectorial functions in spaces of Fréchet. The
properties here exposed are limited instead to the quasi-norm that induces the metric structure of the space of Fréchet.

Definition 8. Let & be a complex Fréchet space and let I be an interval in R; a function f : I — § is simple if it is of the

form
n

FO =) xx0,® @.1)
j=1
for some n > 1, x; € § and Lebesgue measurable sets Q; C I with finite Lebesgue measure. In the representation of a
simple function, the sets Q; may always be arranged to be disjoint, and then

f(t)={ gj forteQ; j=1,..,n ' 2.2)

otherwise

Definition 9. Ler § be a complex Fréchet space and let I be an interval in R; a function f : I — §& is measurable if there
is a sequence of simple functions g, such that

fO=3%- ,}Lrgo gn (0 (2.3)

foralmost all t € 1.
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Theorem 1. Let § be a complex Fréchet space and let I be an interval in R; if f : 1 > § g: 1 > & h: 1 — Care
measurable then f + g and hf are measurable. Moreover, if k : & — Y is continuous, where Y is a Fréchet space, then
ko f is measurable. In particular, |f|; is measurable.

Definition 10. Let & be a complex Fréchet space and let I be an interval in R; we say that f : I — § is countably valued
if there is a countable partition {Q i JEN } of I such that f is constant on each €.

Remark 3. f is measurable if each Q; is measurable. Conversely, if f is measurable then {t € I : f (t) = x} is measurable,
where x € §.

Definition 11. Let & be a complex Fréchet space and let I be an interval in R; we say that f : I — § is almost separably
valued if there is a null set Qy C I such that f (I — Qyq) is contained in a separable closed subspace of §.

Definition 12. Let § be a complex Fréchet space and let I be an interval in R; we say that f : 1 — § is weakly measurable
ifx*of:t— (f@)|x*)is Lebesgue measurable for each x* € §".

N
Definition 13. For a simple function g : I — §, g(t) = 3, x;yq, (1), we define the Bochner’s integral
i=1
N
f gdr =" L' (@), 2.4)

7 i=1

where L' () denote the Lebesgue measure of Q;.
Definition 14. Let § be a complex Fréchet space, I be an interval in R and f : I — § is weakly measurable; we say that

f is weakly integrable if exists f f () dt € § such that
1

f{f @) |x*y dt = <ff(t) dtlx*> Vx' e (2.5)
1 1
and the function (f (t) |x*) is Lebesgue integrable Vx* € &, i.e.,
fl(f(t) [x*) dt < +o0  ¥x* € F. (2.6)
1

Remark 4. If g is a simple function then it is weakly integrable and the weak integral is the Bochner’ integral of g.

Definition 15. Let & be a complex Fréchet space and le I be an interval in R; f : I — § is called Bochner integrable if
there exist a sequence of simple functions {gp}cn Such that

gn — f pointwise a.e. in | 2.7
and
,}i_)I{}oflf (1) = gn Dy dt = 0. (2.8)
1

If f is Bochner integrable then the Bochner integral of f on I is

f f @) dt = § - lim f ¢ (1) dt. (2.9)
1 1

Theorem 2. Let § be a complex Fréchet space and let I be an interval in R; f : I — §& is Bochner integrable if and only
if f is measurable and |f\5 is integrable. If f is Bochner integrable then

ff(t) dt

1

Sj‘|f(t)|?y dt. (2.10)
I

i
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Proof. If f is Bochner integrable, then there exists an approximating sequence of simple functions g,. Thus f and |f]5
are measurable. The integrability of |f|; follows from

flf(t)lfg dr < flgn Oly dr + flf(t) —&n (Dl dt. 2.11)
I

Moreover,

@

= lim ’fg,, (1) dt
n—0o0 7
lim [1g, (1)l dt (2.12)
n—00 7
= [If 05 dr.
1

IA

To prove the converse statement, let {/,},.y be a sequence of simple functions approximating f pointwise on I — Qy,
where [Qp| = 0

Define simple functions by

8n (1) ={ ). i Oy < 17 Ol (17, (2.13)
0 otherwise.
Then
lga 5 < IF @Ol (1+n7) (2.14)
and
lim [g, (1) = f (Ol5 = 0 (2.15)

forall t € I — Q.

Because the functions |f|5 and |g, — f|5 are integrable and

lgn (1) = f DIz < 31f Dy, (2.16)

we can apply the scalar dominated convergenge theorem and obtain that
hmfmm)fmkm—a @.17)
O

Remark 5. If L' (I) < +co and f is measurable then

@i
! <1, 2.18
0l = Z KA+ Nf @) — 19
thus f is Bochner integrable.
Example 1. Let’s take
2rcos () + Zsin(5) if0<r<1
H= i ! ! 2.19
g){o A (2.19)
then we consider f : [0,1] — & define by
(@) = xg(0) (2.20)

where x € §. We see that f is Bochner integrable but

1 1
fl(f @O x| dr = [Kx|x")| flg (Ol dt = +o0
0 0
then f is not weakly integrable.
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Example 2. Let f : [0, +00) — § define by

| xg(® if0<t<1
f(t)—{ 0 ift> 1 (2.21)

where x € §; then f is Bochner integrable but not weakly integrable.

Example 3. Let be x : R — R the function defined by x(s) = 1 for all s € R, then x € leoc (R). We define the semi-norms
on L2 (R) by,
el = [ P ds
By

loc
where {Bi}ien IS a sequence of bounded closed subset of R such that By C Byy1 and UpenBr = R. We take By =
[—22k’1,22k’{\], then |By| = 22, Let f : [1,+00) — L2 (R) define by

loc

1
f@®= t—zx"

+00

then we have f Kf(OIx*)| dt = [(x|x*)| for all x* € (L2 ,(R))* and fOO(f(t)Ix*) dt = (x|x*) for all x* € (L2
1 1

loc lo

(), then f

is weakly integrable but it is not Bochner integrable,

+00 F® 400 9
_ [FCOI
lf lfOlp dt = lf g] Tt 4

+
3

1
™
2]~

—_

f IF @l
/ (1+1F Il
1

1l
MEIME Tag
a
N

12l
P—‘%
—
ET@
—
QU
~

1
5 — arctan
£ - arcan )|

= Y T _arctan (%) = +o0
&8 ~aretn ()
We have the same results if we choose By such that l}cm inf % > 2.
—+00 <
Theorem 3. Let f,, : [ — & be Bochner integrable functions. If
lim f, (1) = f () (2.22)
exists a.e. and if there exists an integrable function g : I — R such that
IfnDlz < g() ae foralln €N, (2.23)
then f is Bochner integrable and
lim | f, () dt= ff(t) dt. (2.24)
1 1
Moreover,
lim flfn ) = f®ly dt = 0. (2.25)
I

Proof. The function f is Bochner integrable since it is measurable and since |f]5 is integrable (because |f|; < g a.e.).

We define
hy () = |f (D) = fu D5 (2.26)

for t € I. Since |h, (D|z < 2g (¢) and h, (t) — 0 a.e., the scalar dominated convergence theorem implies that

1Lm flf,, ® - fOly dt=0. (2.27)
1
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n ffn(t) dt—ff(t) dt
1 1

By (2.27) we have

=0. (2.28)

lim
n—

&

3. L5 (¥, R)-Weakly Integrable and &sL? (I, §) Spaces

To study the various relationships among the weak integral, definition (14) and the integral in Bochner sense, definition
(15), we introduce a particular class of linear and continuous functionals. Then we will give a new definition of "weak”
integral related to this class of linear and continuous functionals.

Definition 16. Let § be a complex Fréchet space, then

le Lp(§,R) (3.1)
if L is linear and there exists a constant C; such that
LX) < Crlxly Vxeg. (3.2)
Remark 6. 0 € L3 (§,R) 0.
Remark 7. L3 (F,R) ¢ L(F,R).

Definition 17. Since |x|z < 1 for all x € § we get |l (x)| < C; for all x € § and we define

] gpz.r) = sup{ll ()]} (3.3)

xeF

Proposition 1. Let & be a complex Fréchet space; then ||y, r) is a quasi-norm and (LB (&, R), | LB(S’,R)) is a quasi-
normed metric space.

Definition 18. Let & a complex Fréchet space, I an interval in R and Lp (&, R) # {0}). Let f : [ — § weakly measurable.
sz(Tr.R)
We say that f is Lg(§, R)-weakly integrable if exists f f () dt € § such that
1

.
Wrg@R)

f D) dr=< f £ dr|x*> V' € L35, R) (3.4)
I I

and the function (f (t) |x*) is Lebesgue integrable Vx* € Lg (¥, R), i.e.,

f (F O] df < +00 Ya* € L3 (FR). (3.5
I

Remark 8. If f € L' (I, §); then f is L (§, R)-weakly integrable.
Remark 9. If f is weakly integrable; then f is Lp (&, R)-weakly integrable.

As a further comment we observe that it is possible to introduce other functional classes that have some connection with
the integration.

Definition 19. Let {||-||};>; be the the family of semi-norms that induces the topology on & and f : I — & a Bochner
measurable function; for 1 < p < oo and for all k > 1, we define

1

W lerraz) = [fllf(t)ll,’: dt] (3.6)
1

and
LY(1,®) = (f : 1 > §s.t. f is B-measurable and ||fllg 15 < - (3.7)
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Definition 20. We define
Ll (1,F) = [\ L (U F). (3.8)

k>1

Definition 21. Let f € FsLP (I, §); we define

1l Lo
Fyswam = D —— (3.9)
v i1 2k (1 + ”f”k,Ll’(l,‘l}))

Theorem 4. Sia 1 < p < oo; then |30 ) Si a quasi-norm and (Lp %), |-|%5.U(,,2~5.)) is a metric space.

As a final observation we can say that here the considered spaces of Fréchet show a wide range of possible definition-
s of integral, each of which has interesting peculiarity. Substantially we will use the definition (14) but as shown in
immediately the following proposition sometimes we will use the possible relationschip with (14), (15) and (18).

Definition 22. Let § and ® be a complex Fréchet space, then
le Lp(3,0) (3.10)
if Lis linear and there exists a constant C; such that
(Ol < Crlxly Vxe. (3.11)
Remark 10. 0 € Lz (F, ®) # 0.
Remark 11. L3 (§, ®) ¢ L(F, ©).

Definition 23. Since |x|z < 1 for all x € § we get || (x)|s < C; for all x € F and we define

I £p36) = sug{ll(x)laa}- (3.12)
XEN

Remark 12. Let & = § X §, with |(x, )l = |xlg + Yz, and n : & — § defined by
m((x,y) =x

or by
n((xy) =y
then € Lp(F, ®).

Proposition 2. Let T € L5 (§, ®) be a linear continuous operator between the Fréchet spaces § and ®. Let f : [ > §
be a Bochner integrable function; then T o f : I — ® defined by

Tof()=T((®)
Tff(t) dt:fT(f(t))dt.
1 1

fIT(f(t))l@ dt < fCT If Dl dt
1

1

is Bochner integrable and

Proof. Since

then 7' o f : I — & is Bochner integrable. Moreover

ff(t)dt=8—l}imfgh(t)dt
1 1

T[fgh o dz]=fT(gh ) dr

1 1

and
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since T € L (F, ®) we have
T(ff(t) dt] =6 - lim T(fgh(t) dt)
I -\
=6 —,}Lrgolfr(gh (1) dt

and
fIT(f(t)) =T (gn (M)l dt < fCT If () = gn (Dl dt;
I 1
then
G- ]}i_{ng(gh (1) dt = fT(f(t)) dt
1 1
and

T[,ff(t) dt]sz(f(t))dt.

1
[m]

Proposition 3. Let A : D (A) — § be a closed linear operator on §. Let f : I — § be a Bochner integrable function such
that f(t) e D(A) forallte Il and Ao f : I — & is Bochner integrable; then ff(t) dt € D (A) and
1

Aff(t) dt:fA(f(t))dt.
1 1

Proof. Let’s take & X & with the quasi-norm

16 Mlgxy = 1xlg + 5 -

The graph G (A) of A is a closed subspace of & X §. Define g: I — G(A) C § X & by

g0 = ®,AF )

then

f 1§ Dl di = f Ol di + f A @)l di < +oo.
1 1 1

By theorem (2) g is Bochner integrable, moreover

fg(t) dte G(A)

1

and applying proposition (2) to the two projection maps of § X § onto & shows that

fg(t) dt={ff(t) dt,fA(f(t)) dt],
I

I I

this give the result. o

4. Laplace’s Integrals on Fréchet Spaces
Definition 24. Let § a Fréchet space and f € L} ([0, +00), F); then

loc

+00

F= | ef@ar= lim f e MF (1) dt 4.1
0

0

is the Laplace integral of f.
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Definition 25. Let § a Fréchet space, f € L' ([0, +0), ) and fthe Laplace integral of f; then

loc

abs(f) = inf {Re {A} : f () exists) 4.2)

is the abscissa of convergence of ]T

Proposition 4. Let § a Fréchet space and f € L' ([0,+00),J); then the Laplace integral of f, f (1), converge if

loc

RA{A} > abs (f) and not converge if Re {1} < abs (f).

Proof. f(/l) does not exist if Re {1} < abs (f).
Let Ap € C and abs (f) < Redy, define

T

Go(r) = f e f (s) ds; 4.3)
0
if f(/lo) exists then _
[ (o) =& = lim Go(7), (4.4)
and
IGo(D)lz < C1 V1 € [0, +00) ; (4.5)
moreover we have . .
IGo@lk < || Go) = Fao)]|, + [Fao)]|, < 2 (4.6)
for every k € N and 7 — +o0; then
IGo(lle < C3 Y71 € [0, +00), Yk € N. (4.7)
N
Let f e~Y f (s) ds, integration by parts gives
0
f e f(5) ds = e Gy (1) + (A - Ao) f e UGy (s) ds; (4.8)
0 0
and we must proof that
- lim f e f(s) ds (4.9)
T—+00
0

exist if Re {4} > Re {Ap}.

Ly
Let (A — Ag) [ e" %3G (s) ds; then by (4.7)

T

Ly
< 1A= ol [ e RMRADS I Go ()l ds
k o (4.10)

<A = 2| C3 [ Relli=Reldbs gg — 0 for T — +o0, Vk €N,

s

T2
(A=) [ e W3Gy (s) ds

T

if Re {1} > Re {1y}
From (4.10) we have

T +00
F— lim [ (A1) e IG (5) ds = f (A = Ap) e A5G, () ds. 4.11)
0 0
if Re {1} > Re {Ap}; then the (4.11) gives
T +00
fy=g- lim f e M f(s)ds = f (A= A) e 3Gy (s) ds. (4.12)
0 0
O
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Definition 26. For f : [0, +o0) — § the exponential growth bound is given by
w(f) =inf{w e R : {e™"f (1) : 1 2 0} is bounded in F}.

Remark 13. abs (f) < w (f).

Proof. Let A > 0 > w (f) then exist C; > 0 such that
e f@||, < Ck Vr=0,¥keN.

We have

1) 1%}

f eVf () dif| < f e e f ()|, dr
I3 k n

then

%) 15}
e F @) dt|| < Cy f e gr 50

1 k 4l

fort;,t, = +oo and A > o > w (), thus f(xl) =F- lirP fe"“f(s) ds exists and abs (f) < w (f).
T oo()

t

Definition 27. Let F (1) = [ f (s) ds, where f € L}, ([0, +0), &), we define
0

t
& — lim ff(s) ds if the limit exists,
Fo = to+oo o

0 otherwise.
Lemma 1. Let § a Fréchet space and f € LY ([0, +c0), F); then

loc

abs (f) = w(F - Fy).

Proof. (Step 1)
Let abs (f) < +o0, Ay > abs (f),

Go (1) = f e (s) ds
0

and .
§ - lim Go(1) = f e (s) ds = F(do) € B
0

then for all k € N
IGo DIy < Crx Y1 20.
Let abs (f) > 0 then F, = 0 and, for Ay > abs (f), integration by parts gives

t t

fe/lgse—/losf(s) ds = e/lotGO ) _ﬂofe/loé‘GO (s) ds

0 0

then for all k e N
IF (t)|lx < 2Cre™ ¥t >0.

The set {F () e~ : t > 0} is bounded in § and @ (F — F.,) < Ao then @ (F — Fo) < abs (f).
Let abs (f) = O then if F, = 0 the same procedure as above yields @ (F — F) < abs (f).
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IfF.=%— tlim F (¢) then for all k € N ||F (¢) — Fo|| < Cy for all ¢ > 0, thus the set {F (f) — Fo : t > 0} is bounded in &
—+00

and @ (F — Fo) <0 = abs (f).

If abs (f) < 0 choose abs (f) < 4p < 0 then

F(r)—-F(s) = frelf)’f (t) e~ ! dt

= "Gy (r) — €°Gy (s) — A [ €"'Gy (1) dt

and for all k € N
IF (s) = Foolly =

+00
eMGo (s) + Ao [ €"'Go (1) dt

k
< 2Ceh’

for all s > 0; thus the set {(F (1) — Fo)e™' : 1 > 0} is bounded in § and @ (F — F.,) < Ao then @ (F - F.) < abs (f).
(Step 2)

Suppose that @ (F — F,) < +oco and let @ (F — F.) < w; since F is continuous, there exist M; such that |F () — Foll; <
Me"" forall t > 0.

Let @w (F — F») < w < 4, using the fact that F — F, is an antiderivative of f, integration by parts gives

t t

fe‘“f(s) ds=e"(F()— Foo) + Foo + /lfe‘“ (F(s) = Fx) ds

0 0

then f(/l) exists,
FQ) = Fa + AF —F) ()

and abs (f) < w (F — F). O

Remark 14. If w > 0; then the triangle inequality implies that w (F) < w if and only if w (F — Fo) < w. Thus f is
t
Laplace transformable if and only if F (t) = f f (s) ds is exponentially bounded and abs (f) < w & @ (F) < w.
0

Theorem 5. Let f € L} ([0, +00), ¥) with abs (f) < co. Then

loc
A £ () (4.17)

is holomorphic for Re {1} > abs (f) and, for all n € N and Re {1} > abs (f),

+00

™) = f e (=) £ (1) dt (4.18)

0

as an improper Bochner integral.

Proof. Let’s define g, : C — F for every h € N by

gD = | eVf@)dt

o%}

and g j : C — F forevery £, j € N by

J

h
amj D= f (=0 £ () dt.
0

n=1 """

&
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We see that for every k € Nand j > i

lan; O - s |, < é f (@) di

k

Z‘ /lh\ ff(t) dt

k
h‘n

H M\

Fix & > 0 then exists ji . € N such that ||qh,j (A — qn; (xl)“k < gforalli,j> j.then we have

gn () =3 - jl_iﬂo qn,j (D).

The limits exist uniformly for A in a bounded subset of C. By the Weiesrtass convergence theorem, the functions g, are

h
entire and q(’) ) = fe‘/” (=t) f(t) dtforall j=1,2,....
0

Let Ay € C, abs (f) < Redy and

Go(r) = f e (s) ds;
0

f(xlg) exists then _

Fo) =G - lim Go(r)
and

IGo(Mlg < C1 YT €[0,+00);
moreover we have _ _
1Go@l < [[Go@) = Fao)||, + [F )], < €
for every k € Nand 7 — +00; then
IGo(Mly < C5 VY1 €[0,+00), Yk € N.

T2
Let (A = o) [ e"13G (s) ds; then

1

T
< 1A = Ag| [ e ReU=RelDs | Gy ()|, s
k o

T
< |A= 2| C3 fe‘(Rew‘Re““’)s ds > 0 fort— +oo, Yk e N,

T

T2
(A= 2o) [ e 3Gy (s) ds

71

if Re {1} > Re {1y} and we have

T +00
& - lim f (A= Ao) e 213G, (s) ds = f (A= o) e T21G, (s) ds.
0 0

if Re {1} > Re {Ay}. Let fe”l‘”f (s) ds; integration by parts gives
0
- +00
FO=q() = [ e Wiembif (1) di
h
+00
_ _e—(/l—/lo)hGO (h) + (A=) f e—(/l—ﬁo)zGO () dt.

h

It follows that g, converges to f umformly on compact subset of {1 : Re {4} > abs (f)}. By the Weiestrass convergence
theorem, f is holomorphic and q,’”) @-f fm) () as h — +oo, for Re {1} > abs (f). O
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Proposition 5. Let f € L! ([0, +0),F), u € C and s € [0, +0). Let

loc
g =etf()fort >0,
@O =f(s+1)fort >0,
l’ls(t)z{ f([_s)fortZSy

Oforo<t<s.
Let 1 € C; then
g () exists & f(/l + w) exists;  if g (A) exists then'g (1) = f(/l + w).
]7; () exists & ]?(/1) exists; if ;‘; (A) exists then }‘; ) =¥ [f(/l) - f e 1) dt).
0

f’z: () exists & ]?(/1) exists; if }TS () exists then ﬁ; = e‘“f(/l).

Proof. Results follow from the formulae:

T

[etg@dt = f e~ WCHLE (1) dt,
0 0
[etfyde =ev| [elf@di- [ dt],
0 0 0

= e

[ e h (1) dt B [etf@dt (> ).
0 0

O

Proposition 6. Let f € L} ([0,+00), &) and T € L(F); then T o f € L ([0, +00),F). If F(A) exists; then T o f (1)

loc loc

exists and T/o\f =T (f(/l)).

Proof. By proposition (2), T o f € L' ([0, +00), &) and

loc

few (Tof)n)dt= Tfe*l’f () dt. (4.19)
0 0
The second statement follows from (4.19) letting 7 — +o0. O

Proposition 7. Let f € L' ([0, +00), &) and A a closed operator on §,; suppose that f (t) € D(A) for a.e. t € [0, +o0) and

loc

Ao felLl ([0,+00),F). If f (1) and Ao f () exist, then f (1) € D(A) and A o f (1) = A(F).

loc

Proof. By proposition (3),

few Ao dt=A fe‘”’f @) dt. (4.20)
0 0
Since A is closed the second statement follows from (4.20) letting T — +oo. O

Lemma 2. Let a,b > 0, define A, = a+nbande_,, (t) = e, then {e_,, : n € N\{0}} is total in L' ([0, +0)).

Lemma3. Let f € L ([0, +00), &) and abs (f) < +co. Leta > abs (f), b > 0and Let f € L} ([0, +0), &), iff(/ln) =0

loc loc

foralln € N; then f (t) = 0 for a.e. t € [0, +00).

1
Proof. We can assume that a > max {abs (f),0}. Define F () = ff(s) ds, fort > 0; then 0 = f(4,) = A,F (4,) for all
0

n € N. By remark (14) we have a > w (F), thus G () = e"™F (¢) is continuous and ||G (¢)||; < M} for ¢ > 0, moreover we
have G (nb) = F (a + nb) = 0. Let x" € §" we define g.- (1) = (G (1) |x"), then we have g- € L ([0, +00)) = (L' ([0, +0)))
and

(e1gx) = (G (nb)|x") = 0.
Since {¢ : n € N} is a total subset of L! ([0, +0)) then by lemma (2) g,- (1) = O for all # > 0 and x* € §"; this implies
that F (r) = 0 forall > 0 and thus f(f) =0 a.e.. O
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Theorem 6. Let f,g € L' ([0, +0),§) and abs (f),abs(g) < +oo. Let Ay > max {abs (f),abs(g)}, and suppose that

loc

FQ) =T Q) for 1> A then f () = g (¢) for a.e. t € [0, +00).
Proof. The proof follows from lemma (3). ]

Theorem 7. Let f € L} ([0, +00), ), suppose that abs (f) < +co and that t > 0 is a Lebesgue point of f; then

loc

1 [k k+1 k
[ =5~ lim (=¥ il (;) ﬁ“(;) 4.21)

Proof. Let f € L}OC ([0, +00) , &) and max {abs (f),0} < w < +oo. By remark (14) w > @ (F), where F (t) = ff(s) ds.
0

Let > 0 be a Lebesgue point of f, n € N such that n > wt; let

G(s):ff(r)—f(t)dr:F(s)—F(t)—f(t)(s—t) s>t>0.

Since w > @ (F), then the set {¢™*G (s) : s > 0} is bounded in ¥ and there exists a sequence of positive real numbers,
{M}ren» such that [|e™*G (s)||y < M for all s > 0. Since

+00 +o00
+00 +00
fe"tdt = [—e"t] + fe_’ dt = [—e‘t] =1
0 0
0 0
and
+00 +00
+00
f e dt = [—e_’tz]o +2 f eltdt =2
0 0
moreover

+00 +00
+00
fe_’t3 dt = [—e"t3]0 +3 fe"ﬁ dt = 3!
0 0
+00

fe_’t” dt = n!

0

by induction,

if we put = As, where 4 > 0, we have

+00
plas fe_“s” ds =n!
0

1 +0o
/ln+ 3
‘ e Ms"ds =1
n!
0

then

for all A > 0. By theorem (5) we have

+00

7 (1) = f e (=5 £ (5) ds
0
then oo
g s
n! \t t n! \t )
moreover
1+ OO_M )
ro=" fe SF () ds.
0
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put A = 7 we have
+00
1 n n+l _1g g
ro= ()" [errrmas
ni\t
0
Let
1 n+l
L= = (2] (2)-ro
n! \t t
then
+00
1 /n n+1 "
=) [etruo-rm (422)
n!
0
let

G(s)=ff(r)—f(t)dr:F(s)—F(t)—f(t)(s—t) s>t>0;

thus by (4.22) we get

e 0 [1eepoul o e (- oo a]

0

Let’s take [(e‘%“‘s") G (s)]goo; then

(e7°5") G (s) = (e—?ss")ff(r) —f@dr=(e7*s")(F ()= F(t) = f () (s — 1))

moreover, since n > wt, we have
§ - lim (e77°5")G () =0

s§—+00
and
S
1 n+ i,
J, = — (’1) nf‘e_”s"_1 (f - 1)G(s) ds.
n! \t t
0
If £ = u; then

rie

J, =4 (g)”“ n Jrfwe—?ss"—l (f - I)G(s) ds
0

n \7

2 et Lt (32 1)Gos) s

nlt -1

+00

[ ™"t (u—1)G (tu) du.
0

_ nn+2

~ alt

Let € > 0; since ¢ is a Lebesgue point of f, there exists 0 < § < 1 such that

ut
1 1 £
;IIG(ut)IIk = ‘ ;ff(r)—f(t) dri| < 3 lu—1]
t r
if lu—1]<6.
Let’s define
1+6
nn+2
Jip = fe‘””u”" (u—1)G (tu) du
nlt
1-6
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then
” 1+6
[iall, < 5% [ emu™ = 1) du
1-5
+0co
S%‘ f —nu(n+l_2u +ut 1)du
0
en n+2 n+1)! (f’l 1)|
5 P 2nn+l + = )
§ n+l-2n+ n) =%
forall n € Nand n > tw.
Let
1-6
nn+2 )
Joy = m fe’”“u”’ (u—1)G(ur) du;
n!
0

and p; () = e™u""!, then ,o’1 W) = e™u"2 ((n — 1) — nu), therefore if né > 1,i. e. n > %, p'1 () >0in (0,1 —6) and

nn+2

21l

IA

nlt

1-6
f eyl (u—-D|G (tu)“k du
0

1-6
e1=0) (] — g1 f (u = DG (wlly du.

n+2

I/\

1-6
Let’s take a; = f (u— DG (tw)ll; du and b,

n+2

e 179 (1 = 6)""", then

bt (n+1);x+3 e—(n+l)(176)(1_6)nn!
by, nl(n+1) pr+2e-n(-6)(1-g)"!

_ n 1\3 1-s
= o (1 )T

and, since bZ*‘ - (1-0e?<1,then 3 b,, whereny> + 5» converges; therefore b, — 0 for n — +oco and we get
n>ng
1724, <

Let’s define

nn+2 ~

J3, = ~fe_"”u”_1 (-1 G (tu) du;
nlt
1+6

if pp (u) = e”™u™, then p2 () = —me™™y"=1 (y — 1); since u > 1 + & we have p/2 (u) < 01in (1 + 6, +00), therefore p, (u)

is decreasing on (1 + 6, +o00) forall m € N, m > 1. Let’s take ng > wt, n > nyg, then

Mall, = [/22 T eommmpmmgmnmmt (4~ 1) G () du
1+6 k
+00
< M2 p=(=n)(146) (] 4 gyr=no [ e um=t (u— DG ()l du
146
+00
< ;::’7 —(n—np)(1+6) (l + 6))1 no f oMot 0= l(u _ 1)Mkewtu du.
1+6
N +00
Let’s define d, e~ =m)1+0) (1 4 5y and Cnpk = f ey~ (i — 1) Mye"™ du, we get
1+6

”JS’"Hk < C"U,kdn-

Since

; 1 n+2
dd“ = (1 + -) e (1 +6)
n n
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then dfi_H — e79(1+6) < 1, moreover Y, d, converges and we obtain d, — 0 for n — +oo0 and

n>ng
o), < .
e k — 3
Since
]n = Jl,n + JZ,n + ]3,n
we get
1/ally — O
for n — +oo, for all k € N; then
- lim J,=0
n—+oo
and : n
5= Jim = (2) A (%)= ro.
n—+co n!' \ ¢t t
O
5. The FsLipg ([0, +o0), F) Space and the Lz (X, §) Space
Let & a Fréchet space and f : [0, +00) — &, we define
If () = f(s)l5
[flo.1z = sup {— (5.1)
>s5>0 |[ - S|
then
Lipo (10, +00), §) = {f : [0,+00) = §F : £(0) =0, [f]y, 5 < +oo} (5.2)
Proposition 8. [-] 5 is a quasi-norm.
Proposition 9. (Lipo ([0, +0), &), [-]0’13) is a quasi-normed metric space.
We define If - £
1) — s
[Flo.1x = sup {—k} (5.3)
t>5>0 |t — s
and
FsLipo (10,+00), F) = £ 1 10, +00) > F 1 £(0) = 0. [flo 1z < +o0 VK eN]J. (5.4)
Proposition 10. [-]y, are semi-norms.
Proposition 11. The function define by
= (o1 .
15 sLipo(t0,+00)3) = Z Y f € §sLipg ([0, +00), F) (5.5)

im0 2 (1 + [f]o,1,k)

is a qusi-norm.

Proposition 12. (‘{?sLipo ([0, +00), &), |'|35L5p0([o,+oo),g)) is a quasi-normed metric space.

Let § a Fréchet space, X a Banach space and f : X — & a linear continuous operator; then for all k € N there exists
Cy > 0 such that
If Ollgs < Crellxlly  YxeX. (5.6)

Definition 28. Let § a Fréchet space, X a Banach space and f € L(X, &) we define

Il goegx = sup {If (Olly i) (5.7)
(s
and
- 111 x5
Iflexs = Z (5.8)

2 (14 1l o)
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Proposition 13. ||-|| zx.5)x are semi-norms and || px ) is a quasi-norm.

Proposition 14. (.E(X, INE L(X,E)) is a quasi-normed complete metric space.

Proof. Let{T,},eny C L(X, &) be a Cauchy sequence.

Fixn>0and e < then there exists n. € N such that for all n,m > n,

_n
2k(1+n)
|Tn - TmlL(X,‘S') <eg

and
T = Toll pxyx < M-

{||T,,|| 'E(X’g')’k}neN c R is a Cauchy sequence, then is bounded; moreover
Tnx = Tnxlle < 1w — Tl £ox, 5.4 11X 1x
then {T,x},en C & is a Cauchy sequence in § and there exists y € & such that T,,x — y for n — +o0. Let’s define
T:X->g

by

Since
ITwxllie < W Tull pox, gk 1Xllx < Cr lixllx

by theorem (2.1) and corollary (2.1) of [19], we have T € L(X, &).

Let’s consider
ITwx — Tnxlle <7llxlly VYn,m>ny,

then, since 7,,x — Tx,
IThx = Txlly <qlixllx VYn>ny,

and we have
T = Tllgxmx <1

then T,, — T in (.E(X, 3), |'|L(X,Ts)) forn — +co.

(5.9)

(5.10)

.11

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

]

Definition 29. Letr & a Fréchet space, X a Banach space and f : X — & a linear operator; f is bounded if exists a real

costant K such that
If Oz < Klxlly VxeX.

(5.18)

Lemma 4. Let & a Fréchet space, X a Banach space and f : X — & a linear operator, if it is bounded then it is

continuous.

Proposition 15. Let § a Fréchet space and X a Banach space; then

1. Lpg(X, &) ={f: X - &: fislinear and bounded} C L(X, §¥);

2. |flpyx = Sup {lf (x)Ig} is a quasi-norm;
eX

Il <1
3. (LB X3, LB(X,&)) is a quasi-normed, complete metric space.

Proof. Let {T,},en C Lp(X, &) be a Cauchy sequence.

Let’s fix € > 0 and x € X; then
|Tyx — me|g» <IT, - Tm|.£5(X,8) ”x”X <€ ”x”X

for all n,m > n, € N.
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By (5.19) we have that {T,x},y C & is a Cauchy sequence and there exists y € & such that T,x — y for n — +oo. Let’s
define

T:X—F (5.20)

by

Tx=7. (5.21)

We see that T is linear and that |T,| ;x5 < C for all n € N because {IT,,I -CB(X»E)}neN C Ris a Cauchy sequence; by theorem

(2.1) and corollary (2.1) of [19] we obtain that T € L(X, ). Let’s consider |Tx|5 then

ITxlg < |Twx—Txlg + |Thxls

2 zi :;erf(x,m [Ixllx (5:22)
<e+Clxllx
and for & | 0 we have |T'x|5 < C||x|[x. By (5.22) we obtain
|Tx — Txlg < ellxlly (5.23)
for all n > n,; then T, — T in (L5 (X. §). [ 2,05 ) o

6. A Real Representation Theorem (I)
Theorem 8. There exists a unique isomorphism ®g : F +— T from Lipg ([0, +00), &) onto Lp (L1 ([0, +00),C), %}) such

that
Trxion = F () (6.1)
forallt > 0and F € Lipy ([0, +0), &). Moreover,
t +00
Trg = tEfggofg(S) dF (s) = fg(S) dF (s) (6.2)
0 0

for all continuous functions g € L' ([0, +0), C).

Proof. (Step 1). Let D = span{x|o, : t > 0}; it is dense in L' ([0, +c0),C), moreover Y f € D exists a unique representa-
tion,

f= Z QX [t1,1) (6.3)
i=1

where 0 =1y <t; <..<t,=tand o; € C.

Let F € Lip[R, &) NC* R, F); we define Tr : D — & by
Tr (f) = Tr [Z a,x[l,._,,,,q] = > @i (F(t) - F(t1); (6:4)
i=1 i=1
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then

=

a; (F(t) - F(ti1))

i=1

ITe (Ply =

5
< Ylai (F (6) = F (i)l

=

Il
M=

1
a; fF/ (s) ds

i

5
t
& eyl F' (s) ds

Javil
tiq

I
M=

~

&

=

ti
[ lail F' (s) ds

Fi-1

1l
—_

ailt;
f F (i) ds

il

Il
™M=

1

n lailt

ilti-) ¥
s
<X [ 1F ()
= ailti-y

n
< 21 ;| (¢ = tie D 1 F lLiper.55)
P

= 1l (0,400).0) 1F llLipe.5)

ds

3

Let F € Lipy ([0, +00) , &) then we define

ift>0

=) FO
F(’)‘{o ifr<0

and we haveF € Lip (R, ¥) and

”F”Lz‘p(]R,?y) < ||F||Lip0([0,+oo),z“?)'

Let o, * F € C* (R, &) then

(gn*ﬁ(x)—(gn*ﬁ)(y){F =‘fmx—s)F(s)ds—fgn(y—sﬁ(s)ds
R R

F

= Lf Qn(s)[F(x—s)—f(y—s)] ds

1(0)
" F
<n [ |Fa-9-Fo-9]|, ds
B1(0) B B
~iooin [ Tl

B (0)

<2x-yl ”F||Lip(R,8~)
< 21x = YUIF N Lipg(10,400).5) -

By (6.7) and (6.8) we have
o+ F € Lip®R, %) N C” (R, F)

and

T 7P, < Wlgoreo o Flyes
< 212 0.400).0) 1 Nl Lipo(10,+00).5) -

We proof that for every x € R

|Q,, x F (x) — F(x)|g — 0 forn — +oo.
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Letx e R
lon * F() - F ()|, = ‘ng (x=9)[F ()~ F ()] ds

=)

5
0, () [f (x—s)— f(x)”% ds

B%(O)
_ (ns) [ ol
_B}{O) nm [F(x— 5) — F(x)] : ds
(s)
< | el 7] o

then by the scalar dominated convergenge theorem we have (6.11), moreover

™M=

T,w(D-Tr (| =

(o * F (1) = 00 F 1) = 3 0 (F 6) = F (1))
i= 5

[§

M=

@i (o0 * F (t) = F (1) = 0 * F (t-1) + F (1:-1))

¥
x{Llail} [[on * F (1) = F (1| + |ow * F (ti-0) = F (t-1)] ]

'M=

<

then Tg,,*F (f)—Tr(f) 5 — O forn — +oco and

Jim |7, 2P|, = 1Tr (D
By (6.11) and (6.12), if f € D, we have

ITe (Pl = Jim|T, 7 (O], < 200 s, IFlhiputoeon -

(Step 2). Conversely, if T € Lp (L1 ([0, +00), C), ‘&) we define
F@) =Txpy Vt= 0.
We proof that F' € Lipy ([0, +c0), §); by (6.14) we obtain F(0) = T(0) = 0; let t > s > 0, then

IF(t) = F(s)lz < |Txt00 — Txo. s>|<§
|T (X10.0 = X10. s))l
IT ()([S f))|<&

STl gy(210.4000.0).5) ”/\’[”)”Ll ([0,400).C)
=Tl £y q0.+000.00.5) € =

F € Lipy ([0, +0) , &) and
I Lipo (10,4005 < N1l £(2110.400).0).5) -

We proof that Tr = T’; let f € D then

Tr(f) = (Z alX[tlltz)
a;

(F (t;) = F (ti-1))

Il
™M=

—_

l
—Z ai (Txj00) = Tx104.1))
&

=2 l(T/\/[[i,ti—l))

i=1
n

xa QX184 ))

i=1

=T (),

sl

N I

~
—
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then T = Tr on D; but D is dende in L' ([0, +00);C) then T = Tr. If T = T we have G = F.

Let g € L' ([0, +0); C) N C ([0, +00); C), F € Lipy ([0, +00), ¥) and ¢ > 0; if IT denote a finite partition 0 = £y < #; <
... <t, = tof [0, ] with partitioning points #; and with some intermediate points s; € [t;,_1, t;], for i = 1, ..., n, we denote by
I = 'r_r}ax {(t; — t,_1)} the norm of II, then we have

fH = Zg(sl’))([f,;l,li) € D (6.18)
i=1

and

Tr(fm) =Tr (il g(Si)X[t,-_l,t,-))

i=

n 6.19
= 3 80 (F () = F 1)) (019
=S (g, F,ID).
We proof that fi1 — gxjo, in L' ([0, +c0) ; C) for [TT] — 0
n r n
2 80X 110 — &X100) = [12 8(siWi11a) () = 8 () X100 (9)| ds
i=1 L([0,+00):C) Ot i=1
= /1 . (8(50) =8 (D) Xtira) (9)] ds (6.20)
0 =
4 n
<[ ] lg(si) — & ()| X110 (5) ds
0 i=
then by the Cantor’s theorem we have
> 810 — 810 =0 6:21)
i=1 L1([0,400);C)
if [TI| — 0. By (6.19) and (6.21) we obtain
1
Tr (exon) = [ 8) dF(5) (6:22)
0
then for t — +o0, since gyjo.,) — g in L' ([0, +o0); C),
+00
Tr(g) = f g (s) dF(s). (6.23)
0
[m]
Proposition 16. (Lipo ([0, +c0), &), |'|Lip0([o,+oo),g)) is a quasi-normed, complete metric space.
Proof. By theorem (8) and proposition (15). O

7. A Real Representation Theorem (II)

Theorem 9. There exists a unique isometric isomorphism ®g : F +— T from §sLipg ([0, +o0), &) onto L (L1 ([0, +00),C), %)
such that

Trxi0. = F () (7.1)
forallt >0 and F € §sLipg ([0, +00), &). Moreover,
t 400
Trg= tgggofg(S) dF (s) = fg(S) dF (s) (7.2)
0 0

for all continuous functions g € L' ([0, +0), C).

139



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 11, No. 1; 2019

Proof. (Step 1). Let D = span {xjo : t > 0}; it is dense in L' ([0, +00), C), moreover Y f € D exists a unique representa-
tion,

f = Z QX [11,1) (73)
i=1

where0 =ty <4 <..<t,=tand o; € C.

Let F € &sLipo ([0. + o), F); we define T : D — & by

Tr(f) = Tr (Z a,«x[,,.,,,i)] = > @ (F ) - F(t1); (7.4)
i=1 i=1
then
ITr (Pl = iai (F (1)~ F (t1-1))
= k

< i @ |IF (&) = F (t)lle (7.5)

< LlpOk(F) Z a; (tl = ti- 1)
= Lipox (F) ||f||L1([o +00),C)*

Let f € L' ([0, +00),C) and & > O there exists g.x € D such that ||f — 8l o0 0) < by (4.5) for all k € N we

, , TPy
have ||Tr (f — g)ll, < &, Tr has a unique extension and

ITF (Ol < Lipok (F). (7.6)
Let

@5 : FsLipo ([0, +00), F) — L(L' ([0,+00),C), F) (7.7)

defined by F +— Tp; then @y is linear and ||®s (F)||, < Lipox (F) for all k € N.
(Step 2). Conversely, if T € £ (L' ([0, +c0), C), ‘?) we define

F@) = T/\/[()’,) vVt > 0. (7.8)

We proof that F € FsLipg ([0, +c0), F). By (7.8) F(0) = T(0) =0 and if > s > 0 we have

IF(®) = Flle = ||Txi00 — Txo.),
= [Txesll,

< I (Dol s 00
<|ITl (¢ — 5)

(7.9)

and
Lipoy (F) < ||Tl - (7.10)

Let f € D then
Te(f) =Tr (i XXy 1) )
= Z a; (F (tz) F(tz l))

:H

= ; @i (Tx10.) — Tx104:.1))

= ) (TX[fA ti- 1))

Z @iX (14, o)

i=1

=T(f),
then T = Tr on D; but D is dense in L' ([0, +o0); C) then T = T and if T = T we have G = F.

(7.11)

:T

~
—
=
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Let g € L' ([0, +00);C) N C ([0, +0); C), F € FsLip ([0, +0), F) and ¢ > 0; if IT denote a finite partition 0 = £y < #; <
... < t, = tof [0, ] with partitioning points #; and with some intermediate points s; € [t,_1, ], for i = 1, ..., n, we denote by
[T = Ar_t}ax {(t; — t;_1)} the norm of I1, then we have

fi=) &(siu .y €D (7.12)
i=1

and

Tr(fm) =Tr (i g(si))([tilsfi))

d 7.13
= 3 85 (F (1) = F 11-1) (7-13)
=S (g, F,1).
We proof that fi1 — gx|o, in L' ([0, +c0) ; C) for [TT] — 0
n r n
3 80X 1h-10) — &X100) = [12 8(sWi11a) () = 8 () X100 (9)| ds
=1 LI([0,+00);C) 0 =1
= [|Z (8(s) = 8 (Dt ()] ds (7.14)
0 =
L n
<[ ] lg(si) — 8 ()| X110 (5) ds
0 i=
then by the Cantor’s theorem we have
> 810 — 810 =0 (7.15)
=1 L}([0,+00):0)
if [IT] — 0. By (7.15)
t
Tr (8x10.) = f g (s) dF(s) (7.16)
0
then for t — +o0, since g0,y — g in L ([0, +0); C),
+00
Tr(9) = fg(s) dF(s). (7.17)
0
O

Proposition 17. (‘&sLi P0 ([0, +00), &), |'|55Lipo(r0, +m)’g.)) is a quasi-normed, complete metric space and Lipg ([0, +o0) , &) C
§sLipo ([0, +00), F).

Proof. By theorem (9) and proposition (14). [
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