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Abstract

In this paper, the SBA method is used to construct the solution of the nonlinear partial differential equations.
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1. Introduction

The nonlinear problem play a significant role in many diverse areas of science and technology. Many problem are gou-
verned by partial differential equations, or by systems of partial differential equations. It is difficult to find their exact
solutions. In this paper, we use the Some Blaise Abbo (SBA) method (Abbaoui. K and Cherruault. Y (1999); Abbaout. K
and Cherruault. Y .(1995); Abbo Bakari (2007); Bonazebi Yindoula J., Pare Youssouf, Bissanga Gabriel, Bassono Francis
and Some Blaise, (2014); Pare Youssouf, (2010); Pare Youssouf, Yaro Rasmane, Elysee Gouba and Blaise Some,(2012))to
find the exact solution of some wave-like equations with variable coefficients ( Ghoreishi, M., Ismail, A. I. B. and Ali, N.
H. M. (2010); V.G.Gupta, Sumit Gupta (2013)) and a system of partial differential equations (Ghoreishi, M., Ismail, A. I.
B. and Ali, N. H. M. (2010); Wazwaz, A.M.,(2002)). These equation have been studied in ( Ghoreishi, M., Ismail, A. I. B.
and Ali, N. H. M. (2010)) is (V.G.Gupta, Sumit Gupta (2013)), one used the homotopy perturbation to get the approached
solution for the wave-like equations and the exact solution for the system of partial differntial equations.

2. About the SBA Method

Let’s consider the following fonctional equation
Au = f (1)

Where A : H −→ H, is a linear or nonlinear operator and H is a Hilbert space.

Let’s suppose that we can decompose the nonlinear in following form :

A = L − R − N (2)

Where L + R is linear ,N nonlinear, L is an inversible in the Adomian sense.

Equation (1) therefore becomes :

Lu − Ru − Nu = f ⇐⇒ u = θ + L−1( f ) + L−1(Ru) + L−1(Nu) (3)

Where θ is such that Lθ = 0. Equation (3) is the Adomian canonical form (ABBAOUI. K and CHERRUAULT. Y .(1995)).

Using the successive approximations (ABBO BAKARI (2007)), we get

uk = θk + L−1( f k) + L−1(Ruk) + L−1(Nuk−1); k > 1 (4)

This vields the following Adomian algorithm:
uk

0 = θk + L−1( f k) + L−1(N(uk−1)); k ≥ 1

uk
n = L−1(Ruk

n−1); n ≥ 1
(5)
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If the series
+∞∑
n=0

uk
n(x, t)

converges, then

uk =

+∞∑
n=0

uk
n(x, t) (6)

, therefore

u = lim
k→+∞

uk
n (7)

is the solution of the equation (1).

3. Numerical Applications

Example 1

Consider the following nonlinear wave-like equation with variable coefficients(Ghoreishi, M., Ismail, A. I. B. and Ali, N.
H. M. (2010))



∂2u(x, t)
∂t2 = N(u(x, t)) − u(x, t), 0 < x < 1, t > 0

u(x, 0) = 0

ut(x, 0) = x2

(8)

With

N(u(x, t)) = x2 ∂

∂x
(uxuxx) − x2(u2

xx) (9)

From (8) we obtain the following canonical Adomian form :

u(x, t) = x2t +
∫ t

0

(∫ s

0
N(u(x, z))dz

)
ds −

∫ t

0

(∫ s

0
u(x, z)dz

)
ds (10)

Let us applay to (10) the method of the successive approximations, one obtains

u(x, t) = x2t + Ñ(uk−1) −
∫ t

0

(∫ s

0
u(x, z)dz

)
ds (11)

Where

Ñ(uk−1) =
∫ t

0

(∫ s

0
N(uk−1(x, z))dz

)
ds (12)

From (11), we have the following algorithm of Adomian:


uk

0 = x2t + Ñ(uk−1); k ≥ 1

uk
n = −

∫ t
0

(∫ s
0 uk

n−1(x, z)dz
)

ds; n ≥ 1
(13)

First step

For k = 1, we take u0(x, t) = 0 and we obtain Ñ(u0) = 0.
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From(13), we have 

u1
0 = x2t

u1
1 = (−1)1 t3

3!
x2

u1
2 = (−1)2 t5

5!
x2

u1
3 = (−1)3 t7

7!
x2

.

.

.

u1
n = (−1)n t2n+1

(2n + 1)!
x2

(14)

Thus the exact solution to the first step is

u1(x, t) =
∞∑

n=0

u1
n = x2

 ∞∑
n=0

(−1)n t2n+1

(2n + 1)!

 = x2sint (15)

Second step

For k = 2, we have 
Ñ(u1(x, t)) =

∫ t
0

(∫ s
0

(
x2 ∂

∂x
(u1

xu1
xx) − x2(u1

xx)2
)

dz
)

ds

=
∫ t

0

(∫ s
0 (4x2sin2z − 4x2sin2z)dz

)
ds = 0

(16)

From (13), we obtain



u2
0 = x2t

u2
1 = (−1)1 t3

3!
x2

u2
2 = (−1)2 t5

5!
x2

u2
3 = (−1)3 t7

7!
x2

.

.

.

u2
n = (−1)n t2n+1

(2n + 1)!
x2

(17)

and

u2(x, t) =
∞∑

n=0

u2
n = x2

 ∞∑
n=0

(−1)n t2n+1

(2n + 1)!

 = x2sint (18)

From wich, we obtain
uk(x, t) = x2sint (19)
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From wich, we obtain
uk(x, t) = lim

k→+∞
uk

n = x2sint (20)

Example 2 Consider the following two dimensional nonlinear wave-like equation with variable coefficients ( Ghoreishi,
M., Ismail, A. I. B. and Ali, N. H. M. (2010))

∂2u(x, y, t)
∂t2 = N(u(x, y, t)) − u(x, y, t), 0 < x < 1, t > 0

u(x, y, 0) = exy

ut(x, y, 0) = exy

(21)

With

N(u(x, y, t)) =
∂2

∂x∂y
(uxxuyy) − ∂2

∂x∂y
(xyuxuy) (22)

From(21) we obtain the following canonical Adomian form

u(x, y, t) = exy + texy +

∫ t

0

(∫ s

0
N(u(x, y, z))dz

)
ds −

∫ t

0

(∫ s

0
u(x, y, z)dz

)
ds (23)

From(23), the successive approximations give us

uk(x, y, t) = exy + texy + Ñ(uk−1(x, y, z)) −
∫ t

0

(∫ s

0
uk(x, y, z)dz

)
ds (24)

Where

Ñ(uk−1(x, y, z)) =
∫ t

0

(∫ s

0
N(uk−1(x, y, z))dz

)
ds (25)

From (24) we have the following algorithm of Adomian:
uk

0 = exy + texy + Ñ(uk−1(x, y, z)), , k > 1

uk
n+1 = −

∫ t
0

(∫ s
0 uk

n(x, y, z)dz
)

ds , n > 0
(26)

Let us apply to (26), the principle of picardy, we remark that u0(x, y, t) = 0 is a root of the Ñ(u0(x, y, z)) = 0
And for k = 1, we obtain : 

u1
0 = exy + texy

u1
1 = exy(− t2

2!
− t3

3!
)

u1
2 = exy(

t4

4!
+

t5

5!
)

u1
3 = exy(− t6

6!
− t7

7!
)

.

.

.

u1
n = exy

[
(−1)n t2n

(2n)!
+ (−1)n t2n+1

(2n + 1)!

]

(27)

let’s put

φm(x, y, t) =
m−1∑
n=0

u1
n(x, y, t) = exy

([
(−1)n t2n

(2n)!
+ (−1)n t2n+1

(2n + 1)!

])
(28)
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From (28), we obtain the exact solution to the first step :

u1(x, y, t) = lim
m→+∞

φm(x, y, t) = exy(cost + sint) (29)

Second step

For k = 2, we have:

N(u1(x, y, t)) = (cost + sint)2 ∂2

∂x∂y

[(
∂2(exy)
∂x2

) (
∂2(exy)
∂y2

)]
− (cost + sint)2 ∂2

∂x∂y

[
(xy)

(
∂(exy)
∂x

) (
∂(exy)
∂y

)]

= 2(cost + sint)2xye2xy(2x2y2 + 5xy + 2) − 2(cost + sint)2xye2xy(2x2y2 + 5xy + 2) = 0 (30)

⇒ Ñ(u1(x, y, z)) =
∫ t

0

(∫ s

0
N(u1(x, y, z))dz

)
ds = 0

From(24), we obtain : 

u2
0 = exy + texy

u2
1 = exy(− t2

2!
− t3

3!
)

u2
2 = exy(

t4

4!
+

t5

5!
)

u2
3 = exy(− t6

6!
− t7

7!
)

.

.

.

u2
n = exy

[
(−1)n t2n

(2n)!
+ (−1)n t2n+1

(2n + 1)!

]

(31)

then

φm(x, y, t) =
m−1∑
n=0

u2
n(x, y, t) = exy

m−1∑
n=0

[
(−1)n t2n

(2n)!
+ (−1)n t2n+1

(2n + 1)!

] (32)

And the solution to the second step is

u2(x, y, t) = lim
m→+∞

φm(x, y, t) = exy(cost + sint) (33)

While using the same procedure for k > 3, the solution to the k step is

uk(x, y, t) = lim
m→+∞

φm(x, y, t) = exy(cost + sint) (34)

So the exact solution of example 2 is:

u(x, y, t) = lim
k→+∞

uk(x, y, t) = exy(cost + sint) (35)

Example 3

Consider the following nonlinear system of partial differential equation (wazwaz, A.M., (2002)):
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ut(x, y, t) + vx(x, y, t)wy(x, y, t) − vy(x, y, t)wx(x, y, t) = −u(x, y, t)

vt(x, y, t) + wx(x, y, t)uy(x, y, t) + wy(x, y, t)ux(x, y, t) = v(x, y, t)

wt(x, y, t) + ux(x, y, t)vy(x, y, t) + uy(x, y, t)vx(x, y, t) = z(x, y, t)

u(x, y, 0) = ex+y

v(x, y, 0) = ex−y

w(x, y, 0) = e−x+y

(36)

let’s put 

N1(v(x, y, t),w(x, y, t)) = −vx(x, y, t)wy(x, y, t) + vy(x, y, t)wx(x, y, t)

N2(u(x, y, t),w(x, y, t)) = −wx(x, y, t)uy(x, y, t) − wy(x, y, t)ux(x, y, t)

N3(u(x, y, t), v(x, y, t)) = −ux(x, y, t)vy(x, y, t) − uy(x, y, t)vx(x, y, t)

(37)

From (36), we have 

u(x, y, t) = u(x, y, 0) −
∫ t

0 u(x, y, s)ds +
∫ t

0 N1(v(x, y, s),w(x, y, s))ds

v(x, y, t) = v(x, y, 0) −
∫ t

0 v(x, y, s)ds +
∫ t

0 N2(u(x, y, s),w(x, y, s))ds

w(x, y, t) = w(x, y, 0) −
∫ t

0 w(x, y, s)ds +
∫ t

0 N3(u(x, y, s), v(x, y, s))ds

(38)

For every k > 1 we get uk
n(x, y, t) for n > 0, through the following SBA algorithm

uk
0 = ex−y + Ñ1(vk−1,wk−1)

uk
n = −

∫ t
0 uk

n−1(x, y, s)ds
(39)


vk

0 = ex−y + Ñ2(uk−1,wk−1)

vk
n = −

∫ t
0 vk

n−1(x, y, s)ds
(40)


wk

0 = ex−y + Ñ3(uk−1, vk−1)

wk
n = −

∫ t
0 uk

n−1(x, y, s)ds
(41)

With 

Ñ1(vk−1,wk−1) =
∫ t

0 N1(vk−1(x, y, s),wk−1(x, y, s))ds

Ñ2(uk−1,wk−1) =
∫ t

0 N2(uk−1(x, y, s),wk−1(x, y, s))ds

Ñ3(uk−1, vk−1) =
∫ t

0 N3(uk−1(x, y, s), vk−1(x, y, s))ds

(42)
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For k = 1,

Choosing u0 = 0, v0 = 0, w0 = 0, we have Ñ1(v0,w0) = Ñ2(u0,w0) = Ñ3(u0, v0) = 0,

From (39,40,41),we obtain



u1
0 = ex+y

u1
1 = −tex+y

u1
2 =

t2

2!
ex+y

u1
3 = − t3

3!
ex+y

.

.

.

u1
n =

(−1)ntn

n!
ex+y

(43)



v1
0 = ex−y

v1
1 = tex−y

v1
2 =

t2

2
ex−y

v1
3 =

t3

3!
t2

2
ex−y

.

.

.

v1
n =

tn

n!
ex−y

(44)



w1
0 = e−x+y

w1
1 = te−x+y

w1
2 =

t2

2
e−x+y

w1
3 =

t3

3!
t2

2
e−x+y

.

.

.

w1
n =

tn

n!
e−x+y

(45)

Thus



φ1
m =

∑m−1
n=0 u1

n(x, y, t) =
(∑m−1

n=0
(−1)ntn

n!

)
ex+y

ϕ1
m =

∑m−1
n=0 u1

n(x, y, t) =
(∑m−1

n=0
tn

n!

)
ex−y

ψ1
m =

∑m−1
n=0 u1

n(x, y, t) =
(∑m−1

n=0
tn

n!

)
e−x+y

(46)
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either 

u1(x, t) = limk→+∞ φ
1
m = ex+y−t

v1(x, t) = limk→+∞ ϕ
1
m = ex−y+t

w1(x, t) = limk→+∞ ψ
1
m = e−x+y+t

(47)

For k = 2, We have :

Ñ1(v1,w1) =
∫ t

0 N1(v1(x, y, s),w1(x, y, s))ds =
∫ t

0

(
−∂v1

∂x
× ∂w1

∂y
+
∂v1

∂y
× ∂w1

∂x

)
ds =

∫ t
0 (−e2s + e2s)ds = 0

Ñ2(u1,w1) =
∫ t

0 N2(u1(x, y, s),w1(x, y, s))ds =
∫ t

0

(
−∂w1

∂x
× ∂u1

∂y
− ∂w1

∂y
× ∂u1

∂x

)
ds =

∫ t
0 (e2y − e2y)ds = 0

Ñ3(u1, v1) =
∫ t

0 N3(u1(x, y, s), v1(x, y, s))ds =
∫ t

0

(
−∂u1

∂x
× ∂v1

∂y
− ∂u1

∂y
× ∂v1

∂x

)
ds =

∫ t
0 (e2x − e2x)ds = 0

(48)

From (39,40,41),we obtain 

u2
0 = ex+y

u2
1 = −tex+y

u2
2 =

t2

2!
ex+y

u2
3 = − t3

3!
ex+y

.

.

.

u2
n =

(−1)ntn

n!
ex+y

(49)



v2
0 = ex−y

v2
1 = tex−y

v2
2 =

t2

2
ex−y

v2
3 =

t3

3!
t2

2
ex−y

.

.

.

v2
n =

tn

n!
ex−y

(50)



w2
0 = e−x+y

w2
1 = te−x+y

w2
2 =

t2

2
e−x+y

w2
3 =

t3

3!
t2

2
e−x+y

.

.

.

w2
n =

tn

n!
e−x+y

(51)
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then 

φ2
m =

∑m−1
n=0 u2

n(x, y, t) =
(∑m−1

n=0
(−1)ntn

n!

)
ex+y

ϕ2
m =

∑m−1
n=0 u2

n(x, y, t) =
(∑m−1

n=0
tn

n!

)
ex−y

ψ2
m =

∑m−1
n=0 u2

n(x, y, t) =
(∑m−1

n=0
tn

n!

)
e−x+y

(52)

either 

u2(x, t) = limk→+∞ φ
2
m = ex+y−t

v2(x, t) = limk→+∞ ϕ
2
m = ex−y+t

w2(x, t) = limk→+∞ ψ
2
m = e−x+y+t

(53)

While using the same procedure for k > 3, the solution to the k step is

uk(x, t) = limk→+∞ φm = ex+y−t

vk(x, t) = limk→+∞ ϕm = ex−y+t

wk(x, t) = limk→+∞ ψm = e−x+y+t

(54)

from which,we obtain 

u(x, t) = limk→+∞ uk(x, t) = ex+y−t

v(x, t) = limk→+∞ vk(x, t) = ex−y+t

w(x, t) = limk→+∞ wk(x, t) = e−x+y+t

(55)

4.Conclusion

Through these example,we showed again the usefulness of the SBA method,in the research of an approximate solution of
an equation and this method give us the exact solution.
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