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Abstract

In this paper we will present a new algorithm to solve the nonlinear equation f(x) = 0 where x is a scalar, indeed using
the theory of distributions, we will be able to construct a sequence with an explicit formula that converges to the solution
of f(x) =0.

Keywords: distributions, Dirac, nonlinear equation
1. Introduction

Many methods have been developed in order to solve a nonlinear equation (f(x) = 0) and find its solution, we can cite for
example the Newton’s method. Many of these methods lead to an iterative sequence that converges to the solution, the
disadvantage of these methods is the dependency of the first value of the sequence, in other words the sequence converges
to the solution if the first value is close enough to the solution.

The goal of this paper is to create a sequence with an explicit formula, which converges to the solution of a given
nonlinear equation where the solution is a scalar. Therefore in the following we will present a brief recall of the theory
of distributions, and by manipulating the distributions we will be able to create this sequence which converges to the
solution, and we will also present an example to illustrate the algorithm.

In addition to the explicit formula of the sequence, the advantage of this method is that it requires only a few conditions
for the function f in a neighborhood of the solution.

1.1 Brief Recall of the Theory of Distributions (Dreyfuss, 2012), (Schwartz, 1963), (Schwartz, 1966)

1.1.1 Test Functions

Let Q C R? be an open set where d € N*, and let ¢ an application ¢ : Q — R, then ¢ is a test function if and only if:
1. The support of ¢: supp(¢) is compact in Q

2. The function ¢ is infinitely differentiable: ¢ € C*(Q2)

The space of the test functions on Q is called D(Q).

Let ¢, be a sequence in D(Q) and let ¢ € D(Q) then we say that ¢,, converges to ¢ in D(Q): ¢, g ¢ if and only if:
1. There exist a compact K of Q such that supp(¢,) C K Vn € N.

2. sup,x(10%¢,(x) = 0%d(x))) — 0 Va=(aj,...,aq) € N?, where 0%¢ = % and |o| = a1 + ... + 4.
N 400 X, .0x)
Example
The function ¢ defined by:

=1 .
ei-2 iflx <1
0 otherwise

P(x) = {

belongs to D(R) and supp(¢p) = [-1, 1].
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1.1.2 Distributions
Let Q C R be an open set, a distribution is a linear application
T : D(Q) — R such that:
If 6, € D) and ¢, = 6 = T(8) — T@)

< T,¢ > denotes T(¢), and D'(Q) denotes the space of the distributions on Q.
Example

Let Q C R? be an open set, and let f a function f : Q — R such that f is locally integrable on Q: f € Lzloc(Q) .IfTisan
application such that:

<T,¢>:ff¢d/l Vo € D(Q)
Q

Where A is the Lebesgue measure, then T is a distribution: 7' € D'(Q). Otherwise T is also noted by f, in other words
<f,p>=<T,¢>.

2. Creating a Sequence of Distributions that Converges to a Dirac

We consider in the following a function g : I — R where I is a non-empty, bounded and open interval I ¢ R. We suppose
that g is a positive function g(x) > 0 ¥x € I. Using some additional properties on g we will be able to create a sequence
of distributions which converges to the Dirac distribution, this creation is done by the theorem 1.

The following lemma is used in the proof of the theorem 1.

Lemma 1 Let Iy C I be an open interval. We suppose that g € C>(Iy), g(x) > 0 Vx € Iy and there exists a zero x* € I for
the function g: g(x*) = 0, let g’ denotes the derivative of the function g, we suppose in addition that there exists a finite
number of zeros for the function g’ in a neighborhood of x*. Then there exists a neighborhood of x*: [x, x;] such that
gx)<0Vxe[x,x]and g'(x) = 0Vx € [x*, x2].

Proof. First we will prove that 3 » > 0 such that Vx € [x* — r, x*[= g'(x) < 0. In order to prove this we will proceed by
contradiction, in other words we suppose that: Vr >0 A x € [x* —r,x"[= g'(x) > 0.

Let the interval J C I, be the neighborhood of x* which contains a finite number of zeros of the function g’, and let N be
the number of these zeros. we take r* > 0 such that [x* — r*, x*[C J and such that [x* — r*, x*[ contains no zeros of g’.

Therefore X € [x* — r*, x*[= g’(X) > 0, if we suppose that g’(x) > 0 Yx € [X, x*[ then g is a strictly increasing function
on [X, x*[ and g(x*) > 0 which is absurd. Thus we conclude that 3 y €]X, x*[ such that g’(y) = 0 because g’ is a continuous
function.

Therefore there exist a N + 1 zeros of g’ in the neighborhood J of x*, which contradicts our hypothesis.
With the same manner we prove that 3 r, > 0 such that Vx €]x*, x* + r,] = g’(x) > 0.
We conclude that there exist a neighborhood of x*: [x}, x»] such that g’(x) <0 Vx € [x;,x"] and g’(x) > 0 Vx € [x%, x,].

Theorem 1 Let the function g have only one zero x* in I and x* € I such that g is C* in a neighborhood of x* and
g (x*) > 0, we suppose in addition that there exists a finite number of zeros for the function g’ in a neighborhood of x*, if
we consider the sequence of functions g, defined by: g,(x) = 1 I(X)%e‘”'g(x) then:

gn — —= O Inthe sense of distributions
n

1
4>+oo\/z *

Where ¢ = £ (zx*) , 0, the Dirac distribution at x*. The convergence in the sense of distributions means that:

1
<& >= f 8n(0P(x) dA(x) — — $(x*) V¢ € DR)
R n—+o0o \/E

Proof. First the function g reaches its minimum at x* because g > 0 thus g’(x*) = 0. Using the Taylor’s theorem we can
express g by:
g(x) = c(x — x)? + (x — x)?e(x — x¥)

Where ¢ = 5% and € a function € : R — R such that: €(x) —()) 0.
x—!
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Let f, denotes the sequence of functions defined by: f,(x) = %e‘”‘z("“"*)z. In the following of this proof we will prove
that:

”f;1_gn||L‘(]R):jxlfn_gn“i/1 — 0
R n—+oo

In order to prove this convergence we will study it on a different intervals, thus we begin by the interval I, = [x* — Ln, X+

1.
il
L
f o = guldi = % f i —cnz(x—x*)2|1_e—nZ(x—x*)2e(x—x*)| dA(x)

o+

‘We make a substitution: z = x — x*:

| S
<

f \fo = galdA = e‘”**u — e ()
I v J-

<

Using another substitution: y = nz we obtain:

1 Y, )y
fm—gnm:—f N1 — e D) dAcy) 0
I, Vi J-va

Otherwise we know that e(x) - 0 therefore:
X

Let0<n<c=>3A>0/Vxe]-A, A[= |e(x)| <n

From the integral we have: —yn <y < <ic< L thus:

\/’

ﬁ

AN, eN/Vn >N, =2 e]l-A,A[ VYye[-vn, Vil
n

Therefore: y
VYn> N |€(;)| <n Yyel[-+n, Vn]

For n > N; we have two cases to treat:
1L.IfO<e)<n=1- el < 1 — ¢, and because yee(2) > 0:
22 2 () 2
1-e }E(n)|=1_e}€(,,)sl_ey77
2. Ifn<e2)<0= e — 1 < 7 — 1, and because —y*e(2) > 0:
1 — e e = e [ <™ -1
We conclude that:
V>N = 1 —e? D < Max(1 — e, —1) < (1 — ey + (7= 1)
=>VYn>N; |1- e‘yzf(%)l <’
The term in integral in the equation (1) is majored by:

1 —oy? et 1 —ev s 2 2

R Me L - e o) < @D Wy eR nz Ny

= Ll e |1 — e €| < L( e _ g ey yy e R, Vn > N
\/;[—\/ﬁ,\/ﬁ](ye € _ﬁe ¢ Y s V= V)

Let h,(y) = 1[ Vi (e |1 — ¢7’€)| Vy € R, by the choice that we made: ¢ — 5 > 0 and ¢ + 7 > O then:
f |L(e—y2(6—n) _ e—yz(c+77))| dA(y) < L f PG dA(y) + L f PG dA)
R V7 Vi Jr Vi Jr
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1 2 2 1 1
= e’,\' (c=n) _ e*y (c+n) dA < R < 00
1 N0 = ||+ |

In the other hand if we fix y then e(%) — 0= h,(y) — 0. Therefore using the dominated convergence theorem we
n—+oo n—+oo

obtain:
fhn(y)d/l(y) — 0
R n—+oo

As [ 1fu = galdA = [ hu(y) dAQ) thus:
f |ﬁl - gnld/1 > 0
I»x n—+oo

From lemma 1 we conclude that there exist a neighborhood of x*: [D, E] such that g’(x) < 0 Vx € [D, x*] and g’(x) >
0 Vx € [x*, E]. In addition AN, > 0 such that Vn > N, = x* — L\f €]D, x*[ and x* + Lf elx*, EL.

LetJ, =[D,x*— %] and K,, = [x* + Ln, E] then g, is an increasing function on J,, and a decreasing function on K,,, same
thing for f,.

Now we study the quantity:

1

x*—ﬁ
o= galdd = f o — gal dAGX)
A D

Therefore: 1

= =
f fy — guldA < f " frdA(x) + f " gndA(x)
Jn D D

Because g, and f; are an increasing functions on J,, then:

1 N ey N e (— 22— 2= L
[y = gul dA < (x" = — = D)(—=e ™ T 4 — TR
n

Vr v

In
= f o= guldd < o (x — - — Dyemen(1 4 &)
I \r \n
We have e(—%) n:; 0,let 0 < iy < ¢ thus AN3 > O such that Yrn > N3 = |e(—%)| < 1 < c. Therefore Vn > N3 =
¢"CW < gmn

1
= f If — guldA < L = — = D) + ) > Max(N,, N3)
Jn T

v

As ¢ — n; > 0 we conclude that:

|fn — gnldd —> 0
I, n—+00

The same procedure is used for the quantity:

E
[ 1n-sa= [ - glaw
K, x*

1
+F

Indeed g, and f, are an decreasing functions on K,, then:

1 —ne( —=
f = galdd < Z=(E = x' = —2)e (1 + ")
= \ n

\/_

We have e(%) — 0,1et 0 < m < ¢ thus AN, > O such that Yn > N, = |e(\/Lﬁ)| < m, < c. Therefore Vn > N; =
n—+oo
e <

n 1
= —g,|dl < —(E—x" — —=)(e " + & “™")  ¥n > Max(N,, N.
fK U= sld < s ) (N2, Ny)

As ¢ — 7, > 0 we conclude that:

f o= galdd — 0
Kn n—-+oo
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In this final part of the proof we know from the hypothesis of this theorem that g > 0 on I\{x*}, in order to finish the proof
it remains to compute the 2 quantities: f_ l; |fn — gnl dA(x) and fEOO | — gnldA(x). Let [x1, x2] denotes I then:

D x| D
f |fo — &uldA(x) = f SodA(x) + f |f2 — gnl dA(x)

00

D D D
S f o — gal dA(x) < f fodA(x) + f g0 dA(X)

X1

f o — gal dA(0) < f fodA(x) + f g0 dA(X)
E E E

Let L, be the minimum of g on [x;, D] then L; > 0 and:

And:

D ; 2
f 8n dA(x) < ?r(D —xp)e b

X1

D
:f g, dA(x) —+> 0
X1 n—+00

Let L, be the minimum of g on [E, x,] then L, > 0 and:

*2 n 2
g1 dA(x) < —(xa — E)e ™2
fE N
253
= f gndA(x) — 0
E n—+oo

D D n _. 2( _ *)2
Iw fondA(x) = [m ﬁe dA(x)

D D-x" n _ .22
= f:mf,,d/l(x) =j: ﬁe dA(z)

Otherwise:

oo

D 1 n(D—-x*) )
= L dA(x) = — e Y da
[ wf (x) NN o)

As D — x* < 0 thus: b

f [ dA(x) —+> 0
As before E — x* > 0O then: .

f fudd(x) — 0

E n—+oo

Finally we conclude that:
1/n = gnllzrw) n:’w 0

We know that f,, converges in the sense of distributions to % Oy then:

V¢ € D(R) <gm¢>:Lgn¢dﬂ:L(gn_ﬁ1)¢dﬂ+<ﬁn¢>

Otherwise if ¢ € D(R) then ¢ is bounded:
K >0=|glle < K

Therefore:

\ fR (gn — f)pda| < K fR 190 = fuldd = KILfs — gallusce,
ﬁf@n—fn)cbdﬁ 0
R n—+oo
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In conclusion: |
lim <gp,¢>=—a¢(x") Yo e D(R)

n—+o00 \/E

In general case if g has several zeros in I we have the following theorem:

Theorem 2 If the function g has only k zeros xi,...,x; in I and X},...,x; € I such that g satisfies the hypotheses of the
theorem 1 at x; Vi = 1,...,k, and if we consider the sequence of functions g, defined by: g,(x) =1 I(x)%e‘"zg(") then:

k
1
g — Z —— 0, In the sense of distributions
n—+oo 5 '\’Ci !

Where ¢; = £ (zx").
k o
Proof. It’s enough to write I = U1 Land g,(x) = Y5 1 Ii(x)%e‘”zg(x) where /; are disjoints and x} € I;.
=

3. Application

Let a function f : I — R where I C R is an open and bounded interval. We suppose that the function f has only one zero
x*in I and x* € I such that f is C? in a neighborhood of x* and f’(x*) # 0, let g(x) = f2(x) we suppose in addition that
there exists a finite number of zeros for the function g’ in a neighborhood of x* , then we can apply the theorem 1.

Indeed f(x) =0 & g(x) =0, g’"(x") =2f(x*)f(x*) = 0 and finally:
g7 = 27O FON) + (ff () = 2(f'(x)? = 2¢ > 0

4. Algorithm to Find the Solution

In this section we will present an algorithm to find the zero x* of the function g which satisfies all conditions presented in
the theorem 1.
We consider then the sequence of functions g,(x) =1 I(x)\/i;e‘"zg(") where I =]X,, X3[ with X;, X, € R . From theorem 1
we know that: |
lim | g,(x0)$(x)dA(x) = — ¢(x") Y¢ € D(R)

R Ve

n—+oo

Let X, be the midpoint of I: Xy = %(Xl + X5), and R the radius of I:R = %(Xz — X)), lety; =X, —X.Rand y, = X, + X.R
where X is a positive real value such that X > 2, we can choose for example X = 3.

From the space D(R) we will consider the function:

P(x) = { (12 if yi<x<y

0 otherwise

Because ¢ and ¢ belong to D(R) and because x* € I Clyy, y,[ therefore:

€
n—+oo jﬁgn(pd/l d(x*)

= ¢(x")

_ fanstdd

S —
Considering the 2 sequences y, = e Y1=y2
R n

and p, = ( > ) + #@"), the sequence x* will be defined by: x; = X, — p,..

The important result is that:
lim x, = x*

n—+oo

Proof. First we have :

-1
lim y, = ¢(x*) = o (A2 (+-2132)
n—+oo
then
lim p, = (x* _n +y2)2
lim p, ;
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Otherwise "% = X, therefore x* — )‘% < 0 we obtain then:
. " 1ty .
nl_l)riloopn =—-x"+ Y 2y =—x"+X;
We conclude that:
lim x) = x"
n—+oo

In other words we only have to compute y, for a big value of # in order to have an approximation of the solution x*.
This approximation can be used for another algorithm for solving nonlinear equation.

Remark 1 If we don’t know the properties of the function g at the solution x*, in other words if we don’t know if g is C?
in the neighborhood of x* and g”(x*) > 0, then we apply the algorithm for a big value of n and we verify these properties
at the neighborhood of the approximated solution x;.

4.1 Example

Let us take a simple equation:
Inx)—-1=0
The exact solution of this equation is: x = 2.7182.

In order to apply our algorithm we take the function g(x) = (In(x) — 1)? and its corresponding sequence of functions
gn(x) = ll(x)%e’"zg(x) where I =]2,4[, and for the test function ¢ we take y; =4 -3 = landy, =4+ 3 = 7. The
function g satisfies all conditions presented in the theorem 1 therefore by taking n = 10 we obtain:

Xy =2.7138

5. Algorithm to Localize the Solutions

In the case of the existence of several zeros x7j, ..., xz of a function g which satisfies all conditions of the theorem 2, then
the following algorithm helps to localize the zeros of this function.

As before we consider the sequence of functions g,(x) = 11(x)%e‘”2g(") where I =]X;, X[ with X;, X, € R. We will take
a test function ¢ € D(R) centered on X,, in other words )‘% = X,, and we will also suppose that I = [X|, X>] Clyi, y2[.
We suppose in addition that:

Max(g”(x)),...,87°(x) < S  where S >0
Then using the same notation in the theorem 2 we have % > \/g Yi=1,...,k

The test function ¢ is chosen such that ¢ > 0 and ¢(X;)
precision, for example we can choose 7 = 10. A candidate for the test function is:

n \/g where 7 is a strictly positive value which helps for

H(x) = n\/gd)le(%) -(=132) ifyi<x<y

0 otherwise

it

1
Where @; = ¢("77) ("~"7%)" We obtain then that o(x) =1 ,/% ¥ x € I. From theorem 2 we obtain:

n—+oo

X> k 1
lim g ()P dAx) = ) —= ¢(x;) > kn
X ; \/C_I
Let the sequence z,, such that zop = X; and z,,11 €]z, X21, then we define the quantity 4}, by:

X2
H, = f gn(X)$(x) dA(x)

m

o = f 7 (060 dA)
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If lim (H, —H ) = 0 then there is no zero in [z, Zu+1]-

n—+oo

If lim (H), - 7{, = 1 then there is minimum a zero in [z, Zu+1]. Indeed the value g is reached when we have only

n—+oo

one zero in this interval and this zero is equal to z,, or z,+1.

The algorithm consists to take a big value for n and if H, — (H::l 1 is close to 0 then there is no zero in [z, Zu+1], if nOLt,
there is at least a zero in [z, Zm+1]. The 7 guarantees that H, — 7{, .1 18 not close to O when a zero exists in [z, Zmu+1]-
After we can take 7,42 €]zm+1, X2] to localize the other zeros or we can take z,,42 €1z, Zm+1[ to more localize the zeros in
this interval if they exist.

5.1 Example

Let the function f be defined on / =] — 2, 0[ by: f(x) = cos(x), theoretically f has 2 zeros x| = =37 and x5 = —7.
Using the previous algorithm we want to localize the zeros of the function f. Let the function g be defined on I =] -2, 0[
by: g(x) = f(x)> = cos(x)?, its corresponding sequence of functions is defined by:

n 2
2(0) = 1_og o (X) —=e " 8™
8n(x) ]2’0[()\/7?

Otherwise if x7 is a zero of g then g”(x7) = 2. We choose 17 = 20 and we consider the test function ¢ € D(R):

o) = 2oq>1eian)2<«gz if —3m<x<3nm
0 otherwise

Where @ = e
For n big (n = 10):

By choosing zg = —27 and z; = — we obtain:
Hy — H{ =20.15

By choosing z; = —7 we obtain:
HY —H; =20.22

By choosing z3 = 0 we obtain:

Hy —Hy =0
Therefore we conclude that there exist zeros in | — 27, —x] and in [-x, —7], and there is no zeros in [-7, O[.
6. Conclusion

The method and the algorithm developed above request only to do an integration in order to find the solution of the
nonlinear equation, and it presents a new advantages regarding some other methods. The generalization of this method
for big dimensions was developed and will be published.
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