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Abstract

We study the nonparametric maximum likelihood estimate of the distribution function in a type Il interval censoring
model. We propose an approximate solution of the problem under a technical assumption. Some basic asymptotic
properties of the estimator are investigated.
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1. Introduction

Interval censoring models are commonly used in practice, especially in the biomedical sciences, such as in many
clinical trials and longitudinal studies, in acquired immune deficiency syndrome studies, or the studies of HIV
infection times, etc. There are two basic types of interval censoring models. In the interval censoring model case
I, also termed current status data model, the left (or right) censoring and the status variables of the original data are
observed; while in the interval censoring model case II, two censoring variables and the statuses are observed. The
type I interval censoring model is much more commonly used in practice, and there are rich statistical research
and application literature about this model, for example, Huang (1996), Bebchuk and Betensky (2000), Chen
and Jewell (2001), Yu et al. (2000), Pan and Chappell (2002). Fang and Sun (2001) studied the nonparametric
maximum likelihood estimation (NPMLE) of the doubly interval censored model. Type II interval censoring model
is less commonly used in practice, and its mechanism is more complicated, and there are some research literature on
it, for example, in the book of Groeneboom and Wellner (1992), Wellner (1995), Groeneboom (1996), Jongbloed
(1998). To our knowledge, investigation of this model is still incomplete, NPMLE of the distribution function
exists, can be given by a nonparametric EM algorithm, and its strong consistency is obtained, but its asymptotic
distribution seems not available yet. A good review of the topic of the two types of censoring models can be found
in Sun (2012). Also, these models, along with the other survival models, provide practical background for the
theory of the estimation of Banach space valued parameters.

Unlike Euclidean parameters, Banach parameters are often not +/n estimable, in that there exists no estimator
which is consistent at rate /n, and when the weak limits of estimators exist, they are often non-Gaussian. Also,
unlike maximum likelihood estimators for Euclidean parameters, Banach parameters have no standard method of
estimation. For some models, setting the normal equation of the Hadamard differential (along some particular
selected direction) to zero will yield a version of the nonparametric maximum likelihood estimation (NPMLE),
although it may not be unique. The isotonic regression is another commonly used method for this problem. Orig-
inally this method is used in the optimization of a class of regression problem, such as weighted least squares
problem in the regression context, in which the response and covariate variables have some particular relation-
ship (isotonic relationship, as characterized by Theorem 1.4.1 in Robertson, Wright and Dykstra, 1988), such as
monotone relationship. Then it was found that the method can be used to solve the NPMLE for some models, as a
optimization procedure. See Robertson, Wright and Dykstra (1988) for a systematic account of this method. Early
usage of this method to compute NPMLE can be found in Grenander (1956), Chernoff (1964), Prakasa Rao (1969).
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This method works only for certain models with log-likelihood satisfying some convexity condition. For some
models, one of the methods works; for some models, both methods work; for many other models, none of the
methods works, and often approximate NPMLE can be found which maximizes the log-likelihood up to a small
constant €,, with €, — 0. Such estimates are also called ¢,-MLE, studied by a number of authors, such as Wald
(1949), Bahadur (1967), and Wong and Severini (1991), and are shown to have some nice properties. For interval
censoring model case II, Groeneboom and Wellner (1992), hereafter GW, studied the NPMLE of the distribution
function, which uses iterative procedures for its computation. They showed the convergence rate of n'/3 logn for
the NPMLE when the data have some mass distributed around the diagonal, otherwise the convergence rate is n'/3,
like that for censoring model case I, but the formal identification of the asymptotic distribution is not easy, although
there is a conjecture about it. Another NPMLE is the one step iteration in the iterative convex minorant algorithm,
with the true distribution as starting value. Groeneboom and Wellner justified the asymptotic distribution of the
one-step iteration “estimator”’, obtained its asymptotic distribution. Since this one-step iteration is not an actual
estimator, the result can only be used as a technical tool in the further study of the NPNLE. The iterative convex
minorant is one of the computational algorithms of the isotonic regression, it makes the optimization problem into
a sequence of weighted isotonic regression problems, with the weights obtained by the values at the preceding step.
It is known that the parameter (a distribution function) in this model is not rate- v/n estimable, not even for many
smooth functionals of it (for example, Yuan, Xu, & Zheng, 2012). Geskus and Groeneboom (1999) showed rate
+/n efficient estimability for certain smooth functionals (mostly linear functionals) of this model. In this article we
study a slightly different version of this model in which we observe the statuses of two right censoring variables.
It is known that the (NP)MLE is neither always efficient, nor consistent, nor optimal (Wellner, 2005). Using the
isotonic regression method, we find an approximate NPMLE of our model in that it maximizes the averaged log-
likelihood up to a o(n~'/?) (a.s.) term (0 < @ < 1/2). It can be computed in closed form, we show rate n'/3
weak consistency of it and evaluate its asymptotic distribution, study its strong consistency, convergence rate in
probability, rate v/n estimability for certain smooth functionals of it, and for some submodels of it.

In Section 2 we describe the model, the approximate NPMLE of the underlying distribution function, and some
basic results. Section 3 gives some illustration for the uses of this model and its estimation. Relevant derivations
are given in the Appendix.

2. Approximate NPMLE of Interval Censoring Model Case I1
In this model, let (Z, U, V) € R* x (R*)?, where Z ~ F and (U, V) ~ G are independent, and U < V a.s.. G has a
density g with respect to the Lebesque measure on (R*)%. We observe [(u;, v;, Liz<ul> L<gzv): @ = 1, .., n] 11.d.

with (U, V, liz<u1, Liv<z<vy) = (U, V,6,7), with 0 < P(6 = 1) < P(y = 1) < 1. The density-mass function of
(U, V, 11z<v1, Liv<z<vy) is (Groeneboom & Weller, 1992, Example 1.6, p. 5)

pru,v,8,7) = FO(u)(F(v) = Fw)’(1 = F0)' ™7 g(u, v). (0)

They used an iterative convex minorant algorithm to compute the NPMLE F ,(+) of F(-) based on the above model.
To study the asymptotic distribution of F,(-), to study the asymptotic distribution of ,(-), they used the follow-
ing working hypothesis: starting from the real underlying distribution function F, the iterative convex minorant
algorithm will give at the first iteration step estimator F| fl”(-), which is asymptotically equivalent to the maximum
likelihood estimator £,(-).

Let 2 denote convergence in distribution. GW justified the working hypothesis as below. Assuming that f(7) > 0,
g(t,1) > 0 and that g(z, -) is left continuous at ¢, they obtained (Theorem 5.3, GW, p. 100)

6/%(1)
[{())

. D 13
(nlog ) PV - F(r)) 5 ( ) arg max{B() 7},

where B(h) is the two-sided Browning motion, originating from zero, i.e., it is a zero-mean Gaussian process on R
and the increment B(r) — B(/) has variance |r — A|.

The proposed model and method. Our model below is slightly different from (0), in that we define y = 1z<y;
(instead of 1{y<z<yj. In Example 1.6 of GW, the density-mass function of (U, V, 1;z<u, l{z<v}) is given as in (0),
but we find that (0) is actually the density-mass of (U, V, 1{z<u), l{u<z<v))). The distribution Py of (U, V,6,y) has
the following density/mass function

Pr(,v,6,7) = Fou)(F() = F)"°(1 = Fv))' 7 g(u,v) (1)
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on (R*)? x {0, 1}>. Here our main interest is to estimate F in model (1), as g(u,v) is factored out in the model,
its estimate is straight-forward using the data (u;,vy), ...., (4,, v,) by many existing methods, such as the kernel
estimator. So we assume g(-, -) is known. The averaged log-likelihood for F is

n

1
W(F) = " (6110 F) + (i = 6) log(F(i) = Flap) + (1 = y)log(1 = F(vy)).
i=1

The approximate NPMLE F,(-) of F(-) is the maximizer of /,(F) with respect to F, up to a o(n~"/%) (a.s.) term
(0 < @ < 1/2). Unlike MLE for Euclidean parameters, NPMLE for infinite-dimensional parameter in likelihood
model (like F in the above model) is not straight forward. Setting the corresponding Hadamard differential of the
log-likelihood to zero often leads to nowhere. Instead, we use the method of isotonic regression. For this, re-
arrange (uy, ..., Uy; vy, ..., ;) in increasing order, denoted as (xy, ..., X2,), and {A;: i = 1,...,2n} as the concomitants
of the {u;,vi: i = 1,...,n}, i.e.,, A; = 6; if x; = u; for some j, and A; = y; if x; = v; for some k. In the proof of
Theorem 1 we will see that
2n

W) = 1 3" (Arlog Fe) + (1 = Aylog(1 = FG)) + Ry 1= L) + R,
i=1

with R, = o(n™®) (a.s.) for some 0 < @ < 1/2. Let F,(-) be the greatest convex minorant (Robertson, Wright, &
Dykstra, 1988) based on (A, ..., Ayy,), (x1, ..., X2,) and [,(F), as

F, = arg mfgx L(F).

Let g(-) and g»(-) be the margins of g(-,-). Below, we study the asymptotic distribution of F,. We need the
following conditions, in which (C2) is for the averaged log-likelihood /,,(F') to satisfy a convexity condition, up to
ao(n~"?) (a.s.) term (0 < o < 1/2), so that the isotonic regression method can be applied.

(CI) f(1) > 0, g1(2) + g2(2) > 0.

(C2) E((F(V) - FU)log(F(V)-FU))—(1-F(U))log(1-F(U))-F(V)log F(V)) = 0, where the expectation
is for (U, V).
Theorem 1 Assuming (C1) and (C2), we have

D ( 4F () f(1)

1/3
U3¢ (p _ L . )
nB = Fan = (o (t)) arg min(B(h) + 1),

Let L denote equality in distribution. Note —IB(/) 2 B(h), we have arg min,{B(h) + h%} = arg max;{-B(h) — h?) 2
arg max,,{IB(h) — h?}, which has a density symmetric about zero, as given in Corollary 3.3 of Groeneboom (1989).
Next we study the almost sure behavior of the estimator £, and of any general NPMLE F, of F of model (1) with
or without assumption (2), we are not confined to the isotonic regression method, only assuming its existence. We
need the following two conditions.

(©) 7 (VF@ + VFO = F@ + VT=F0) |yl vidudy < o

(CH [ NFO(V1 0 + ga(di < .
Theorem 2 (i) Let f,,(~) be any NPMLE of F(-) in model (1) (with or without condition (C2)). Assume (C3), then

00

lim ) |Fu(t) = FOl(g1(t) + g2()dt = 0 a.s.

n—oo

Further, when F(-) is continuous, then
lim sup |[F, (1) — F()] = 0, a.e.(Gy +G,), a.s.
n—oo t

(ii) Let F,, be as in Theorem 1. Assume (C2) and (C4). Then

00

lim ) |Fu(t) = F(t)l(g1(t) + g2(0)dt = 0 a.s.

n—oo
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and when F(-) is continuous, then

lim sup |F,(t) = F()] = 0, a.e. (G) +G,), a.s.
n—oo t

Below we investigate the convergence rate of the approximate NPMLE F, and any NPMLE F, of F based on
model (1) in probability. For a parameter b € B, a Banach space, and a probability model pj, let b, be an estimator
of the true parameter by based on n i.i.d. observations from py,, h(ps,. ps,) be the Hellinger distance between p;,
and py,: B*(py,. pe,) = (1/2) [ (p;: 2(x) - p},f(x))zdx, Ni 1(€, B, p) be the bracketing covering number of the family
B, of size € with respect some semi-metric p on B, and H; (€, B, p) be the bracketing entropy. It is known (LeCam,
1973; Birgé, 1983; as stated in Wellner, 2005) that the optimal rate r,, of convergence in probability, of estimating
by, in the sense r,A(py, , pi,) = Op(1), is determined by

nr? = H, ](r;l,B,p).
Typically, H; i(€, B, p) = O(e /), where d is the dimension of the argument of b and « is a smoothness measure
of pp. Thus the optimal rate in this case is r, = n®/@2*+®,

For NPMLE and more generally the minimum contrast estimator, the best achievable rate r;, is determined by Birgé
and Massart (1993), for some 0 < ¢ < o0, as

!
Vi = [ iR B e

()

When Hj (€, 8,p) = O(e~ %), the above gives 7, = n®/@ed Sf o /d > 1/2; r, = n? if o/d < 1/2; and
logr, = \n(r))~% if a/d = 1/2. So, in this case the NPMLE can achieve the optimal rate of convergence only if
ald>1/2.

Let ¥ be the collection of distribution functions F in model (1). For F, F’ € 7, let D(prllpr) = Er(log(pr/pr))
be the Kullback-Leibler divergence between py and ps under pr. Let py p(6,u) = FO(u)(1 — F(u))' g1 (u) and
Par(y,v) = FY(W)(1 — F(v))! ™ gx(v), then py r and p, r are density-mass functions. We need the following as-
sumptions:

(C5) E,, (log(pr/pr))* < oo for some a > 2, for all F” with D(pr||pr) < ¢ for all sufficiently small 6.

(C6) E,, (log(pr.r/ prr))® < oo for some a > 2, for all F* with D(py rl|px.r) < ¢ for all sufficiently small ¢, for
k=1,2.

Theorem 3 (i) Let I’*:” be as in Theorem 2. Assume (C1) and (CS5). Then,
[ 1Fu = Folla 0 + ga0ldr = 0pr™). - and
0

sup Il’;n(t) -F@)| = Op(n_1/3), a.e. (G + Gy), when F(-) is continuous.
1

(ii) Let F, as in Theorem 1. Assume (C1)-(C2), and (C6). Then
[ 10 - Foliaio + gx01a1 = 0pt"), - and
0

sup Iﬁn(t) - F(@)| = OP(n_1/3), a.e. (G, + Gy), when F() is continuous.
1

In both (i) and (ii) the rate of n'’? is optimal.

Note that F in model (1) is not rate +/n estimable, like many smooth functionals of it. There may still be certain
smooth functionals of it which are rate /n estimable. Geskus and Groeneboom (1999) showed this kind of result
for model (0). Groeneboom and Wellner (1992, Chapter 5.4) showed such a result for the mean of F in case |
interval censoring model. Huang and Wellner (1995) showed such a result for smooth linear functionals of the form
v(F) = f HdF, with fixed H, for type I interval censoring model, and that the plug-in estimator is efficient. In fact,
one of their purposes is to help treating estimation of smooth functionals in the case II interval censoring model.
Yuan, Xu, and Zheng (2012) showed the same functional is rate /n estimable for case II interval censoring model,
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without knowing the result of Huang and Wellner. Note that not all linear functionals of F are rate /n estimable.
For example, for fixed 1y, v(F) = F(fp) is not rate +/n estimable, but the moments of F are (see for example,
Theorem 2 in Yuan, Xu, & Zheng, 2012). Under some conditions, van der Laan (1993) obtained the following
relationship between smooth functional, canonical gradient and empirical process: v(0,)=v(0) = (P, —Po)(L,(-;0,),
where 6 is a general parameter (Euclidean or Banach), 6, an estimator of it, and /, the canonical gradient (also called
efficient influence function) of 6. This relationship allows one to investigate a class of rate /n estimable smooth
functionals. Below, we give a similar result for model (1) as in Huang and Wellner (1995) for model (0). For fixed
h(-) and M > 0, let the smooth (and linear) functional of F be

M M t
W(F) = f (1 = F(O))h()dt = f H(dF(t), H(t) = f h(s)ds.
0 0 0

Below we give the asymptotic distribution of the plug-in estimator #, = v(F,), which has nothing to do with the
asymptotic distribution of n'/3(F, — F), it only needs ||F, — F”iz(G]Jer) = op(n~'/?). The following conditions are
from Huang and Wellner (1995).

(C7) The support of F is a bounded interval [0, M], both G and F are dominated by the Lebesque measure.

(C8) F, g1, g and h satisfy
M F((1 - F(1))
o’ = 2f — 2R (Hdt < co.
0o &1+ g
(C9) 2(h/(g1 + g2)) o F~ is bounded and is Lipschitz on [0, 1].

Theorem 4 Let F, as in Theorem 1, assume the conditions there and (C7)-(C9). Then

Va((E,) = v(F)) 3 N0, 0?),

and generally v(F,) is not efficient for v(F).

Since models with Banach valued parameters are often not rate +/n estimable, and their weak limits, if exist, are
often non-Gaussian, we cannot talk about efficiency of their estimators. However, this may be possible for some
submodels. Below we explore such a scenario. For this we first review some basic facts of efficient estimation
for Euclidean parameters. For the estimation of Euclidean parameter 6, let 6, = 6y + n~"2p for some b € C,
the complex plane. A rate n'/? consistent estimator T, = T,(Xi, ..., X,) is said to be regular, if under f(-16,),

W, := (T, - 6,) LA W for some random variable W, and the result does not depend on the sequence {6,}. Let
Z @YV denote the summation of two independent random variables Z and V, 1(6) be the Fisher information for f(:|0)
at 6. The convolution Theorem (H4jek, 1970) states that for any regular estimator 7, with weak limit W, there is a
random variable V such that

W=Z&V, Z~N©O,I"6).

The Cramer-Rao theorem gives the lower bound of the asymptotic variance of any asymptotically unbiased esti-
mators. The convolution theorem further characterizes the weak limit of an asymptotically optimal estimator: it is
a normal random variable with mean zero and variance I~'(6). An estimator is efficient iff V = 0. In many cases,
the convergence rate of Euclidean or infinite-dimensional parameters can be different from +/n. For example, for
distributions with singularity of order «, the optimal convergence rate an estimator of its Euclidean parameter in
the model is r, = n'/1*® -1 < @ < 1 (a # 0). In this case, the local parameter is defined as 6, = 6y +r, Ip, and the
local likelihood ratio is often asymptotically non-normal, see Ibragimov and Has’minskii (1981). For Euclidean
parameter taking only finite number of possible values, the optimal convergence rate r,, of an estimator is exponen-
tial (for example, Hammersley, 1950; Robson, 1958). For infinite-dimensional parameters, the convergence rates
of their estimators are often slower than +/n and the weak limits are often non-Gaussian, although in some few
cases rate \/n exist with Gaussian weak limits. When the convergence rate is not /i, the problem is much harder,
as the locally asymptotical normal (LAN) property no longer holds with such rates for the full model. However a
number of papers have tackled this question, such as in Millar (1985) and LeCam (1994). These authors consid-
ered very general parameter spaces, established convolution results for estimators regardless of their convergence
rates or forms of their weak limits. But these results are mostly of the existence type, not the specific type. Also,
it is unclear whether one of the two components in their convolution representation is optimally achievable. For
example, given an infinite-dimensional parameter and/or the corresponding likelihood model, although the optimal
convergence rate for estimators of this parameter can be determined in principle (LeCam, 1973; Birgé, 1983),
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but it is still unknown if there is an optimal weak limit of its estimators, and what is its specific form if it exists.
Potzelberger, Schachermayer and Strasser (2000) gave examples in which the infinite-dimensional version of the
convolution theorem does not hold in general abstract space, but does hold under some regularity conditions. The
results are of existence type. Janssen and Ostrovski (2005) gave more detailed account of the optimal weak limit.
Their Theorem 2.3 gives a convolution result for arbitrary convergence rate r,, for linear functions of infinite-
dimensional parameter and their estimate, with the assumption that the two involved estimators are asymptotically
joint Gaussian. They gave the optimal weak limit as the minimal variance random element defined in their con-
dition (a), but how to find this random element is still not clear. Also, the joint asymptotic Gaussian assumption
can only be satisfied for a few parameters in the infinite-dimensional spaces, and in these cases often r, = /n.
Their Theorem 3.1 and 4.1 established convolution results for infinite-dimensional parameters in abstract spaces,
but again the results are of existence type.

A non-negative function I(-) is said bowl shaped if (i) /(x) = I(—x). (ii) {x: I(x) < c} is convex for every ¢ > 0.
For rate +/n estimable parameter 6, the asymptotic minimax theorem (Hajek, 1972) states that for arbitrary (not
necessarily regular) estimator 7, of 6, and any bowl-shaped function I(-),

lim lim inf  sup  Eyl(Vu(T, - 0)) > EI(Z),
boeo =m0 gol<h

with Z as given before. Also, for non- v/ consistent estimators, such results are unclear.

Let 6, = 6y + r;lb for some b € C, the complex plane, r, — oco. A rate r, consistent estimator 7, = T,,(X1, ..., X,)

is said to be regular, if under f(:-6,), W, := r,(T,, — 6,,) £> W for some random variable W, and the result does not
depend on the sequence {6,}. It is possible that on some submodels of the original one, both the convolution and
asymptotic minimax result can hold with rate r,, # +/n, although they are not on the original model. Motivated
from the exercises of Chapter 2 in Groeneboom and Wellner (1992), below we give such results for the type II
censoring model (1), although it is not clear whether such optimal weak limit Z is achievable by some estimator(s).
Consider the following parametric submodels of (1): fix + > 0 with f(r) > 0, and a, with a, — oo, let h,(s) =
FOI(t—ca;' <s <) -1t <s<t+ca;")], with0 < ¢ < oo, Hy(t) = fo’ hu(s)ds, and for 6] < 1, let

F,(110) = F(t) + 0H,(1).

F,(7|6) has a density (derivative) f(#10) = f(t)+6h,(t) = (1+6)f(¢) > 0 for all n, so F,(:|0) is increasing, F,(0|6) = 0.
a!
Since H,(c0) = f(t)(ftt_a_, ds — ftH " ds) =0, F,(0|0) = 1, i.e., F,(-|0) is a proper distribution function, and we

parametrized F(-) by a Euclidean parameter 6. Let Q(f) = %(zf ‘zg()f)'(’) + zflzf?p%)(t) + f(0)g(t, t)).

Theorem 5 Assume a, = o(n'’?), r, = n1/2c3/2a;3/2Q1/2(t). Then the local log-likelihood of F,(t,0) satisfies the
LAN condition with rate r,, and

(i) For any rate-r, regular estimator T, of F(t), with r,(T, — F(t)) 5 W, we have, for some random variable V,
W=ZeoV, Z~N(Q,1I).

(ii) For any bowl-shaped function I(-), for any estimator T,, of F(t), and b > 0,

liminf sup Eyl(r, (T, — Fu(t,0))) > %E[Z(Z)1(|Z| < b/2].

g:r,10|1<b
(iii) Especially, take c>? = Q7%(1)6 for 6 > 0, b = QY>~%()6?, r, = n'3Q'272(1)6, and I(-) = | - |, we have
0.4344491
supliminf sup  Egln'*(T,, - F,(#10))| > ———— 0"*(»).
550 ngnilgl<s 2r

3. Illustration for Applications

Interval censoring model case II is a generalization of that of case I. A common example of interval-censored
survival data occurs in medical or health studies. In clinical trials, an individual due for the scheduled observations
may miss some observations and may return with a changed status, thus contributing an interval-censored time of
the occurrence of the change. As another example, in the acquired immune deficiency syndrome (AIDS) studies,
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if a subject is HIV positive at the beginning of the study, the subject’s HIV infection time is usually determined
by a retrospective study of the subject’s history. This an interval censoring case II, with censoring variables as the
first HIV positive test and the last HIV negative test. More practical bakground can be found in Sun (2012).

Although the asymptotics of F,(-) is non standard, with a rate of n'/? instead of the common n'/2, and with a

non-Gaussian weak limit, these making F', harder to use, but the application of F,() is not hindered by this
phenomenon. Like most standard estimators, it can be used to predict the probability of events related in this
model, or test hypothesis about a given null distribution /. When the corresponding densities f and g; and g, are
given, then Theorem 1 can be used to test F', construct confidence interval for F' and error bounds for F ». The key
is to evaluate the distribution of H := arg min,{B(h) + K2}, known as the Chernoff distribution, its density function
is given in Corollary 3.3 of Groeneboom (1989). For the NPMLE F,,(-), there are existing softwares to compute
it, for example the R-package “Decon” developed by Wang and Wang (2011). For given a, let H~'(1 — @) be the
(1 — @)-th upper quantile of the Chernoff distribution, by Theorem 1, the (1 — @)-th confidence interval for F(¢) is

[E,() +n  BAOH (1 - @),

. of 1/3 ur 13
where A(t) = (g1 (g?&g) is an estimate of A(?) := (gl(tgg 2(2)) , here an estimate f,,(7) of f(¢) is also needed and

may be obtained by differencing of F 2(1); g1(t) and g»(¥) are either known, or can be easily estimated as the data
(Ui, V) (i = 1,...,n) are directly observed. Similarly for testing Hy : F(t) = F(t), a test statistic is given by

T, = n'P(F,(t) = Fo(t)).

Under H,, T, is asymptotically distributed with weak limit given in Theorem 1. If |T,| > AOH'(1 - @/2), Hy is
rejected with significance level a; otherwise Hj is accepted.

In fact, since the random variable H does not depend on ¢, and A() is deterministic, under some more conditions,
we can have that n'/3(F,,(-) — F(-)) being a tight stochastic sequence on the support space, and the resulting weak
convergence can be strengthened to that on the corresponding metric space equipped with the supreme norm. Thus
any linear functional of n'3(F #(-) — F(-)) converges weakly, and the confidence interval described above can be
strengthened to confidence band, the point-wise test of Hy can be generalized to test of H: F(-) = Fo(-) using
these linear functionals.

The interested variable X and the observed variables U and V can all be generated from the Gamma densities, with
different parameters for them to satisfy the underlying conditions,

gk, 0) = [T ¥ e 1 (1)

The condition V > U (a.s.) can be satisfied by specifying V = U + Z for some non-negative random variable
Z, for example from another independent Gamma distribution. In some literatures, the censoring variable are just
generated from uniform distributions. For the Gamma distribution, condition (C1) is automatic, (C3)-(C4) are
commonly used conditions for the proof of consistency of NPMLE, as in van de Geer (1993). (C5)-(C6) are easily
satisfied for the Gamma families, condition (C2) can be satisfied with suitable chosen parameters in two different
Gamma distributions for U and V. Conditions (C7)-(C9) are satisfied if we constraint the Gamma distributions on
a finite interval.
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Appendix
Proof of Theorem 1. Let

- 1 <&
L(F) = - Z (& log F(u;) + (1 = 6;) log(1 = F(u;)) + yilog F(v;) + (1 — y;) log(1 - F(Vi)))

i=1

and

N

(()’i — 6i) log(F(vi) — F(u)) — (1 = 6;) log(1 — F(u;)) — %logF(vi))-

Il
—_

Then
[(F) = Zn(F) +R,,

and by (C2), R, = o(n™),Ya < 1/2. So we only need to maximize L,(F) to get an approximate NPMLE F,of F.
It is known that approximate NPMLE enjoys many properties of the exact NPMLE (Wong & Severini, 1991), often
the former is relatively easy to compute, while the latter is often hard. To use the method of isotonic regression,
we re-written [,(F) in terms of the A;’s and x;’s as

2n

. 1
L(F) = = > (Arlog Fx) + (1 = A log(1 = F(x)).

i=1
Thus {y; := F(x;)} is an increasing sequence, and we are to maximizing, over y;’s

2n
L) =+ " (Arlogyi + (1 - Aplog(l - )

i=1

subject to 0 < y; < -+ < yp, < 1. Let D(y) = ylogy + (1 —y)log(l — y), it is a strictly convex function with
derivative ¢(y). By Theorem 1.5.1 of Robertson, Wright, and Dykstra (1988), especially expression (1.5.4) of p.
31, the maximization of

2n 2n

> (Artogyi+ (1 - Aptog(1 - 3n) = 3 (@00 + (4 - 3

i=1 i=1

is the same as minimization of Z?jl (A; — y;)? subject to the same constraint, and the unique solution §; = F,(x;)’s
is the slope (or left derivative) of the greatest convex minorant of the cumulative-sum diagram of the points
Cen) i@, Y j<iAj). This cumulative-sum diagram is given by the function ¢(0) = 0 and c(s) = @en)ty j<i Ay if
s € 2n)~'(i - 1,i]. It follows that §; < a if and only if i/(2n) < arg min,{c(s) — as} (van der Vaart & Wellner, 1996,

p. 298). Let
2n

2n
1 1
Vn[:— All i < 1), Gntz_ 1 i < 1),
() Zn; (x; < 1) (1) 2nZ(x )

i=1

1< 1<
Via) = = 6l <0, Gra) =~ > 1w <1,
i=1 i=1

I v 1 v
Vaul®) =~ 3 7l S0, Goalt) = — > 100 <),
i=1 i=1

Then

1
Va®) = ZWVia@®) + Vau @], Ga(®) = 51G1a(0) + G2n(1)]

| =

and
Fu(x) <a iff argmin{V,,(s) — aG,(s)} > x; (=1,...,2n).

For fixed 1, F,,(1) = F,(x;) for some x; that is just at left of 7. By (C1), 7 — x; is asymptotically negligible. Thus,

F.() <a iff argmin{V,,(s) — aG,(s)} —t > 0. (A1)
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We are to find the limit distribution of n~'/3(F () — F(¢)). (Why the convergence rate of n'/3? We will see this
latter after we computed the asymptotic variance of m,, ,(Z, U, V), to be defined latter). Now, let’s evaluate the limit
of probability of the event {n~'/3(F,(f) — F(t)) < x} = {F,(t) < F(¢) + xn~'/3} for each fixed x. Thus we need to
evaluate the limit of the arg max, event in (A.1) for a = F(f) + xn™'/3.

Make the change of variable s = t+n~'/h, and let §, = arg min,{V,,(5)—aG,(s)} and h, = arg min{V,(t+n""h)—
aG,(t +n~'3h)}. Then §, =t + n~3h,, and so

{arg min[V,(s) — aGn(s)] - 1 > 0} - {arg min[V, ¢+ 1™ *h) = aGy (¢ + 0™ P 1)) 2 0}.
Thus we are to evaluate the limit of P(izn > 0). Let P, , be the empirical measure of (z;, uy), ..., (24, U), P2, be that

of (21,V1)s «oes (Zns Vi), Py = (Py, + P2,)/2, P the theoretical measure corresponding to P, A = {(z,u) : z < u}, and
Ph means Ep(h) for any measure P and function 4. We have

argmin[V, (¢ + n™*h) = (F(@) + xn™ )Gyt + 17 )]

= argmin [Pau oo 10y = (PO + 007 )P, Lo

= argmin :PnlA(lRX[O,th"“] — 1rxio1) = (F® + x07 P (1gugoomn17) = Lrxio.1)
+P, 1l g1 — (F(©) + xn” )P, 1 rugon

= arg mhin Pl o gsqousin-11 = 1rxqo) = (F@ + xn )Py (1 guqoron-13) — 1Rx[o,z])]

= arg mhm (P = PY LA gyjo,s+mn-131 = Lrxo.) + [PLa(l pyor4mn-151 = 1rxio.)
~1/3
—FOP(Lgsosemn-11] = Lrxio.))] = X1 PPy (1gcqossmn13) — 1R><[0,z])]
= arg mhm n?3®, = PYLa(l guqossmn1) — Lrsioun) + 22 IPLA( guqossnn-14) — Lrxj0.41)

—~F(OP, (1 gsgoremn-157) = Lrxio.)] = X' PPl o a1 = IRX[O,t])]
= arg mhin[Bl,n(h) + By, (h) — B3, (h)] := arg mhin B,(h).

Below, without confusion, for 4 < 0 by the notation [¢,  + hn~'3] we actually mean [f + hn~13,£]. We have

B, () ~ xn‘”sign(h)é(P(U el +hn P+ PV el + hn-1/3]))
1 t+hn~ 13 f+hn~ '3
= m“zk[ &WMWK[ gmwﬁ~§&m+&mm
By, (h) ~ nz/S%sign(h)(E[l(Z <OIU € [t,t + hn™' P = FOE[L(U € [t,t + hn ' ?])]

+E[1(Z < VIV € [t,t+ hn~' )] = FOE[I(V € [1,1 + hn-'/3])])
= n2/3%sign(h)(E[(l(Z <U)-FO)I(U € [t, 1t + hn™'P))]

+E[(1(Z < V)= F(O)I(V € [t,1 + hn‘”S])])

1 t+hn~13
:”mif (F(u) — F(1))[g1(u) + g2(u)]du

t+hn~ 3

1
~nwymmm+wmf (u = t)du
1
= SOl + 0.
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For fixed 1, let m,, 4(z, u, v) = n1/6(1/2)sign(h)(1(z <wlwelt,t+hm'"PD)+1z< vl e [t,t+hn‘1/3])), we have

Bia(h) = n™' Y (ma(zi, wi, vi) = Emyp(Z, U, V).
i=1
Let M,, = {m,: h € [-K, K]}. Then M,(z,u,v) = n1/6(1/2)(1(u etxKn'"PD+1(v e [tiKn‘m])) is an envelope

function of M,,. We have
EM*(Z,U,V) = O(1),

E[M?*1(M,, > n\n)] = 0, Vi >0,

and

E(mn,S(Z’ Us V) - mn,h(Zs Us V))2

5n1/3E(1(Z <O+ (AP <U <t+(sVhn ')

2
FEZ<V)IE+ AR B <V <t+(sv h)n‘”3))

IA

%nmE(l(Z <O+ (AP <U <t+(sVhn13)

HEZ<WVIE+GARD B <V <t+(sV h)n-1/3))

1 s (t+(sVhyn~'/3 B
= " f F[g1(y) + gWldy ~ 27 F(0)[g1(®) + g2(D]ls — Al,
(t+(sAh)n~1/3
thus
sup E(m, (Z, U) = my4(Z, U))*> = 0, VY6, = 0.
Is—hl<d,
Let I(—=K,K) = {s(-): |Is|]| := SUPe_k K] [s(f)] < oo} be the space of all bounded real functions on [-K, K], it
is indexed by the totally bounded space (for definition c.f., VW, p. 17) ([-K, K],p) with rho(-,-) = |- —-|.
Let Npq(ellMyllp2, My, Lo(P)) be the bracketing number (c.f., VW, p. 83) of M,, of size €||M,|lp2, with re-
spect to the norm L(P). Note ||[M,|lp2 = [EM,ZL(Z, 1'% = 0Q1), so €llM,llpa = O(e). It is obvious that the
minimum number of balls with radius €||M,||p> needed to cover M, under the norm L,(P) is O(K/e). Thus,
Npy(ellMyllp2, My, Lo(P)) < C/e for some 0 < C < oo and so, for all ¢, N\, 0,

f \Iog Ny (€llMy llp2. M. La(P))de < f Viog(Clerde = C f Vyedy = 0.
0 0 log(C/6,)

Thus, by Theorem 2.11.23 (VW, p. 221), {B; ,(h): h € [-K, K]} is asymptotically tight, and converges in distribu-
tion to the Gaussian process G on [*°([—K, K]), with mean zero and covariance function R(s, &) on [—K, KJ? given
by

R(s,h) = lim (E[mn,s(z, U V2, U, V)] = Elmyy(Z, U, V)IElmas(Z. U, V)]).
For fixed h,

Elma(Z,U,V)] = nl/ﬁésign(h)(E[l(Z <O € [t,1 4+ P + E[NZ < VIV € [1,1 + hn’1/3])])

1/3

t+hn~
19 sign(h) f F)lgi )+ ga(uldu ~ n715 SF@)gi0) + 8201 = 0,

and for s,h > 0, note U < V as.,
Elm(Z U, VmuZ UV = P LE(1Z < DI < U <o+ (asn?)

HFZ <G <U<t+hn V@<V <t+sn/3)

+1Z << U<t+sn 1@<V <t+hn ')

H1Z <<V <t+hA s)n-1/3)).
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Note
n1/3E(1(z <SOIGSU<t+hAs P+ 1Z<VIG<V <i+ (A S)n—1/3)
t+(hAs)n~'/3
= n'l? f F(u)[g1() + g2(w)ldu ~ F(D[g1(1) + g2()1(h A 5),
t
and
n1/3E<1(Z <HlE<U<t+ hn71/3)1(t <V<t+ Sn71/3))
t+sn~'/3 VA(t+hn'/3)
n'’? f f F(u)g(u, v)dudy
t t
f+sn~ 13
"”3F(t)f gtV A (t+hn™'3) = dv
t
1
= (3FO8GDG AR + Fgtt,0hGs 1G5 > W =0
Similarly,

n1/3E(1(z <IE<U<t+sn Y@<V <+ hn—1/3)) — 0y - 0.
By the same way, for s,h < 0,
Elm, (Z,U,VYm,,(Z, U, V)] ~ F(O)[g1(?) + g2(D](=h A —s).

For s, h with sh < 0 (suppose s < 0 < h. The case h < 0 < s is similar),

E[mn,S(Z7 U’ V)mn,h(z, U’ V)]

1
—anE[l(Z <@t +sn P <U <)<V <t+hn ')

1 13 ft+hn
4 '

1
R(s.h) = 7 FOlg1(1) + g2(O1r(s. h), - r(s, 1) = (Al Als1(sh > 0).

1/3

|
|
|

S

!
1
f F(u)g(u,v)dudv ~ —F(t)g(t, t)shn‘1/3 0.
t+sn1/3 4

Thus we have

It is easy to check that r(s, i) is the covariance function of {B(h): h € R}. Here we can see why the convergence
rate of F L(1) is n'/3. If a rate a(n) is used with a(n) — oo, then in the definition of my, ,(u, v, z) we should replace
n~'3 and n?3/n'? = n'/® by a”'(n) and a*(n)/n'"?, and the asymptotic variance of m, (U, V,Z) would then be
O(a”'(n)[a*(n)/n"*1*) = O(a’(n)/n), which is a non-zero constant only if a(n)® = n.

Now we have, for all finite K > 0, on [*([-K, K]),
1 1
B..(h) 2 5 VE@lg1(®) + g200]B(h) + Zf(t)[g1(t) + g (O - g[gl(t) + 220]h. (A.2)

Let / be the minimizer of the right hand side of (A.2) above. To simplify the expression for 7, the following Lemma
will be used.

Lemma Let B(h) be the two-sided Brownian motion, originating from zero, a > 0,b > 0 and c are constants, then
1
arg min{aB(h) + bi* + chy £ (a/b)* arg min{B(r) + 12} - D) %'

Proof. Let h = (a/b)**r — 1%, using the fact that B(ch — ) = VoB(h) — B(u), we have

2
aB(h) + bI* + ch = a(a/b) "’ B(r) - aB(c/(2b)) + ala/b)' 1 - %%
and )
1
1)

min{aBB(h) + bh? + ch) = minfa(a/b)'*B(r) — aB(c/(2b)) + a(a/b)*r* — i
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Let h* and g* be the minimizers of the left hand side and right hand side above, then h* = (a/b)**r* — £ simply
by the given relationship between / and r. Since, as a(a/b)'/* > 0,

2
arg min{a(a/b)'*B(r) — aB(c/(2b)) + a(a/b)'*r? - %%} = arg min{B(r) + *} = r*,

the desired conclusion follows. O

Using this Lemma, we have

) AF (1)
=0 = {(ﬂ(r)[gl(mgz(r)]
([
210 + 8200
(s
g1(0) + g2(0)

13 X
) argmin(B(h) + 1) + - > 0}
13
) [-arg mhin{IB%(h) + %)) < x}
13
) arg min(B(h) + 1) < x}.
In the last step above, with the notation 2 denotes equal in distribution, we used the fact that —B(h) 2 B(-h) 2 B(h),

and hence B(h) + K2 is symmetric about 0, in distribution, and so — arg min,{B(%) + K2 2 arg min, {B(h) + K2y, O

Below we will show that iln = Op(1), so by (A.2) and the continuity of arg min{-}, we have, for all x,

P(h, > 0) = P(h > 0)

P(( 4F (1) f (1)
g1(0) + g2(0)

P(n1/3(ﬁn(z) _F() < x)
1/3
) arg mhin{IB%(h) +h) < x),

this gives the desired result.

Now, we show that &, = 0,(1). Recall §, =1+ n’mﬁn or fz,, =n'3(8, — 1), where §, = argming{V,(s) — (F(¢) +
xn~ 3G, (s)}. So we only need to show n'/3(§, — ) = Op(1). For this, let G;(-) and G,(-) be the margins of G(-, ),
and

M,(5) = (F(0) + xn”')Gy () = Vu(s),

S

1 1
M(s) = EF(l)[G1(S) + Ga(s)] - 3 f F(ylg1y) + g20)1dy.

—00

Then §, = argmax; M,(s), and it is easy to check that arg max; M(s) = t. Since ||G,(s) — %(Gl(s) + Gr(9)g <
3150, 1G1,1(5)=G1($)l+5up; [G2a(5)=Ga(s)]] = 0 (a8, V(s) = 5 [ FOg10)+g20)dy = 31 F0)gi(0)ddy+
L 300 F()g(y)dy] = %[Vl(s) + V(9)], Vi(s) and V,(s) are the conditional distribution function P(U < s|Z < U)
and P(V < s|Z < V), and V,(s) is the empirical version of V(s), thus ||V,, — V||g — 0 a.s.. Thus for fixed x and ¢,
[|M,, — M||[g — 0 a.s., and so by Corollary 3.2.3 in VW (p. 287), we have §,, — ¢ in probability.

Also, for s in a small neighborhood of ¢, for some 0 < C < oo,

1 S
M(s) — M(1) 5 sign(s —1) f (F(0) = FO)(&1() + g2(0)dy

1 3}
~ gsign(i=s) f FOO - D@1 )+ g20))dy < ~C(t - 51

M, (s) = M,(t) % Z %Sign(s = OUF (@) = )1t < u; < 5) + (F(1) = y)1(z < v; < 5)]
i=1

n

1
a3 Z Ssign(s =D < ;< )+ 10 < v < 9)]

i=1

1 n n
= —Z§i+xn_1/3zg’i.
n i=1 i=1
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Then E(&) = M(s) — M(t) and

BYYERT R 1
(M = M)(5) = (M = MO = ™ 2712 ;(&» —E@)+ '~ Y ).

i=1
Note |
El5i = §(|G1(t) = G1(9| +1G2(1) = Ga(9)]) = O(It = s])

and for |s — f| < 6 with ¢ small,

1 A
o3(s,1) 1= EE Z(Sign(s - t)f [F*(t) = 2F(OF(y) + FO)[g10) + g2()]dy

+2 [* [[F*(t) = F(t)F(u) = F(OF(v) + F(u)]g(u, v)dudv)

O(|s —1)).

Now, let ; = &;/o(s,1), then the n;’s are i.i.d. with E(n;) = 0, E(r]?) = land El;|* < 0 (2 < @ < 4). Let

S, = X, ni, by Theorem 2.2.4 in Csorgo and Révész (1981, p.94), there is a Wiener process W(-) such that
|S” - W(l’l)l a.s. 0
nl/e(logn)!/2 '

So
P28 = PWn) + 2D (0g )2 Sy, — W)
nl/e(log n)!/?

= n"2Wm) +o(1), a.s.

Note n~'2W(n) 2 W(1) ~ N(0, 1). Thus there is 0 < C < oo such that for large 7,

SUPy_ s [(My, — M)(s) = (M, = M)(®)] = n™'/ sup

|t—s]<6

1 n
n_ma'(s, ns, + xn'/®= Z g,-‘
n
i=1

IA

1 n
2 sup (o, Dl 2S00+ a0~ S
n i=1

|t—s|<d

IA

712 sup (O'(S, HIC + CIW(D)[] + Claln%]¢ sl), (@.s.).

lt—s|<6

Since E|W(1)| < (EW2(1))'/? = 1. Let ¢,,(8) = V6 + |x|n'/%5, then ¢,,(6)/6® is decreasing on (0, c0) for 1 < a < 2.

We have Co,(6)
E M, — M)(s) — (M,, — M)(1)]] < ==,
(\3356'( )(s) - ( o) 0

Let r, be the largest sequence satisfies
1
ragn(—) < Vi,
I'n

which gives r,, = n'/3. Since §, = arg max; M, (s), M,(8,) > M,(t) > M,(t) — 0,,(r;2), so by Theorem 3.2.5 in VW
(p- 289-290), we have r,|5, — t| = Op(1), as we wanted.

Proof of Theorem 2. (i). Let u = p1; X p1p, where p; is the Lebesque measure on (R*)? and y, the counting measure
on D := {(0,0), (0, 1), (1, 1)}, Pr be the distribution of pr, B be the Borel filed on (R*)> x D, and H(p,;”, pr) be the
Hellinger distance as given before Theorem 3, and || PF, — prl| be the variational distance, between pfn(-) and pp,

Pz, — prll = 2sup{|Pg (B) — Pr(B)| : B€ B} = flp;n(u, v,6,7) = pr(u, v, 6,y)ldu.

It is known that || PF, — prll < 2h(pfn, pr) (cf. Bickel, Klaassen, Ritov, & Wellner, 1993, p. 464). We will show
that H(pz , pr) — O a.s., so that lpz, — prll = 0 (as.). Note pr can be re-written as

pr(,v,8,7) = (6F<u) +(y = S)F) = Fw) + (1 - (1 - F(v)))g(u.v).
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So we will have

5" TFa@) = FOl(g1(t) + g2(t)dt

IA

Kﬁﬁﬁ@—nw+ﬁmrFm—Ew+nm+ﬁwam%mwww

Yenen fo Jo 17, .v.6.) = pr(u,v,6,y)ldudv

Ipz = prll = 0, (a.s.).

The above implies F, (1) — F(t) —> 0 ae. (G| + Gy), a.s. When F(-) is a continuous distribution function, this in
turn implies _
limsupsup |F,(t) — F(t)] = 0, a.e. (G| + Gy), a.s.
n t

Below we show H(pgz . pr) = 0 a.s. For fixed F, let hyp = (A\/pr/pr — D1(pr > 0), G = {hp : F' € F}, and P,
and P are as given in the proof of Theorem 1. By Lemma 1.1 of van de Geer (1993), since F, is the NPMLE of F
in model (1),

(g, pr) < 2Py = P)10r > O oz, /r = 1)
So we only need to show

sup|(P, — P)h|l — 0, a.s.
heG

i.e., G is a Glivenko-Cantelli class with respect to P.

For this, given a probability measure Q and r > 0, let ||gllp, = [QIgI’]”’ = [EQIg(T)Ir]”’, N(e, G, - llp,) be the
covering number of the set G with respect to the norm ||-||o,, and H(e, G, || - llp,) = log N(€, G, || - llp,) be the entropy
of G with respect to || - ||p,. Similarly, let Nj (€, G, || - llg,) be the minimum number of brackets to cover G under
norm ||-||g,, i.e. the minimum number k of pairs (I, u), Ik, ux € G such that Vg € G, there is (I, uy) with [y < g < uy
and [lux — Lkllg, < €, and Hy1(€, G, || - llg,) = log N;1(€, G, || - llg,).

Below we need to evaluate H(e, G, || - |lp,,)- Since for all Fy, F, € ¥,

'KJ%g—lﬁ@F>m—(J%§—lﬁ@F>m

@ o Py, 6.y) — piliuv.6.y)
Z f f il f pr(u,v, 6, y)dudv
0o Jo

Py

1/2
(6.y)eD Pp/ (u,v,0,7)
00 'V
= Z f f P2 (. v.6.y) = plh v, 8.9)p > (. v, 6, y)dudy
©Gyepv0 V0
= ” NPF, — VszuQ]’

where Q is the probability measure corresponding to +/pr (after normalization) and u,, as by condition (C3)
this measure is well defined. Now, let Gy = {+/pr: F’' € F}. Since F is fixed, we have H(e, G, || - llp,) =
H(e, Go, I - llo,) = O(H(€, Go, Il - llp,))- Thus, there is 0 < C < oo, for large n,

H(e, G, - llp,,) < CH(e, Go, Il - llp,,) a.s.

Now we only need to evaluate H(e, Go, || - llp,,). Since y5 is counting measure for (0, y), in computing the entropy
we can treat pp as a function of (u, v) only, and Gy is a collection of bounded two-dimensional functions on (R*)?,
so by Corollary 2.7.4 in VW (p. 158), we have

1
Hi (6. Go.ll - llp,,) = O(3)-

Since N(e, Go. |l - ) < N 1(2¢€, Gos || - [I) (VW, p. 84) for any norm || - ||, we have H(e, Go. | - llp,,) = O(1/(4€?)) < oo
(a.s.), and so for all fixed € > 0,

1 P
;H(E, G.ll-lp,)—0
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and by Theorem 24 in Pollard (1984, p. 23), G is a Glivenko-Cantelli class with respect to P.
(ii). Recall the notation I,(F) in the proof of Theorem 1. It is not a proper log-likelihood. Let

n

La(F) = D [6:F () + (1= 6)(1 = Fu))lgi (w),

i=1

ba(F) = Y 1yiF ) + (1= y)(1 = FO))ga(v).
i=1

Then I,(F) = I, o(F) + L,(F), and I, ,(F) and L ,,(F) are log-likelihoods corresponding to densities p; z(u,5) =
Fou)(1 — F(u)'~ %gi(u) and par(v,y) = FY(v)(1 - F)! “Vg5(v). As in the proof of Theorem 1, the same F,
maximizes both [; a(F) and lz,,(F ). Let u = py X pp, with u; the Lebesque measure on R* and u; the counting
measure on {0, 1}, and let

H*(py 4. PLF) = f ( i w0) - pi, 6)) du,

Hpatorar= [ (P 0= o) an

Let hy pr = (\/Pr.r /| Pr.r — 1), Px be the probability corresponding to py r (k = 1,2), Py, be the empirical measure
for (u;,0;) (i = 1,...,n), and P,, for that of (v;,y;) (i = 1, ...,n). Then as before

H*(pip» Per) < 2Py — POl g, (k=1,2).

Similarly, we have Hz(pk’ﬁn,pkf) — 0 (a.s.), and consequently ||p; . — pi.rll = O (a.s.), and note

P12, = Prrll = 2f ) = Fu)lgiw)du, Ipy s, = parll = 2[ E0(v) = FO)lg2(v)dv,
0 0

the result follows. O

Proof of Theorem 3. (i) Let d(F, F") = D®(prllps) with 8 = 5/8. Note d(F, F’) > 0 with “=” iff F = F’, though
d(-,-) is not a distance. For F’ € 7, let (F') = Ep(log pr) = Ep(l,(F")). It is seen that F = arg max [(F"). Also,
for F’ € ¥ within a small neighborhood of F, i.e., with D(pg||pr) < 1, we have

I(F") = (F) = =D(prlipr) < —d*(F, F").

Denote x; = (u;, v;, 0;,v;), then

(u(F) = (F)) = ((F) — [(F)) = *1/2( “U2 3 [log L20D _ ((F) l(F’))])

P ()
= n’l/z(n*l/2 Y& - EF(fi)])-

The &’s are i.i.d.. Let o>(F, F’) = Vargp(&;), which exists by (C5) for all F’ in a small neighborhood B(6) = {F’
d(F,F') < 8} = {F'" : D(prllpr) < 6"/P} of F, we have, for some 0 < C < oo,

Pr (Xi) Pr(Xi) Pr (X))
EF(logp<x)) EF([p(x) 1]10 pF(x))

X (F,F') < Ep(£))

D(pr lpr) + D(prllpr) < CD(prllprr)
Cd'B(F,F") < C6'P.

Thus, o(F, F') < C§YCP for F’ € B(5). Now, let n; = (&;— Ep(&:))/o(F, F'), then the n;’s are i.i.d. with Ex(17;) = 0
Varp(n;) = Ep,,.(nf) = land Ef|n;|* < oo (by (C5)). Let S, = X', m;, then, as in the proof of Theorem I, for some
0<C < oo,

Er sup |L,(F)—IF))—@,(F)-IF) < Cn'* sup o(F,F)Erln™"2S,| < Cn"'?¢,(5),
d(F,F")<¢6 d(F,F")<6
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with ¢,(6) = 6'/@P). Note ¢,(6)/6" is decreasing on (0, co) for some @ < 2. The largest sequence r, satisfies
1
(=) < Vn
is r,, = /%D Also, F, = argmax ,(F"), and for all F’ € F,
L(F) 2 (') 2 L(F') = 0p(r;,2),
50 by Theorem 3.2.5 in VW (p.289-290), r,,d(F, F,,) = Op(1), or ”2/3D(PF||PFH) — 0p(1).

Now, let || PF,~ prll = f | pgn(x) — pr(x)|dx be the variational distance between PF, and pr. By Pinsker’s inequality

Pz, — prll < 2D(prllpp). this gives

op(1) = n'Pllpz ~ prll

'3 [ [ (u?n(v) — FWIIF,(v) = Fv) = Fo(u) + F(u)| + |Fy (1) - F(u)l)g(u, v)dudy

v

3 [T F) = FOlgi() + g2(0)dr.

The above implies n1/3lﬁl(t) —F()| = Op(1), a.e. G; + G,. When F(-) is continuous, Fn(t) 5 F(¢) is uniform, thus
sup, |[F(1) = F(t)| = Op(n™'3), a.e. G| + G,.
(ii). Recall the notation 7,(F) in the proof of Theorem 1. For F” € ¥, let IF)=E nrdogprr) + E,, . (1og par).
Then F = argmaxp [(F’). Let d(F, F’') = [D(p1 rlip1r) + D(pz,p||p2,p/)]ﬁ, with 8 = 5/8 as in the proof in (i). We
have

I(F') = I(F) = ~[D(p1,£llp1r) + D(p2plipap)] < —d*(F, F').

Denote x; = (u;,6;), yi = (vi,¥i), then

an FY - I(F)) - an FY— I(F _ 12 ~1/2 - | DP1r(x) 1 P2.F(yi) —((F) - I(F’
0P =) = Q) =) = (o Y flog TR log T2 — (F) ~ )

i=1

n_l/z(n_l/2 zn:[fi - EF(fi)])-

i=1
The &’s are i.i.d.. Let o(F, F’) = Varp(&;), which exists by (C6) for all F in a small neighborhood B(6) = {F":

d(F,F") < 8} = {F": D(p1£llp1.r) + D(parllpar) < 6P} of F. Similarly as in the proof of (i), we have, for some
0<C < oo,

2
o(F, F') <2 Y [D(perllpr) + D(pirliper)] < C6'P.
k=1

Also, with r,, = n#/®-D VF' e 7, I(F,) = L(F)I,(F') = Op(r;?). So, as before, we get r,d(F, F,,) = Op(1), or
n'BID(p1Fllpy p,) + D(pa.rllpyz,)] = Op(1), and consequently, by Pinsker’s inequality,

Op(1) = n'(lpz, — prel +llpoe, — porl)

20!l fo |Fu(1) = F0l(g1(0) + g2(1))dr.
Lastly we check that the rate r, = n'/3 is optimal. We only check this for (ii) and that for (i) is the same. By
Theorem 2.7.5 in van der Vaart and Wellner (1996, p. 159), the bracketing entroy H; (e, ¥, L,(Q)) = O™, ie.,
we have d = a = 1 (recall the paragraph for optimal rate before Theorem 3), and the best rate r,, of convergence
is r, = n®/CetD = 13 or n!Bh(pr,, pr,) = Op(1) for any estimator F,, of Fy. Also, since a/d = 1 > 1/2, n'/3 is
also the best achievable rate for NPMLE of Fy. Similarly as in the proof of Theorem 2 (i), we have

1/2
hpr,Pr,) 2 [% JF @) = F*@)?d(G 1) + Gaw))
> 5 [IF@) = F*@ld(G1w) + Gow))
> 55 [IF2@ = FP@IF @) + Fy?@)ld(G (u) + Ga(u)

= [IF.w) = Fo@ld(Gi(u) + Ga(w)),
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thus the best achievable rate of convergence of estimating F in terms of L;(G| + G,) distance is n'’3,

Proof of Theorem 4. Let P, P and A;’s as in the proof of Theorem 1. Note Py is the distribution in model (1), not
to confuse it with P. Then as in Huang and Wellner (1995), hereafter HW, for any function r(-), we have

f (A = Ey(e)r(Fy(0)dP,(t,A) = 0

Note dP(t,8) = (1/2)Fo(t)(1 — F(£))'°g,(dt and dP(t,y) = (1/2)F"()(1 — F()' 7 g>(1)dt. Let g(t) = (g1(t) +
9())/2, and G(7) = (G, (t) + G(1))/2. Then

1/ (=00 (1= 0)h(r)
5( f - Fogidr + f T(l—F(t))gz(t)dt)

[ h(n)(1 = F(0))dt.

f(] F(r))h(r) dP(.A) = f (1 = Fu(eph(ndr.

(1=-A)h()
[ = 2dP(, A)

Similarly,

So we have, as in HW,

Vn((F,) = v(F))

\/ﬁf[(l = (1) = (1 = F(0)]h(r)d1

\/ﬁf 1= 5@ _)(1 =8 0dP@.A)

Vi f A-Fy ”h(r)d(IP _P)t.A) + op(1).

Now the rest proofs are the same as in HW. We only point out that, in the proof of the op(1) part, to show

f [ﬁ,l(t) — F(O)]*dG(t) £> 0, we can use our Theorem 2(ii) directly when the conditions there are met, in stead

of the more complicated arguments there; to show K vinl||F, — F II%Q(G) = Op(n~'/%), we only need to apply our
Theorem 3(ii) directly when the conditions there are met, in stead of the arguments there. It is easy to check that

the asymptotic variance of vn f A 5)(’)h(t)d(IP’,, — P)(t,A)is o>

Now we compute the efficient influence function 7,(-) and the information bound for estimating v(F) via model (1)
and constraint (C2). We first compute the efficient influence function of v(F) without constraint (C2), the extended
version I,,.(-). By Theorem 2 (iii) in Yuan, Xu and Zheng (2011), with x = (u, v, 8, y), we have

5 h
To00 = 80 g 551y~ (1 = Fol.
g(u,v)

Let r(u,v) = (F(v) — F(w)log(F(v) — F(u)) — (1 — F(u))log(1 — F(u)) — F(v)log F(v). Then (C2) is n(F) :=
Ep,[r(U, V)] = 0. Let II(s|s;) be the projection of s onto [s;], the linear span of sy, sll the orthogonal complement
of [s1] with respect to Pp, < s1,52 >p.= Ep,(s1,s2) and ||s||%,F =< s,5 >p,. By Proposition A.5.2 in Bickel,
Klaassen, Ritov and Wellner (1993), the canonical gradient of 7 (the adjoint of the pathwise differential i[-](F) of
n(F), evaluated at 1) is " (x) = " [11(x) = r(u, v), and

L(x) = T (7)) = Le(0)= < Lo, 7" >p, 17 5oy (%),

and the information bound for estimating v(F) in model (1) with constraint (C2) is Ep,(I?(x)). Since generally
Ep,(I2(x)) # 02, w(F,) is not efficient for v(F), unlike the corresponding result for the case I interval censoring
model. =

Proof of Theorem 5. The log-likelihood for 6 under this submodel is

n

L(0) = )" (6110g F(ul0) + (i = 8 1og(Fu(vil6) = Fo(ul)) + (1 = yplog(1 = Fy(i0))
i=1

with local log-likelihood ratio

1
Lo(0 + hr,"y = L,(0) = r;, 'L (O)h + —r-zL"(@)h2 +o()r; 2L (0)h>.

62



www.ccsenet.org/ijsp International Journal of Statistics and Probability Vol. 3, No. 3; 2014

where L;(6) and L; (0) are the first two derivatives,

01)(H,(vi) — Hy(u;))

L/(6) = Zn:(5iHn(Mi) N (yi —
im1

(A= y)H,)\ _ O,
Fowlf) © Fa(vl0) - B ) B Zlg

1 = F,(vil6)

8:)(H,(vi) — Hy(u;))?

(1 = y)H () ) ,

-3

’” _ S 61'H;%(ui) (71 -
L= _;(F,g(u,-w) ’

(Fn(vil0) — Fu(uil0))? (1 = Fu(vil0))?
Note the &,;’s are i.i.d., with Eg(&,) = 0; H,(1) = f(t)ca,', F(t10) = F(t) + 6f(t)ca;' ~ F(f) and
0, s<t—ca;10rs2t+ca;',
H,(s) =4 f(O(s—t+ ca,;l), t— ca;1 <s<t
f(t)(ca;1 —s+1), t<s<t+ ca;l
We have
N 2y SiH (u;) (i = 6)(H, (vi) — H, (1)) (1 —y)H(v)
Vardea = E) = Bl ) * BT = Faaiy ) Bl Frwiay)
= J,,l + an + Jn3.
i~ 2ft FA0giwu—1+ Cﬁlil)zd” N %fz(t)gl(t)c3a;3;
—ca;! F(u) 3 F@
" 0gWv -1+ cay')? 2200 5 5
I ~ Zf, 1= F(v) D~ 3T F €W
' Y A8, v — u)? et ot P2(0g(u, I — 1) — (1 — W)
o2 f o f POy - FGy T f f F) =~ F o dudy

F0gu, v =1 = (- w]

dudv

= f f fz(t)g(u v)(v — u)2 dnd fr+cun‘ f,
a udv +
t—ca,' Jt-cay! f(u)(v —u)+O((v - u)2) t t—cay! f(u)(v —u)+ O((v— l/t)z)
Y t+cay! 1 o 5
= 2f S8t 0(v — wydudy + f f ) fOgt, Hlv—1) — (t —w)]

(v —u)
- Lo e + ctat f f fogtow-w?

3 2t + ca; (v —u)

dudv

~ %f(t)g(t nela,’.

Thus we get

212 (0g1(t)  2fX(1)ga(t)
F(t) 1-F@)

Vary(éy) ~ —( + f(ng(r. t)) 3023 = Q.

Take r;' = n™'2c32a}/* Q~'/2(1), by central limit theory and strong law of large numbers, we have
R0 S NO.D) and RLI60) " -

i.e., the local log-likelihood ratio satisfies the LAN condition with rate r, and variance 1. (i). Since a, = o(n'’?),
r, — oo. The conclusion follows from standard convolution result with LAN condition.

(i) With LAN, this follows by Remark 12.3 in Ibragimov and Has minskii (1981, p. 169), or Theorem 2.3 in
Groeneboom and Wellner (1992, p. 15).
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(iii) Take ¢3?> = Q™(¢)6 for some @ > 0 to be determined, and /() = | - |, we have r, = n'/3Q'?7%()s. Take
b = Q'?7%(£)62, by Theorem 4 (ii), we get

liminf, Supg,i5 <5 Eo[n'* (T, = F,(110)| > 10712 (067 E[1Z|1(1Z] < Q'*76%/2)]

Q'es2 2 1 1-2a 54
ot a [T s = g
0 T

1
Qo112+ (120441 (] _ e—a4/8),

V2r

where a = QU20/45. Take @ = 7/6, then Q*~1/2+(1-20)/4 — Q113 Maximizing R(a) := a”'(1 — ¢™¢'/8), or solve
2“8 — g* =2 = 0 for a > 0, with ag = arg max,so R(a), we get ag = 18.6933 and R(ap) = 0.434449. Thus

0.434449
supliminf sup Ejy n1/3(Tn — F,(1)0)| > —QI/S(I).
>0 " gnlB3)01<6 \/ZT
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