International Journal of Statistics and Probability; Vol. 3, No. 2; 2014
ISSN 1927-7032  E-ISSN 1927-7040
Published by Canadian Center of Science and Education

Exponential Approximation, Method of Types for Empirical
Neighbourhood Distributions of Random Graphs by Random
Allocations

K. Doku-Amponsah'
! Statistics Department, University of Ghana, Legon, Ghana

Correspondence: K. Doku-Amponsah, Statistics Department, University of Ghana, Box LG115, Legon, Ghana.
Tel: 233-20-516-4254. E-mail: kdoku@ug.edu.gh

Received: January 8, 2014  Accepted: April 8, 2014  Online Published: April 21, 2014
doi:10.5539/ijsp.v3n2p110 URL: http://dx.doi.org/10.5539/ijsp.v3n2p110

The research is financed by University of Ghana

Abstract

In this article we find exponential good approximation of the empirical neigbourhood distribution of symbolled
random graphs conditioned to a given empirical symbol distribution and empirical pair distribution. Using this
approximation we shorten or simplify the proof of (Doku-Amponsah & Morters, 2010, Theorem 2.5); the large
deviation principle (LDP) for empirical neigbourhood distribution of symbolled random graphs. We also show that
the LDP for the empirical degree measure of the classical Erdés-Rényi graph is a special case of (Doku-Amponsah
& Moerters, 2010, Theorem 2.5). From the LDP for the empirical degree measure, we derive an LDP for the the
proportion of isolated vertices in the classical Erd6s-Rényi graph.
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random graphs, bins and balls
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1. Introduction

The Erdés-Rényi graph G(n, p) or G(n,nc/2) is the simplest imaginable random graph, which arises by taking n
vertices, and placing an edge between any two of distinct nodes or vertices with a fixed probability 0 < p < 1 or
inserting a fixed number nc edges at random among the n vertices (See Van Der Hofstad, 2009). Several large devi-
ation (LD) results for this graphs have been found (See, for example, O’Connell, 1998; Biggins & Penman, 2009;
Doku-Amponsah & Moerters, 2010; Doku-Amponsah, 2006; Bordenave & Caputo, 2013; Mukherjee, 2013).

O’Connell (1998) proved an LDP for the relative size of the largest connected component and the number of
isolated vertices in the random graph G(n, p) with p = O(1/n). O’Connell (1998) also presented an LDP and a
related result for the number of isolated vertices in the random graph G(n, c¢/n). i.e. the near-critical or sparse case.
An LDP for the proportion of edges to the number of potential vertices of the supercritical case has been found by
Biggins and Penman (2009). Doku-Amponsah and Moerters (2010) and Doku-Amponsah (2006, 2012) obtained
several LDPs, including the LDP for empirical degree distribution for near-critical or sparse case. Boucheron et al.
(2002) attempted to prove from the LDP for the empirical occupancy process an LDP for the degree distribution of
the random graph G(n, nc). But Doku-Amponsah et al. (2010) conjectured that the prove of this LDP does not hold.
Recently, Bordenave and Caputo (2013) obtained LDPs for the empirical neighbourhood distribution in G(n, c/n)
and G(n, nc/2). The LDP for the empirical degree distribution in G(n, c¢/n) has been proved in (Mukherjee, 2013).

Our main aim in this article is to obtain an exponential approximation result, see Lemma 4, for the empirical
Neighbourhood distribution of symbolled random graphs. Using this result we shorten or simplify the proof of
the LDP for empirical Neighbourhood distribution of symbolled random graphs conditioned on a given empirical
symbol measure and empirical pair distribution (See example, Doku-Amponsah et al., 2010 or Doku-Amponsah,
2012, Theorem 2.5.1).
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Further, we show that the large deviation principle for the empirical degree measure of G(n, nc/2) is a special case
of (Doku-Amponsah, 2012, Theorem 2.5.1). From this result we find an LDP for the proportion of isolated vertices
in the graph G(n, nc/2). Note that the LDP for the proportion of isolated vertices in the graph G(n, nc/2) is new in
the literature (See, O’Connell, 1998 for similar result).

The main technique used in this article is the method of types (see Dembo & Zeitouni, 1998, Section 2.1). The
method of types is applied to an exponential approximate model for the symbolled random graph model which we
shall obtain by randomly allocating symbolled balls in to symbolled bins.

The symbol random graphs (see Penman, 1998) or Inhomogeneous random graphs (see Van Der Hofstad, 2009),
which has Erd6és-Rényi graph with one symbol as an example permit a dependence between symbol and connec-
tivity of the nodes. In the next subsection, we review the symbolled random graph model as in (Doku-Amponsah
et al.,, 2010).

1.1 The Symbolled Random Graph Model

We begin by fixing the following notations. Let Y/ be a symbol or colour set. Let V = {1,...,n} be a fixed set of n
vertices. Denote by E the edge set, i.e.

Ec&:={(e1,e2) € VXYV : e <erl,

where we have used the formal ordering of links to simply describe unoriented edges.

Let p,: Y x Y — [0,1] be a symmetric function and p: Y — [0, 1] a probability law. We may describe the
simply symbolled random graph Y with n vertices in the following manner: Any node v € V gets symbol Y (v)
independently and identically according to the symbol law A. Given the colours, we join any two nodes u,v € V
with an edge, independently of everything else, with a edge probability p,(Y(u), Y(v)) otherwise we keep them
disconnected. We always look at Y = ((Y(v): v € V), E) under the combine distribution of graph and symbol. We
interpret Y as symbolled random graph and consider Y(v) as the symbol of the node v (See Cannings & Penman,
2003; Penman, 1998).

Our interest in this article is on the symbolled random graph models in the near-critical regimes. Thus, we look at
cases when the edge probability p,(a, b) satisfies np,(a,b) = C(a,b), foralla,b € Y,and C: Y X Y — [0, ).

By ‘W(X) we denote the space of probability measures on a finite or countable set X, and by “W(X) we denote
the subspace of finite measures defined on X, and we endow both with the weak topology. Further, we denote by
W.(X x X) the subspace of symmetric measures. By convection, we write

N={0,1,2,..}.

For any symbolled graph ¥ = ((Y(v): v € V), E) with n nodes we recall from (Doku-Amponsah & Moerters,
2010), the definition of the empirical symbol distribution L}, e W), by

1
Lly(a) = - Z Oyw(a), forael,

ueV

and the empirical pair distribution L}, € W.(Y x Y), by

1
Ly(b,a) = - Z [0(¥(er), Y(er)) + O¥ier), ¥enl(b,a), fora,be Y.

(e1,e2)€E

We observe that by definition LZY is finite symmetric measure with total mass IIL%,II equal to 2|E|/n. Finally we
recall the definition of the empirical Neighbourhood distribution My € W(Y x NY), by

1
My(a,0):= ~ > Sow.canfa ), for (@.]) € Y x NY,

ueV

where L(u) = (£“(b), b € Y) and ¢“(b) is the number of nodes of symbol b linked to node v. For any u €
WY x NY)we denote by y; the Y— marginal of u and for every (b, a) € Y x Y, let uy be the law of the pair
(a, I(b)) under the measure u. Define the measure (finite), (u(-, €), I(-)) € W(Y x V) by

A(u)(b, a) := Z wo(a, (b)IDb),  fora,be Y

I(b)eN
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and write A; () = p1. We define the function A: W(Y xNY) - W(Y) x W(Y x V) by A(u) = (A1 (1), A>(w)) and
note that A(My) = (L}, L%,). Observe that A; is a continuous function but A; is discontinuous in the weak topology.

In particular, in the summation Z ta(a, 1(b))I(b) the function /(b) may be unbounded and so the functional u —
I(b)eN
Ao (u) would not be continuous in the weak topology. We call a pair of measures (7, i) € WY xY)x W(Y xNY)
sub-consistent if
A (u)(b,a) < n(b,a), foralla,be Y, (1

and consistent if equality holds in (1). For any n € N we define the following sets:

W (Y) :={ve W) : nv(b) e Nforall b e Y},

WY xY) :={r e WY XY) : 5z 7(b,a) € Nforall b,a € Y.

1.2 The Conditional Symbolled Random Graph Models
In the remaining part of this article we may assume that v(a) > 0 for all @ € Y. Note that the law of the symbolled
random graph given the empirical symbol distribution v,, and empirical pair distribution ,,,

P,z = P{- |AMy) = (v, 7t0)},

may be described as follows:

e We assign symbols to the nodes by drawing from the pool of n symbols which contains any symbol a € Y, nv,(a)
times without replacement;

e For each unordered pair {a, b} of symbols we construct (exactly) m, (b, a) edges by drawing without replacement
from the collection of potential edges linking nodes of symbol a and b, where

nnyb,a), ifa+b,

5mu(b,a), ifa=>h.

my(b,a) = {

By Y, we denote the conditional symbolled random graph with empirical symbol measure v, and empirical pair
measure ,,.

2. Main Results

The main theorem in this section is an LDP for the proportion of isolated nodes in the random graph G(n, nc/2).
We recall from (Doku-Amponsah & Moerters, 2010), the empirical degree measure Dy € ‘W (N) of the symbolled
random as

Dy(k) = Z Z k(S ucyl@)) My(b, 1), for k € N.

beY [eNY

Theorem 1 Suppose Dy is the empirical degree measure of the random graph G(n,nc/2). Then, as n — oo, the
proportion of isolated nodes Dy(0), obeys an LDP with good, convex rate function

(1-x)

xlog = + (1 - x)log o= + clogd —cloge, if x>1-¢,
n(x) = _ @)
00 ifx<1-g,
where A = A(x, ¢) is the unique root of l_j% = l;cx

Theorem 2 below and the contraction principle imply the LDP for the proportion of isolated vertices, i.e. Theorem
1. O’Connell (1998) obtained similar large deviation result for the number of isolated nodes in the random graph

G(n,c/n).

Theorem 2 (Doku-Amponsah, 2006, 2012) Suppose Dy is the empirical degree measure of the random graph
Gn,nc/2). Then, as n — oo, Dy obeys an LDP in the space W(N) with good, convex rate function

{ H(dllqc), if(d)=c,

5(d) = 3)

o0, otherwise.

where q, is a Poisson distribution with parameter x.
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Here we remark, that the LDP result of Boucheron et al. (2002, Theorem 7.1) holds and the conjecture that
Boucheron et al. (2002, Lemma 7.2) does not hold is false. In fact the coupling argument of Boucheron et al.
(2002) and Bennetts inequality (see Bennett, 1962), proves Theorem 7.1 of (Boucheron et al., 2002). Recently,
Bordenave et al. (2002, Corollary 1.9) and Mukherjee (2013) confirm 2.

Note, the degree distribution Dy is a continuous function of My, and so Theorem 3 below and the contraction
principle gives the LDP for Dy. In fact the LDP for Dy (above) is a special case of Theorem 3 which was first
proved in Doku-Amponsah and Moerters (2010) or Doku-Amponsah (2012) by approximating a given symbolled
random graph from below by another symbolled random graphs with the degree of each nodes growing in order
of o(n'3) (See Doku-Amponsah & Moerters, 2010, Lemma 4.10, pp. 26-29). Note, that in the special case of
classical Erd6s-Rényi graph G(n, nc/2) we have that M = D, the degree distribution and

(A(My)) =2|E|/n = c.

Theorem 3 (Doku-Amponsah & Moerters, 2010) Suppose the sequence (v, 1t,) in Wy(Y) x W, (Y x Y) posses
a limit (v, 7t) in W(Y) X W (Y x Y). Let Y be a symbolled random graph with n nodes conditioned on the event
(A(My) = (v, 1)}. Then, as n — oo, the empirical Neighbourhood distribution My obeys an LDP in W(Y x NY)
with good rate function

N H(u|| Poi), if (m,w) is sub-consistent and y; = v,
o) = 4)

00, otherwise,

n(b.a) 1 <ﬂ'(b, a) )l(h)

Poi(a, ) = w(a) | | e mo — , foraelY,leNY.
H E 11(a)

1(b)!

3. Proof of Main Results
3.1 Proof of Theorem 3: Exponential Approximation by Random Allocation

In order to improve (shorten) the proof of Theorem 3, we pass to a simple random allocation model, which turns
out to be equivalent. This model is best described in term of symbolled balls being placed randomly into symbolled
bins.

Fix n > 1, a symbol law v, € W,(¥) and an edge law 7, € W, (Y x Y). The bins V = {1,...,n} are now
symbolled by drawing without replacement from the pool of symbols, which contains the symbol a € Y exactly
nv,(a) times. For each ordered pair (b,a) € Y x Y of symbols, we independently and identically place nm, (b, a)
balls of symbol b into the nv,(a) bins of symbol a by drawing without replacement. We denote by Eb(vn,zrn) the
distribution of the random allocation model with symbol law v, € ‘W, (¥) and an edge law 7, € ‘W, (Y x Y).

In the resulting constellation we denote, for any bin v € {1, ..., n}, by Y(v) its symbol, and by /() the number of
balls of symbol b € Y it contains. Now define the empirical occupancy measure of the constellation by

1
My(b.D)= ~ > 8w zan(:D. for (b)) € Y x N,
ueV

where L(u) = ((*(a),a € Y) is the symbol distribution in bin v. In our first theorem we establish exponential
equivalence of the law of the empirical occupancy measure My under the random allocation model IP(,, ., and the
law of the empirical Neighbourhood distribution M under

]P)(an”n) = ]P){ : |A(MY) = (Vn, nn)},

the law of the symbolled random graph conditioned to have symbol law v,, and edge distribution m,. Recall the
definition of exponential equivalence (see Dembo & Zeitouni, 1998, Definition 4.2.10).

Lemma 4 The law of My under P, ,  is exponentially equivalent to the law of My under P, ).

Proof. Define the metric d of total variation by

doufy=3 ), Il ~paDl.  forpfpe WY xN).
(a.heYxNY
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As this metric produces the weak topology, the proof of Lemma 4 is equivalent to showing that for every € > 0,
lim 1 log P{d(My, My) > &} = —co, (5)

where P indicates a suitable coupling between the random allocation model and the symbolled graph.

To begin, denote by V(a) the collection of nodes(bins) which have symbol a € Y and observe that

#V(a) = nv,(a).

For every a,b € Y, begin: Ateachstep k = 1,...,m,(b, a), we randomly pick two nodes V{‘ € V(a) and V§ e V(b).
Drop one ball of symbol b in bin V} and one ball of symbol @ in V4, and link V§ to Vj by an edge unless V¥ = V&
or the two nodes are already linked. If one of these two things happen, then we simply choose an edge randomly
from the set of all potential edges linking symbols a and b, which are not yet present in the graph. This completes
the construction of a graph with Li, =V, L%, =, and

dMy, My) <2 3" B'(b,a), 6)
a,bey
where B"(b, a) is the total number of steps k € {1,...,m,(b,a)} at which there is discrepancy between the vertices

V{‘ , Vé‘ drawn and the nodes which formed the k™ edge connecting a and b in the random graph construction.

Given a, b € Y the probability that V{‘ = V§ or the two nodes are already linked is equal to

._ 1 1 (k=1)
P, a) = g M=) + (1 = 555 L=a) G, oy

B"(b, a) is a sum of independent Bernoulli random variables X, ..., Xum,.«) With ‘success’ probabilities equal to
pii(b,a), ..., Piam,p.an(b, a). Note that E[X;] = pyy(b, a) and

Var[Xi] = pu(b, a)(1 = pyy(b, a)).
Now, we have

n(b,a)

EB"(b,a) = Z P (b, @) = Wpegy + 5(1 = Wpeay 55 )L = 55) < 3+ Dip=a-
k=1

We write

my,(b,a)
> varlxi
k=1

2 1
o,(b,a) = RO

and observe that
lim E(B"(b,a)) = lim Var(B"(b,a)) = lim m,(b, a)a'ﬁ(b, a) = Ljp=gy + %

We Define h(x) = (1 + x)log(1 + x) — x, for x > 0 and use Bennett’s inequality (see Bennett, 1962), to obtain, for
sufficiently large n

1
B'ba) o Me-aty _ 2 _mo
P{=* 2> ——=+d,} < exp[ my (b, a)o (b, a)h(n(b,u)a,%(b,u) )],
for any 6; > 0. Let £ > 0 and choose ¢, = ﬁ Suppose that we have B"(b,a) < ¢. Then, by (6),
d(My, p1,) < 26,m* = &.

Hence,

Pld(My, My) > &} < > P{B'(b,a) > no1} < m® sup P{B"(b,a) > Ny + 3 + (n61)/2)

abely abey
2 2 )
<m? sup exp| = my(b, (b, (22— .
o i,
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Let 0 < 9, < 1. Then, for sufficiently large n we have

1 no
~log Pld(My, My) > &} < —(1 = 5)h(2>)

1 1 [ 1) o
= ~(ljpea) + 5 = )|} + —27—) log(l + —4—) - .
2(Mjp=a)+5 +02) 2(Njp=a)+5 +02) 2(Njp=a)+ 5 +02)

This completes the proof of the lemma.
3.2 Proof of Theorem 3: Large Deviation Probabilities by the Method of Types

Now Lemma 4 and the large deviation principle for My under P, ., implies the same large

)

]

deviation princi-

ple for My under P, . in the weak topology (See, for example, Dembo & Zeitouni, 1998, Theorem 4.2.13).

Consequently, the proof of Theorem 3 is equivalent to showing that for every = ¢ ‘W(Y x NY),

Lemma 5

= inf Jom(@) < liminf L log P{My € £|AMy) = (v, 7))
peint(X) n—oo

< lim sup % log ]F’{My ex | AMy) = (v, ﬂn)} < —”Eigg) Jom (1)

We begin the proof of Lemma 5 by recalling the definition of A a function on W(Y x N¥) given by

e (A, A ().
Let (v, ;) — (v, 1) € W(Y) X W(Y x Y) and write

7((”)(1/”,71,1) ={u, : p, = M, A(w,) = (vp, 1), for some random allocations process on n bins }.

We denote by S(u) the support of u and write for p,, € K™ (v, 1),
ﬁ(]n)(ﬂ-n’ M) = na'(]n)(vns Ttp) — nﬁ(ln)(;un) - ﬁ|8(:un)| log 27n,
where

" (v 1) = = Llog IKP (v, )l + 1 " Togma(b, a) + (1Y) +|YP) log 27
a,bey

1 i i i 1
+ e Z @+im T Z logv,(a) + Z Ty b.a)+/n’

acy acy a,bey

(1) _ 1 1 1
Bl () = 5 Z log pu(a, ) + Z 2u,(ah+1/n"

(a.heyxnY (aDeyYxNY
pn(a)>0 pn(a,)>0

We write ﬁg’)(nn, ) = na(zn)(vn, ) — n,B(Z”)(,un), where

0 _1 1 1 1 1
@y (Vs 700) =5 10g [ K (v, 700)| + 37 Z 6o T2 Z v, @

abey acy

vn(a)>0

+1 Z log 70,(b, @) + A (Y| + Y1) log 27n + 1 Z log v,(a),

abey o<y
My - 1 ! @D
v (/Jn) == Z logﬂn(a, l)) + Z 12, (a,l)
(aheyxny (a.heyxny
in(@)>0 Hn(@.D>0

We prove Lemma 5 above from the following lemma which uses the the idea of the method of types (see Dembo

& Zeitouni, 1998, Chapter 2).
Lemma 6 For any u, € K™(v,, 1,),

: (n) ~ . (n)
e MH G 1 Poin)+8\" (tn ) P{M; = u, | AM3) = (v, 7)) < |7((n)(vmﬂn)|—1e—"1‘1(ﬂn | Poiy)+95 (”mﬂn)’
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where
e OO D1, (b, @) [va(@)])
I(D)!

Poin(a, ) = vy(@ | | , for [ € NY

beY
1im 95, ) = lim 9, ) = 0

Proof. The proof of this lemma uses the idea of the method of types (see Dembo & Zeitouni, 1998, Chapter 2),
combinatoric argument and good estimates from refined Stirling’s formula.

We denote by ¥ the random allocation process and observe that for any u,, € K™ (v,, m,) we have

HY © My = w,, A(My) = (v, 7,))
BY : (L), 12) = (vm))

P{My =ty | AMy) = (v, 1)} = (8)

Now, the right side of (8) may be evaluated in the following way:

e For a given empirical measure y, with A(u,) = (v,, 7,) there are
]—[( nvn(a) ) 1—[ ( I’lﬂ'n(b, Ll) )
Y () s
ceif nuy(a,l), l € N by 17(b), j=1,..,nv,(a)

equally likely random allocation processes and

nn,(b,a
e for every empirical and empirical pair measure A(u,) = (v,,7,) there are [], ey (nvn(a)) (b equally likely
random allocation processes.

Therefore, (8) is equivalent to
B{M = p, | AM) = (v, 7)) €)

nvy(a) nmy(b, a) 1 nm,(b,a)
— 1_[ nu(a,l), [ € Ny) l_[y(l(aj)(b)» j= 1,...,nvn(a))(nvn(a)) > (10)

while P{M = pu, |A(Zl7[) = (W, y)} = 0 when A(u,) # (v, ,) by convention.

Suppose 7,(b, a) = 0, for some a, b € Y then

( nr,(b, a) ) _1

: 11
[D®), j=1,...nv,(a) (11)

Suppose 7,(b, a) > 0, a good estimate of (nr,(b, a))! can be obtained from the refined Stirling’s approximation, as

exp (mr,,(b, a)lognn,(b,a) — nm,(b,a) + 5 log (b, a) + +1 5 log Znﬂ') < (nm,(b, a))!

12nn, (b a)+1

< exp (mr,,(b, a)log nm,(b, a) - nm,(b,a) + 1 log m,(b, a) + + 1 log 27n).

12n7r .(b,a)

Similarly, from the refined Stirling’s approximation (see Feller, 1971, p. 52), we have

exp (n Z vy(a)logv,(a) —n Z un(a, D log w,(a,l) + % Z 12Vn(3)+1/n + 'yl_l‘;(““)' log 27m)

acy (a.l) acy
1 | nvy(a)

X exp ( T Z 12ﬂn(a,l)+1/n) < l—l (”/J (a, D), e Ny) < exp (”Z va(@) log V"(a))

(@heyxY acy AR acy

tn(@>0

S n

xexp(—n ) i@ Dloguy(a, = > ey + L log2mn + L Y 7). (12)

(a,l) (. l)eylxkg‘/ acy

Hn(ad)>

116



www.ccsenet.org/ijsp International Journal of Statistics and Probability Vol. 3, No. 2; 2014

We observe that [, ey H;Z”l(“) 19! = [Tpey exp (n X (log I(b)Hu(b, a)), and hence

exp ( Z [n Z (b, a)log (b, a) — n Z n(b,a) — n Z mu(b, a)log v,(a)] + 3 Z log 7, (b, a))

beY  acy acly acly a,bey

x exp (n Z Z(log 1(6) pan(a, 1) + 2L Tog 27n + Z )

beY (a,l) a,bey

nm,(b, a) 1 nm,(b,a)

= al;[y(l(a’)(b), j=1, ...,nv,,(a))(nvn(a))
<exp(n Z Z(log Ib)pa(as 1) + & Z log (b, a))

belY (a,l) a,bey
x exp( Z [n Z (b, a) log Z Tu(b,a) — n Z u(b,a) — n Z (b, @) log va(@)] + Z o)

beY  aclY acy acy acy a,bey

X exp (% log 27m).
Putting everything together and choosing 19(1")(71',,, ) and ﬁ(zn)(n,,, Mn) appropriately, we have that

exp (nH (u,) + Z [n Z (b, a) log Z (b, a) — n Z (b, a) —n Z (b, @) log v,(a)])

beY  acly acy acy acly
xexp (= nH) =n Y > (0g 1(b) paa(a, ) + 8", 1)) < PIM = g1, | AM) = (v, 7))
beY (a,l)
< exp( = nH) = Y’ [n ) (loglb)yun(a. ) =n Y mi(bea) =n ) malb.a)log vo(@)])
beY  (al) acy acy
x exp (nH(w,) +n )" > mab,a)log Y mu(b, @) = 10g 1K™ (v, m)| + 95" (i, 1)
beY acy acy

Collecting and rearranging terms properly and using A(u,) = (v,, ,), we have that

HO) = Hw) = Y[ D (e Dlog Y b D) = ) iB)una,])

bey (al) (a,l) (a,l)

= > lb)(a, Dlogv,(a) = (log I(b) hpua(a, D)

(@l (al)
=" pnla, D[ logpun(a, 1) ~ logva(@) — > (log (222y® — 2G4 _1og % (log I(h))))]
(a,) bey 1
7a(b,a) v, (@))'® exp(—m,(b,a)/va(a
= (@, D] log y(a, 1) — log (v(a) | | bl obCrbaimi), |
(a,)) belY
=H(u, || Poiy)
which completes the proof of Lemma 6. ]

We prove from Lemma 6 and Doku-Amponsah and Moerters (2010, Lemmas 4.1 and 4.4), upper bounds and lower
bounds in the large deviation principle for all finite n. Let ¥ ¢ ‘W(Y x N¥). Then Lemma 6 gives the upper bound

Buy es[aMp) = ormn = > BIMy = [ AMy) = 0, )}
1, €ENK D (v,,7,)

-1 - P (n)
< Z (D (v, 71,) | ™ Hen | Poin) e 0,)

Hn€ENK D (v,

< inf s vy ) Httn Pai,,)+m9(2")(v,, ) (13)
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The corresponding lower bound is

PMy e X|AMy) = o)} = D> P{My = | AMy) = (v, )
Un€ENK (v, 71,)

> ¢ 0, cxr v, gy Htn || Poin) } ‘ o )
Ha€ENK D (v, 71,)

> @M,y Htn | POI) £ 05) (14)

Since limsup, ., %ﬁ;")(v,,,n,,) = 0 and liminf,_e %19(1”)(1/,,,71,,) = 0 (by Doku-Amponsah & Moerters, 2010,
Lemmas 4.1 and 4.4), the normalized logarithmic limits of (13) and (14) gives

lim sup 2 log P{My € £|A(My) = (v, m,)} = —liminf{ _inf  H(u, | Poiy)) (15)

n—=0 " 1, eSAK (v,.1,)

and
liminf ! log IP’{M,; €X|AMy) = (v,,,n,,)} =—limsup{ inf  H(u,| Poi,)} (16)

n—oo ﬂneznw(”)(vnvﬂn)
The upper bound in Lemma 6 follows from (15), as £ N K™ (v,,n,) C £ for all n.

Now fix u € W(Y x NY). Then, by Doku-Amponsah and Moerters (2010, Lemma 4.9), there exists a sequence
U, € XN KD(v,,x,) such that g, — u as n — co. Therefore, by continuity of entropy (see, example Doku-
Amponsah & Moerters, 2010, p. 19, Equation (14)), we have that

lim sup { inf H(,u' | Poi,)} < lim H(u, || Poi,) = H(ul|| Poi).
n—oo

n—oo 1 €XNK W (v,,,7,)

Recall that H(u|| Q) = oo whenever, for some (b,1) € Y x NY, u(b,1) > 0 while Poi(b,]) = 0. Hence, by the
preceding inequality we have

lim sup { inf H(p' || Poiy)} < inf  H(ul| Poi),
peint(x)

n—oco 1 eENK® (v, 7,)

which gives the lower bound in Lemma 6, for y satisfying A(u) = (v, 7). To conclude the prove of the lower bound
we note that by Doku-Amponsah and Moerters, (2010, Lemma 4.6) for any ¢ € X with y; = v and A, (u) < & there
exists u, € K" (v,, r,) converging weakly to u such that H(u, || Poi,) converges to H(u || Poi).

3.3 Proof of Theorem 1

We obtain this corollary from Theorem 2 by the application of the contraction principle, Dembo and Zeitouni
(1998, Theorem 4.2.1) to the linear map F: ‘W(N) — [0, 1] given by F(d) = d(0).

In fact Theorem 2 implies an LDP for random variable F(Dy) = Dy(0) with good, convex rate function

n(x) =inf{H(d| qg.) : d € W), d(0) = x, Z kd(k) = c}.
k=0

Note that, for a general x the class of distributions satisfying the two constraints might be non empty. Since we

have - -
- de(k) > Zd(k) —
k=1 k=1

the class is necessarily empty if ¢ < 1 —x. If ¢ > 1 —x, a Lagrangian calculation gives that the mininum is attained
at p, defined by p(0) = x, p(k) := Z(x,c)™! (/l(),i—,‘))k where A(x, c) is the unique root of

A c
and Z(x,c) := % Therefore we have that
n(x) = xlog + (1 -x)log ————— d-x +(1 —X)de(k)log .
L(O) 1 —¢q.(0) 4e (")
(17)
= xlog +(1—x)log d=x +c10g—
c(O) - q.(0)
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if ¢ > 1 — x and oo otherwise. In particular if x = e™ then A(x, ¢) = ¢, which gives n(e™) = 0. This completes the
proof of the theorem.
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11 11
Note 1. 2m)2n" 27 1/02+ D) < ) < 21)2 1™ 27 *1/(20 (see Feller, 1971, p. 52).
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