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Abstract

In this work, we study the empirical estimator of the Value at Risk (VaR for short) for weak dependent observations.
Our approach uses the oscillation of the empirical process under hypothesis of moment’s inequality. We provide
general conditions which ensure the convergence of the empirical estimator of the VaR. We also prove a central
limit theorem (CLT) for the difference. We perform some simulations for different sequences to illustrate our
results. Finally, we apply the results for different sequences under assumptions of mixing or covariance.

Keywords: Value at Risk (VaR), modulus of continuity, empirical process, quantile function, moment’s inequality,
dependent random variables

1. Introduction

The Value at Risk VaR is a method to evaluate financial risks. It summarizes the risks of loss in a unique number
and aggregating the risks of market through several classes of financial assets (stocks, bonds, etc.).

The VaR is a probabilistic measure of the possible loss for a given horizon. It represents a level of loss, for a
financial position or a portfolio, which will be exceeded during a given period only with a chosen typically small
probability.

The VaR is obviously neither the loss which one can expect nor the maximum loss which one may suffer, but a
level of loss which will be exceeded only with a level of a fixed probability g.

Definition 1 (P&L and loss function) Let P, be the value of a portfolio of assets at time ¢. Then the variation of the
value of this portfolio over the interval [z, + T, is called the profit-and-loss (P&L) function:
AP =Py — Py,
and the function
X, ;= -AP,
is called the loss function.
In practice, we decide to fix T (e.g. one day or one week), yet AP, = P, — P;.

Definition 2 (Value at Risk) The Value at Risk VaR (g) of a portfolio of assets for a period [¢, 7 + 1] at the confidence
level g € (0, 1) is given by the smallest number x such that the probability that the loss X, exceeds x is no larger
than (1 — ¢g). Formally
VaR(g) = inf{x: P(X; >x) < 1-g}

or

VaR (q) = F;'(q) = inf {x : F(x) > q} := &. (1.1)
where F; (x) = P(X; < x), x € R is the distribution function of X; and F; Lits quantile function.
Definition (1.1) clearly shows that the knowledge of the distribution function (in short df) of the r.v X can de-
termine the VaR (g). Often the function F is assumed to be normal. However a lot of financial practitioners use
historical distributions which are far from being normally distributed (see e.g. Cont, 2001). Moreover, in general,

the historical data have an intertemporally dependent structures. Indeed the assumption that the variables (X;),<;<,
(denote the variations (—AP;)<<, in the value of a portfolio over the n periods) are i.i.d, is not easily satisfied
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in practice. Hence the feeling of the need of taking into account a possible dependence structure or an effect of
memory in the observations. In order to model and measure this memory aspect in the data, we consider two cases:
correlations or mixing coefficients.

So the main objective of this paper is to provide ways which allow to tackle the issue of estimation of the VaR in
the cases where there is either a lack of parameterizations of F or some weak dependency among the data. To do
so, we use the empirical distribution function F, (x) = % >, Iix,<x), where x € R and I is the indicator function,
for a stationary sequence of dependent real-valued random variables (X;),<;, to estimate the VaR.

The empirical estimator of the VaR (\7@) (see e.g. Dowd, 2001) is defined by:
VaR(q) = F,' (q) = inf {x: F, (x) > q}.
We note that if we order the independent random variables X,,; < X,,» < ... < X,,,, then V/a7€e (g) can be written as
VaR (q) = X5, 5 =[ng]+ 1.

where [a] is the integer part of a.

Next let us recall the definitions of some mixing coefficients which are criteria needed to introduce dependency
measures between variables.

Let (2, K, P) be a probability space and let A, B be two sub o—algebras of K. We define:

1) The a—mixing coefficient by:

a(A,B)= sup |[P(ANB)—P(A)P(B).

AeA,BeB
2) The p—mixing coefficient by:
pAB)=  sup  |corr(f, g,
JE€Ly(A),geLr(B)

where Lg) = —Cote)
corr (f g) \Var(f)\/Var(g)

3) The ¢—mixing coeflicient by:

P(ANB
(A, B)= sup PAang) )—P(B).

acapes| P(A)
Finally, we say that a stationary sequence (X;);c7, is strong mixing or a—mixing, if
ay =a(0 (X, i £0),0Xi,i 2n) 2pu 0.

The paper is organized as follows. The section 2 is related to the notion of oscillation of an empirical process
which is defined for each f, € F by:

1 n
Zy (fo) = B Z [fe X) = E(fe X)) = Vn[F, (x) - F ()]
i=1

where ¥ is the set of characteristic functions of intervals of the form (—co, x) for any x € R. We study the mean of
the modulus of continuity of the empirical process defined by

W (n,o) = E( sup (1.2)

WA=sll, <6

Zu(fe - 1)

where ||fi]l, = (E| fxl")% . Our method is inspired by the work by Ben Hariz (2005) who studied the stochastic
equicontinuity of empirical processes indexed by a family of functions.
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In the section 3, which is the main part of this work, we prove the consistency as well as a central limit theorem
for the VaR, i.e.

2
Vi (€ - ) —>dN(0 = (5))

6]
where
+00
W@ = Z Cov (T, 00, Iix., <0)) = Var (I, <o) +2 Z Cov (Iixy<0, s <0))
i€Z i=1
is assumed to satisfy 0 < 02,(£) < co.

In the section 4, several applications are discussed. Finally, the section 5 is devoted to simulations which illustrate
the results.

2. Oscillation of the Empirical Process
First let us introduce the following assumptions:

H(X) : (Xi)i<i<, 1s a stationary sequence of real-valued random variables with a common distribution function
F.

H(p, X) : For all positive real numbers 2 < v < p < r < oo and for any & > 0, there exists a positive constant
D = D (g, p,v,r) < oo such that for any f € F

EIZ, (AP < DI +n" =2 1IfIF).

H(F) : F is continuous in 7 =[£ — a,, & + a,| where 0 < a, =, 0, and F has a density function f which is
continuous and 0 < f(£) < oco.

For 0 < b, =, 0 we denote,

a, < b, & {an < b, and % — oo 0}.

n

In the proofs C denote constant where values may change from one line to another. We will now focus on the
modulus of continuity of an empirical process (X;)<j<,-

I+e
a

1

Theorem 1 Under conditions H(X) and H(p, X), there exists C = C (g, p,v,r) < oo such that for 6 > PRG ,

1 245-L
W (n,6) < C-(n A +5(1‘n)).

Ifinadditions<§(1—1+l>—1and6=6n—>0,then
p r

lim W (n,0,) = 0.

n—oo

Remark
1+e—p

e When r = p the result becomes for 6 > n"r

I+e
P

W(n,&)sc(lnn-n—%** +5(‘—%)). @.1)

l+e
p

~I—|

1+

1
co.n ,

o If Fis L—Lipschitz, then for 6y >

Zn (fx - fy)” <C- (n_2+f’+1’r’ +C,p,L)- 601'_’]’))_

1, 2+e— % (

IE)[ sup

[x=y|<6o

Proof of Theorem 1. Let N (k) = N (2”‘, Il , F ) ,k € N (the bracketing number) be the minimal number of

brackets which are of a norm ||.||, less than or equal 27 needed to cover . As N (k) < 2.2'% is finite (see e.g. Van
der Vaart & Wellner, 1996, ex 2.5.4 in p. 129), there exists a finite sequence

{fair Dty = Linns.<mtir 1)} <icomk
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such that:
D [[Avol, <27
DV freF Al |fi— fun] € Avo

We set (71 (f), A (f)) the first pair (fy, ), Ax,») Which satisfies |fx - ka(i)l < Ay)- Let go, k and g; € N such that
qo < k < ¢q1, we define for 1 <i < 2",

E; = {f €eF: Tqo ()= fxqo(i)} ’
Ind

then the sets E; form a partition of . For § ~ 279 & ¢g ~ —1ir3» We define:

Fij={(fofy) € F XF : fe€ Ei fy € Eju || fe = £, < 9}

Let now A = {(i, DiFij# 0} . For every pair (i, j) € A, we fix an element of F; ; and denote this pair (q},-,j, z,bi,j) .
Let (fx,fy) be a pair satisfying “fx - f)H‘ < 0, then (fx,f)) € I ; for some (i, j) € A. We write

fx - f) = fx - ﬂ-qn (fx) + ﬂqg (fx) - ¢i,j + ¢i,j - ‘ﬁi,j + wi,j - 7qu (f;) + ﬂqo (f;) - fy
but 7, (f) = my, (qﬁi, j) and 7, ( ﬁ) = Ty, (zp,; j) since fy, ¢ ; € E;, fy, i € E;. Consequently:

sup
1A=l <6

Zn (fx - fy) <4 fug Zn (fx — Ty, (fx)) + S Zn (¢i,j - ll’i,j)‘

p
(i, ))eN

That gives by applying the expectation:

Zn (fx — Tlg, (fx))

Zn (¢i,j - d/;,j)‘)

) + E( sup
JreF @, ))eA

= 4E1 + E,.

]E( sup Zn(fx—fy))] < 4E(sup

5=l <5

In order to control the terms E; and E,, we put ||Z, (f)|l# = sup feF |Z, (f)|, and we use the following inequality
due to Pisier: For all random variables Z,, Z,, ..., Zy

E[max |Zl-|] < N7 max (E |Zi|p)% .
i 1<i<N

<i<N

Control of E: For f € ¥, we write:

41

F=rg(D=F-ng D+ Y [m(H)-ma (D]

k=qo+1

Therefore,

E;

E|

Zn (f - g (f))”?_

IA

q1
E|Z.(f =m0 )|+ D EIZ0 G (h) = ms ()l

k=qo+1

IA

q1
Eig1 +2NnswpE|A, (] + > Enx
Jer k=qo+1
where Ery = EIIZ, (e (f) = w1 (Dl do + 1 < k < gy and Eygn = E|Z, (8, (D)]| - Note that m () -

Tt () = 1 (f) = me1 (i (F)) and 7 (f) take values on a finite set N (k) < 2.2"%. Then using Pisier’s inequality,
we can write:

vk
Eix <27 max ||Z,(g— m— .
Lk geﬂk(T)H n (& = -1 (@I,
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Apply H(p,X) to h = g — m—; (g) to get:

1 e ? 5
1Zy (), < D7 (Al + 0"+ A7)

A

IA

1 l+e 1
D’ (||h||v Tl ||h||,)

Using the fact that
IX1, < IXI7 < Il
we obtain

Lie _ 1 (k=ly

1Z, (W, D%.(z—w—luﬂ byt )

IA

IA

D5 .(2—’< + n%—%z-%).
Hence,

1 vk —k Ite 1 kv

Eyy < 2Dv-2v» (2 +nvr 22 r)

2D7 - (z—k(l—%) + n%—%zk(%‘f))

C- (27079 4 n'F-2452))

IA

IA

Similarly for £ 4 41:

l+e

Eign <C- (z—“ﬂ“)(‘—ﬁ) ' %2“““)(%‘5)).
Finally, using that E|A,, (f)] = ||Ag, ()], < 279", we obtain:
qi+1 q1+1
v I+e _ 1 v_v
E <C-Ni2 ™+ Y Ep<CoNi2 ' +C Y (2"‘(17) +n7_§2k(7’_7)) 2.2)
k=qo+1 k=qo+1
<€ (o w nl1o5) 4504 g0 od) - gu-3)]).

Then,

By < - (2o 4 270073) 4 5t [08) - p0(3-2) ), 2.3)
Control of E,: Noting that [A| < 2 x 27" (since if F;; # ¢, then j = {i — 1,i,i + 1}, because |fx - fxqo(i)| < A’%W
and ”quo(i)”v < 27%) and ||¢,~, =Y ij < 9, using the inequality of Pisier, we get

E, = IE( sup |Z, (¢i,j—‘//i,j)|)
G en
v40
S = AT B

Again by H(p, X),

w [ 1 Le_1

B 2% b (o -l % o - )
Yo L Le_ 1oy
< 2% Dr -(6+n g _25;)

Then,

0

E, < DF .27 (5+n¥—%5¥). 2.4)
Thus, from (2.3) and (2.4) we conclude that:

I+e Y90 v

W(n6)<C-| vn2-a +270(=3) 4 275 4+ '3 (2‘1'(%5) —onl3-3) 4 275?)] .
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We have § ~ 279 then 27 - & ~ p-(1=3) « 6(1_%), hence

l+e

W(n,6) <C-| Vn2™1" + s1-5) 4 nT‘%Z‘“(ﬁ‘E)].

Take g such that 4/n279" ~ n'7 129067 then

i 1- L) g
20 ~ ' (4577) = gy ~ #
v(1+1-1)m2
P r

Therefore,

1 2+£—’% )
Wi < c (i T g0,

l+e
i

As g and g have to satisfy gg < ¢; then 6 > n*(*3+) . And to ensure that W (n,0) —poes—oy 0, we need

1 2+e-L

—5 + ——5 < 0 which is this
pHi=¢

1 1
e< ‘1—9(1——+—)—1.
2 p r
Proof of Remark 1. The proof of the first point of the Remark 1 has the same steps of the proof of Theorem 1 up to
the inequality (2.2). This relation becomes in the case where r = p,

q1+1
E, < C-n2"+C- Z (Z_k(l_f’) +n%_%)
k=qo+1
< C- (\/52_‘” +270(-5) 4 qln%fé).
Since
1 1+e&
~ 1- Inn.
T 2 ( p ) e
Therefore,

W(n,0)<C- (lnn.n%*% + 5(1*;’;))_

3. Limit Theorems for the Empirical VaR

In this part we will apply the results of the previous section on the fluctuations of the empirical process to deduce
asymptotic results on the VaR (g).

Theorem 2 Under conditions H(X), H(F) and H(p, X) where & < g (1 - ]l, + %) — 1, we have for a,, > n‘%,

& — €l = Op (an) .
If in addition
Vi (F, (€)= F €) - N(0,0% ©)),
then > &
n— —>dN(O,O-OO§).
V(& -9 = ®

The proof of the previous theorem is based on the two following lemmas:

Lemma 1 Under conditions H(X), H(F) and H(p, X) where € < g — 1, we have for a, > 0,

P - &> a) < Clep.v.rd).(n7a,)

. . _1
If in addition a, > n™2, then

€0 = &l = 0p (an) .
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Proof of Lemma 1. Let s = [ng] + 1. Then, we note that

P, <é—-a,) = P(sormoreofthe X;(1 <i<n)are<é¢—ay,)

P [Z lix<g-a,) 2 S]
i=1

P(Fn E—ay)> %)
P(Fu@-a)-F@E-a)> > -FE-a).

Since s
F, (&) = o= F &)+ O(n_l), (see e.g. Sen, 1972)

then, using H(F) and the first-order Taylor expansion of F (¢ — a,), one obtains
N
- —F(—-ay)=f©an[l+o(1)].

Then
P& <é-a)=PF,¢-a)-FE-a)=fEa,[1+0D).

And by Markov’s inequality, this is bounded by

1 r p
PE <é-a,) < (m) E[F, (¢ —a,) - F (& —-ay],

1 p
o —_— — — — P
C (f(f)a,,) E|F, (£ —ay) - F(§—anl”.

But,
1Y P
E|Fn(§—an)—F<§—an)|P:(W) E |0 (fie-a)| -
By H(p, X),
1 _r
E|F, (£ —a) - FE=-a)l’ < (%) (Mtce-anlll + 172 - T ce-an )
< nID-(FE-a)’ +n""iF € ~ay)7).
Then,
1 e 2 el 2
P <é-a,) < C'(f@an) nED - (FE-an® +n*4F ¢ -a,)?)
1 r P - 4 Jng,,
< D(E) nZa,,p(F(f—a,,)v+nl F(E—ay)r )
< C(s,p,v,r,§)~<1 + ”F“)n panp,
Consequently for 0 < a, ands< -1
P&, <£&—a,) < Clep,v,né) n?a,’. (3.1)

For the second term, we note that:

P, > &é+ay) P (s orless of the X; (1 <i <n) are < ¢ +a,)

= P (Z Ixi<gran < S]
i=1

= P(Fu€ra)<2)

= ]P)(Fn(éj'f'an)_F(g"'an)SE_F(g"'an))-
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But, using H(F) and the first-order Taylor expansion of F (¢ + a,), one obtains

]P)(fn >§+an) P(Fn(§+an)_F(§+an) < _f(f)an [l +0(1)])

PFE+an) = Fpy(¢+ay) 2 f@a[1+o(D)]).

and by Markov’s inequality, this is bounded by

1 P
P, >¢é+a,) < (m) ]E[F('f-l—a")_Fn(f-l'an)]p,
1V
C(f(f)a,,) E|Fn(§+an)_F(§+an)|P.

In the same way for the first term, we have

1 p
E|F, (é: +ay,) - F(‘f + an)|p = (%) E |z, (f(f-*—an)) '
By H(p, X),
1y )
E|F, (£ +a,) - F (¢ +ay)l < (%) D (|[oxeeranlly + "% - [Tovesanl))
< nPD.(FE+a) +n'" 2 F(E+a,)").
Then,
p
P&, >é+a,) < C-(f(;)an) n?D-(FE+a)® +n"""TF (£ +a,)")
P
< D) e (FErat e R e )
< C(gp,v,ré)- (1 + n”g’g)n%)a;p.

Consequently for 0 < a, ande < § -1

P& >&E+ay) < Cle,pv,né) -nta,’. (3.2)

Thus, from (3.1) and (3.2) we conclude for 0 < g, and & < g -1

P&, - ¢ > a) < C e, p,v,1, &) - (nPa,)

Finally, if @, > n"%, then
P&, - &l > an) =ne0 0.

The following lemma studies the proximity between Z, ( fg) = n(F,(&,) - F(&)) and Z, ( fg) = Vn(F,(&)-

E(©)).

Lemma 2 Under conditions H(X), H(F) and H(p,X) where & < g(l - % + %) — 1, we have for a, > n": and

p
1, 24e-F

L 1_1
2t E (?_7)
b, > max (n = ay P,

| Vi (F, (€)= F (&) = Vn(F, (€) = F (€)| = 0, (by) .

Proof of Lemma 2. Let 0 < a, and 0 < b,, we note that

i

Z(fer = £)] > b 016w = 81 < ) + (|7 (£, = )] > Bu 1162~ €1 > an)

A ff)’ L, -¢1<a) > bn) + P (I6n — €1 > an).

z,l(f,f”—ff)|>bn) - IP(

i

IA
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If H(p, X) is verified for & < ’5'(1 - % + %)— 1< ’5’ — 1 and O < g, then by Lemma 1:

P& — &> a) < C- (na,)

If H(F) is verified, then F is locally Lipschitz, then for [y — | < a,,, we have

5= £l = IF) - F@IF <C0.8) - ly—8} <C(v,8)-ay.

1

i

£-1

1

7

1+

In addition, by Markov’s inequality and Theorem 1 for a,

i

_1
> top”

Z, (fy - ff)|

sup
[y—él<a,

Z (ffn - f£>| L, -é1<a > bn) < bi]E

n

1 ek (1-1)
—_ p v
< C-btn P v Cay) .

lie

|

1 1+1
Consequently, for a, > ziZn"7

i
2+e-F

»
1 1 1
! -3 Ty

If a, > n~2 and b,, > max (n 2k ,a,(1 1)) , then

wheres<§(l—l+l)—1and0<b,,
P r

24— L

20(e = 8] > o) < € ot (1745 ol ) o).

Zo(fo, = £2)| = 00 ).
Finally, by the definition of Z, (f,), we obtain
| Vi (F, (&) = F (&) = N (F, (&) = F (&) = 0, (b).

1, 2+e—

7
v

B 4 11
Proof of Theorem 2. By Lemmas 1 and 2 for a,, > n~? and b, > max (n 2t ,aﬂ ”)) , we have

| Vi (F, (€2) = F (€)= Vn(F, (&) = F (€)| = 0, (by) .

Since s
Fi&)==-=F@+0(n"),
n

e VI (Fy (€)= F () = Nn(F (€)= F (&) + 0(n 7).
If H(F) is satisfied, then by the Mean Value Theorem of F (£) — F (&),
F@-FE)=E=&)f 66 +1-0)§)
where 6 € [0, 1]. Then
VI(Fy () = F () = Nn(E =) F (06, +(1 - 0)&) + 0 (n2).

Hence,

Vi€ =£) 1 06+ (1 =08 +0(n}) = Vi(F, @) = F©)| = 0,(by).

But we have,

Vi (F, () = F (€) = N (0,02 ¢)).

And by Lemma 1 for a, > n1 s

FO£,+(1=0)8) = |f (£ + 0, (@))| =nseo £ () in probability.

32
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Then by (3.3), (3.4), (3.5), (3.6) and Slutsky’s Theorem (Cramér, 1946, p. 254), we have:

Vi (f (€ E =€) - N(0,0% ©)).

Which is equivalent in the result to,

2
N —>dN(o """(5)).

T2
4. Applications

In this section we apply the previous results for different sequences. Using the findings of Hu (2003, p. 1124) and
Peligrad (1985, Theorem 2.1, p. 1305), we apply our result to ¢—mixing case. Making use of the result of Utev
and Peligrad (2003, Theorem 2.1 and 2.2), we apply our result to the p—mixing case and to a—mixing by mean
of the results in Shao and Yu (1996, Theorem 4.1) and Rio (1997, Theorem 7.2). We also consider the nonlinear
functional of Gaussian sequences to which we apply the result of Ben Hariz (2011) and Breuer and Major (1983).
Finally we compare the results with those in the existing literature.

4.1 ¢—mixing Process

Corollary 1 Under condition H(X), if the p—mixing coefficient satisfies
oo i )
Zgoﬂ (2’) <oo  withp>2,
i=0
Then, for 6 > n_%(]_ll’), there is a positive constant C(p, ¢ (.)) such that for any f € F

E

sup_ | (fx - JC))' <Cp,e()- (ln nnrt + 5(1—%))'

=l

If H(F) is verified, then for a, > n= we have

1€ — €&l = Op (an) .

and if in addition 0 < o2, < oo, then

% (é-‘))
e
Proof of Corollary 1. When (X;),», are identically distributed, using a Lemma by Hu (2003, p. 1124), if

S (2) < o
i=0

then, there exists a positive constant K = K(p, ¢ (.)) such that for all n > 1 and for any f

Vi (€, =€) —>dN(0

EIZ, (NI < C(pe (). (IlFI +n' "2 I£11).

Then H(p, X) is satisfied with & = 0,v = 2 and p = r. Apply now Theorem 1 for ¢ > nié(l*i), to obtain

E| sup

=4 ll=s

Zi(fe- )| <C (lnn T 5(1-%)).

If H(F) is verified and a,, > n~%, then by Lemma 1 for p > 2 we obtain

1€ — €&l = Op (an) .

To show that
Vi (F, (€)= F (£) - N(0,0% #)),
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we will apply a result by Peligrad (1985, Theorem 2.1, p. 1305) with ¥; = Iix.<s) — F (£), 02 = E[ i Y,]2 and
W, (1) =+ Zl[fl] Yi,t€[0,1]and 0 < 02, < co. If we have 0 < 02, < oo, then ”72 oo T2

The condition (L) therein can be written for € > 0,

A

n

O%% Zl E [Y,ZI[[Y,2>E(T,2,]] = %E I:YZZI[[YIZ>EU'%]:|

: C;gnp [l - F @] > ea};]
< io'jf]E [t~ F @ | = 0.

n

The conditions:

(A) o-ﬁ = nh(n) ou h(n) is a slowly varying function defined on R,
2
(B) sup,1.0,1 [E (E24" ¥i = 22, ¥) f2 | < o
therein are a result of 0 < 02, < co. We take ¢ = 1 to conclude

Vi (F, (€)= F (£) - N(0,0% £)).

Therefore by Theorem 2
G
V(& - & —* N(o, 5 )
2
4.2 p—mixing Process
For a stationary sequence (X;);c7 ,we define
a, = sup a(Mr, Ms),
S, TcZ.dist(S,T)>n
p;: = Sup p(MT, MS)s

S, TCZ.dist(S,T)=n

where My = o (X;,i € T), My = o(X;,i € S). We apply a result by Utev and Peligrad (2003, Theorems 2.1 and
2.2) to prove the following Theorems:
Corollary 2 Under condition H(X), we assume: H (p) : There exists a real number 0 < n < 1 and integer number

N > 1 such that py, <. Then, for p > 2 and 6 > n_%(l_%), there is a positive constant C (p, N,n) such that for any
feF
E Z,(fo— 5)

sup
llfi=All =0

If H(F) is verified, then for a, > n"2 we have

<C(p,N,n). (lnn . nll’f% + 6(17%)).

€0 — €l = 0p (ay) in probability.
If in addition the sequence (X;);s, is stongly mixing and 0 < o, < oo, then
% (§))
RO

Proof of Corollary 2. Assuming that the condition H (p) is satisfied and the random variables are identically
distributed, then by Utev and Peligrad (2003, Theorem 2.1), for any p > 2, there exists a positive constant D =
D (p, N,n) such that forn > 1,

V(g - & —* N(o

E\Z, (O < D(IFI +n' "2 I£1).
Apply now Theorem 1 with the condition H(p, X) where € = 0,v = 2 and p = r, we obtain

E

20 1)

sup
llA=All,=o

<cC- (lnn nph 4 5(1*%)).
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If H(F) is verified and a,, > n~%, then by Lemma 1 for p > 2 we obtain
€, — €l = 0) (ay) in probability.

To show that
Vi (F, (&) = F (€) = N (0,02 (6),
we will apply a result by Utev and Peligrad (2003, Theorem 2.2, p. 105) with &,; = Iix,<¢)— F (§), al=F [Zf’zl .fm«]z,

k, = nand W, (1) := L+ Z;’;lfm- where v, = [nf] and ¢ € [0,1]. Siona0 < 02 < oo, alors % —pse 0%. The

o o

condition (2.5) of Utev and Peligrad (2003):

(2.5) lim,,—, Sup [n]E (§,11)2 /o-,%] < C, is a consequence of 0 < 02, < c0. The condition (2.3) is proved in Corollary
2: (condition (L). We take t = 1 to conclude

Vi (F, (€)= F (£) - N(0,0% &)
Therefore by Theorem 2

2
_ d 0 O—oo(é:))
Vi (& - &) — N(,fz@

4.3 a—mixing Process

Corollary 3 Under conditions H(X) and H(F), if the a—mixing coefficient satisfies
a(n) <Cn™? for some C>1andd> 1+ V2.

Then, for a, > n"* we have
& — €&l = Op (an) .

and if in addition 0 < 02, < oo, then

o3 (f))
G
Proof of Corollary 3. When (X;);»; are identically distributed, then by Shao and Yu (1996, Theorem 4.1), if

Vi (&, - € —* N(o

a(m)<Cn? forC>0and6 > 0.

Then, for some real numbers 2 < p < r < 00,2 <v <re>0,0> =

< 3 and 6 > (”r:%, there is a constant
K=K®W,p,r¢&0,C) < oo such that for any f € ¥

E|Z, (NI < K (IAI +n" "2 I117)

which satisfies H(p, X). If ¢ < g —1anda, > n’%, then by Lemma 1 we have

€0 = &l = 0p (an) -

For determining 6 which allows to apply Theorem 1 we need v < p < r and g (1 -1y l) — 1> 0. Now we have
P r

gz(p—l)r®p<r(0+l)

)

r—p T O0+r
and
6> d Sv> ——
y—2 0-1
Since v < p we need
20 <r(6’+1)
6-1 0+r
which is satisfied if %
Vr(r—1 2
0>1+\/§(%).
r—
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217 +6n+4 2(2n+3
o0+ o 4 2Q1) hen we

Consequently, we take 6 = 1 + n where > V2. Forn > V2 we have 2 + % <2+ P v N

choose v, p, r

Dv=2+2,

n
. _ 2% +6n+4
ll) p= 2+ PP +2n+4°
sy 2020+3)
i) r=2+ R

With these choices we have v < p < r and

SIRS}

1 1
(1——+—)—1>0.
p r

Then we have
2+57¥

L ey 11
W (n,a,) <C. (n Pt tay T s 0.

If in addition 0 < o-zo < oo, then by Rio (1997, Theorem 7.2) for

6

a(n) <Cn” whereC >1and 8 > 1,

we have

Vi (F, (€)= F (£) - N(0,0% &)

Finally, by applying Theorem 2 for a,, > n~%, we obtain that

0'30(6))
NG

%ﬁﬁa—ﬂN@
4.4 Nonlinear Functional of Gaussian Sequences

Corollary 4 Let X; = G (Z;) where G is a measurable function and (Z;) is a stationary Gaussian sequence with
zero mean and covariance function
on) = E(ZiZ.y) .

Assume Y, lo ()| < co. Then, for p > 2 and 6 > n_%(l_%), there is a positive constant C (p, o) such that for any
feF

E

AR

sup
V=l

1_1 (1_2)
<C(p,0).(Innnr=2 +6V "7/,

If H(F) is verified, then for a, > n1 we have
& — €l = 0p (ay) in probability,

and if in addition 0 < 02, < oo, then

ﬁ@u
TRE )

Proof of Corollary 4. The proof of this corollary is a consequence of the following results:

%@ra—JN@

Lemma 3 (Ben Hariz, 2011) Let p be an even integer and assume that 2 |o (i)| < oo, then there exists a constant
K = K (p,0) such that for all n > 0,

1 n P ,
ELEElﬂm—EU@m]sK@@NW%+M”WM)
i=1

We apply Lemma 3 for f(Z) = Igz)<.. Then H(p, X) is satisfied with e = 0,v = 2 and p = r. If H(F) is verified,

then by Lemma 1 for a, > n‘;, we have

€0 = &l = 0p (an) -
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And by Theorem 1
S (=)
Wmn,0) <C.\Innn27» + 6V 7/).

For the central limit theorem we need to apply the following results due to Breuer and Major (1983), (see also
Csorgo, Sandor & Mielniczuk, 1996, for a functional extension) .

Lemma 4 Let (Z;) be a stationary Gaussian sequence with a covariance function satisfying 3, o (i)] < oo, then
1
\n

where o7 (x) = Var (Ioz)<x) + 2 X521 Cov (Ioz,)<x loz)<x) -

Z (Io@z)ex — F (x)) — N(O, o, (x))
i=1

If0 < 0'20 < oo, then by Lemma 3, Lemma 4 and Theorem 2 we have

Ui(f))
RO )

Vn(&, — &) —>dN(o

4.5 Comparison with the Existing Results of the Literature

e In Sen (1972), Sen has proved that for a ¢-mixing sequence of random variables, if we have

00

Z ¢ () < oo,
i=0

then

2

3

n(&, — —>dN(0,o-°° )

Vi (€, —€) 210
which is stronger than our condition:

S b (2) < oo
=0

Indeed, 72, go% (i) < oo needs an algebraic decay of the the mixing coefficient ¢ (i), and },;°, cp/l’ (Zi) < oo needs
only a logarithmic decay.

e In 2005, Chen and Tang studied the nonparametric estimation of the Value at Risk (VaR) for a geometric
a-mixing sequence of random variables, that means

a (k) < cp* where k > 1,¢ > 0and p € (0, 1).

Using the kernel estimation of the VaR:

b}

Fon(VaRy () = % G (W)

i=1

where G (x) = f_ xoo K (u) d (u) is a distribution function of a kernel density K, they showed that:

|VaRy (@)~ VaR @) = 00 (174 nm).
2
—_— i T (VaR (g)
\n (VaRh (g) — VaR (q)) - ‘N (0, —fz VaR(q) ) .

e Lahiri and Sun (2009) showed that for a @-mixing sequence of random variables such that
@ (n) < dn? where 6 > 12,

the empirical VaR (g) satisfy for a constant C > O and n > 1

sup
xeR

IP’[\/E(é‘n—f)Sx]—CD[xx F &) ]'s ¢

T @ Vi’
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where @ is the standard normal distribution. In particular they obtained as n — oo,

Ui(f))
G

Vi (€, —€) —>dN(0

Observe that for the CLT to hold for strong mixing sequences, we only need that & (k) < Cn™? with 6 > 1 + V2.

Remark 2 Our results also apply for stochastic differential equations and stochastic volatility models discretely
observed. Indeed, Genon-Catalot et al. (2000) showed that, under some conditions, these models as well as theirs
discrete versions, satisfies geometric @ or p—mixing. Therefore the main hypothesis H(p, X) is then fulfilled for any
p = 2. Regarding GARCH models which are also widely used in financial modeling, we mention that Davis et al.
(1999) showed that under conditions on the moment of the innovations and on the Lyapunov exponent associated
to the sequence, the squared of the GARCH sequence is geometric a—mixing. Hence, our results apply also for
GARCH models.

5. Simulation Studies

In this section we present some numerical studies which illustrate the conditions under which VaR (g) converges to
VaR (g). In these simulations, we choose a correlated Gaussian and Pareto sequences. In both cases, we compare
the VaR(q) where g = 0.95 to the empirical estimate of VaR(q). For each set of parameters, we run (M = 10000)
Monte Carlo simulations and compute the mean absolute error (MAE(n)) between VaR (q) and VaR (q)

g
MAE®w) = ~ > |VaR(,-) (@) - VaR (q)|.
i=1

=

We also give a confidence interval with level 95% to the VaR(q). We consider three different models. First, a cor-
related Gaussian sequence, then a correlated sequences with Pareto marginal distributions and finally a stochastic
volatility model.

5.1 Case 1: Dependent Gaussian Process
Let (X;)o<i<, be a Gaussian sequence with zero mean, unit variance and a correlation function given by:
on (D) := Cov(Xo, Xp) = (1 + i)™ ,i=1,..n
where @ > 0. The parameter « tunes the strength of dependence. In particular @ = oo corresponds to the i.i.d.
sequence, whereas a = 0, (0, (i) = 1) gives perfectly correlated sequence.
We study the process:
T, := Vn(VaR (g) - VaR (g)).

We show that for a > 1 (::» Yo lon (D] < oo.) ,
T, —i o N(0.72), (5.1)

where 72, = %. Here we recall that VaR (0.95) = 1.6449.

In Figure 1, we plot the mean absolute error with a 95% confidence interval as a function of n for different values
of @ when g = 0.95. Clearly the MAE(n) goes to zero when n large, for any @ > 0. The simulations shows that the
VaR (g) is consistent when the correlation parameter @ > 0. When @ > 1, in Figure 2, we plot v/n MAE against n
to see that it converges to a constant. In Figure 3, we see that the MAE (n) as a function of « for different values
of n with ¢ = 0.95, tends to zero for large values of n. In Figure 4, we compare the histogram of 7, for @ = 3 and
n = 800 with the density function of Gaussian distribution N (0, ‘ri,) Clearly, for @ > 1 the histogram of T, is
close to the normal distribution, confirming our result (5.1).

5.2 Case 2: Dependent Pareto Process

We now consider the VaR (g) for a correlated Pareto sequence (X;)o<;<,- Recall that the distribution function of

Pareto is defined for 8 > O by:
Gg (%) ={ é_(ff x> %o

x < Xo
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To construct a correlated Pareto sequence, we let X; = G,g' (@ (Y;)) where @ is the Gaussian distribution N (0, 1)
and {Y;}o<;<, 1s a correlated Gaussian sequence defined as in the previous example. As in the first case, we study
the process T, to illustrate the central limit theorem (see (5.1)). Here VaR (0.95) = 2.7144 when 8 = 3.

In Figure 5, we plot MAE (n) with a 95% confidence interval as a function of n for different values of @ when
q = 0.95. Clearly, the MAE goes to zero when n large, for any @ > 0. The simulations shows that the VaR (g) is
consistent when the correlation parameter > 0. When a > 1, in Figure 6, we plot \n MAE (n) against n to see
that it converges to a constant. In Figure 7, we see that the MAE (n) as a function of « for different values of n with
g = 0.95, tends to zero for large values of n. In Figure 8, we compare the histogram of T}, for @ = 3 and n = 800,
with the density function of Pareto distribution. Here again, when @ > 1, the CLT is satisfied.

5.3 Case 3: Stochastic Volatility Models
We assume that VaR (g) of the correlated sequence (X;)y<<, With stochastic volatility:
X; = 0.8
where (&;)<i<, 1s an iid Gaussian sequence N (0, 1) and (07;)o<;<, correlated Gaussian or Pareto sequences.
As in the first case, we study the process 7, to prove (5.1) where VaR (0.95) ~ 1.5949 for the Gaussian sequence
and VaR (0.95) ~ 2.4615 for the Pareto sequence with § = 3. In Figure 9, we compare the histogram of T, for

a = 3 and n = 800, with the density function of Gaussian distribution N (0, Tgo) using two cases (Gaussian and
Pareto for the distribution function of ¢;). Here again, when a > 1, the CLT is satisfied.
MeanAbs(Error) & Sequence Length for different Dependence o (with 95% CI)
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Figure 1. The Mean Absolute Error (MAE(n)) with 95% confidence intervals for correlated Gaussian sequence
with correlation function o, (i) = (1 + |i|)™ is plotted against the sequence length n for different values of
dependence parameter &

n"2*MAE & Sequence Length for different Dependence o. (with 95% CI)
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Figure 2. ( VIMAE (n)) with 95% confidence intervals for correlated Gaussian sequence with correlation function
on (i) is plotted against the sequence length n for @ € {0.5, 1.5, co}. The value ( \/ﬁMAE(n)) tends to a constant for

a > 1 indicating that the optimal convergence rate O(n‘%) is achieved
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Figure 3. The Mean Absolute Error (MAE(n)) with 95% confidence intervals for correlated Gaussian sequence
with correlation function g, (i) is plotted against the dependence parameter « for different values of n
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Figue 4. Comparing the histogram of T, for a Gaussian sequence where @ = 3 and n = 800, with the density
function of Gaussian distribution N (O, Tﬁo)
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Figure 5. The Mean Absolute Error (MAE (n)) with 95% confidence intervals for correlated Pareto sequence with
correlation function g, (i) is plotted against the sequence length n for different values of dependence parameter «
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n“z“MeanAbs(Error) v Sequence Length for different Dependence o (with 95% CI)
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Figure 6. ( VnMAE (n)) with 95% confidence intervals for correlated Pareto sequence with correlation function
on (i) is plotted against the sequence length n for a € {0.5, 1.5, co}. The value ( \/ﬁMAE(n)) tends to a constant for

a > 1 indicating that the optimal convergence rate O(n™?) is achieved
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Figure 7. The Mean Absolute Error (MAE(n)) with 95% confidence intervals for correlated Pareto sequence with
correlation function g, (i) is plotted against the dependence parameter « for different values of n
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Figure 8. Comparing the histogram of 7, for a Pareto sequence where @ = 3 and n = 800, with the density
function of Gaussian distribution N (0, Tgo)
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«=3 & Sequence Length n=800 Number of simulation=10000 =3 & Sequence Length n=800 Number of simulation=10000
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Figure 9. Comparing the histogram of 7, for & = 3 and n = 800, with the density function of Gaussian
distribution N (0, Tgo) for two case (Gaussian and Pareto sequence)

6. Conclusion

In this work, we considered the nonparametric estimator of the VaR. We proved the consistency of the empirical
estimator and a central limit theorem for v/ (€, — £) . Ours results apply as soon as we have a moment inequality
for the partial sums. Although the limit is normal like the i.i.d. case, the limiting variance is different and typically
larger with dependent observations. One consequence is: the confidence interval for the VaR will be larger. Another
question arise about the estimation of this variance. Our results apply for weakly dependent sequences, including
mixing sequences, linear process, gaussian sequences and others. It would be interesting to study the estimation of
the VaR for long-range dependent sequences.
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