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Abstract

In this article we introduce a simple powerful methodology where we replace the independent variables Ay, ..., 4, in
various symmetric functions as well as in Vieta’s formulas by the indication functions of the events A;,i = 1,...,n, i.e.,
A; = 1(A),i = 1,...,n. Both the random variable K that counts the number of events that actually occurred and the
proposed obvious identity IT” (z—1(A;)) = (z— 1)Xz"~¥ that solely depends on K play a central role in this article. Just by
choosing different values for z (real, complex, and random) and taking expectations of the various functions we provide
other simple proofs of known results as well as obtain new results. The estimation algorithms for computing the expected
elementary symmetric functions via least squares based on IFFT in the complex domain (z € C) and least squares or linear
programming in the real domain (z € R) are noteworthy. Similarly, we we use Newton’s identities and some well known
inequalities to obtain new results and inequalities. Then, we give an algorithm that exactly computes the distribution of K
(.e., g :=P(K =k),k =0,1,...,n) for finite sample spaces. Finally, we give the conclusion and area for further research.

1. Introduction

This article is self contained and the results appear in the order that they were conceived. Let

1

i@ =""+a "7+ +ay, (1)

be a real monic polynomial and Ay, Ay, ..., 4, its roots. We have

@ =112@=4)

= Zn - el(/ll" . '»/ln)zn_l + 62(/11" . '»/ln)zn_z +e (_l)nen(/ll»' "’/ln)s

2

where ¢; := (=1)'a;, i = 1, ..., n are the elementary symmetric functions. Since f;(z) is monic we define ¢y := 1 ¥n. These
relations between the roots and the coefficients of a polynomial are called Vieta’s formulas.

The elementary symmetric functions for n = 1,2, 3 are (Wiki contributions, 2019 Oct. 19)

Forn =1:
61(/11) = /11. (3)
Forn = 2:
ei(d, ) =4+ A €]
ex(A1, A2) = 41 4,.
Forn = 3:

el(d;, A3) = + AL + A3 )
ex(A1, A2, A3) = 41 Ay + A1 Az + Ao A3
e3(A1, A, A3) = A1 3.

These multi-variable polynomials are called symmetric since their value is preserved under permutations. For example,
er(A3, A2, A1) = ex(Ay, Ay, A3). Next, we will present brief formulas for e;, k = 1,..,n. These formulas are based on the
following definition (Marcus & Minc, 1964, p. 10).
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Definition 1.1. If 1 < k < n, then O, will denote the totality of strictly increasing sequences of k integers chosen from

1,...

.

Hence, using this notation we can write

k
e, ) = O [ ] Aers ©)

a€Qy, i=1

where @ := (1, ....,ax) and 1 < @) < -+ < ¢ < n. Notice that the cardinality of Qy , is

0kl = (Z) (7

Other symmetric polynomials, to name but a few, are:

®

(i)

Power sums:

Pty e Ay) 1= Z Ao k=1,2,.. (8)

where p; = e; and the other p;,k > 1 are related to ¢;,i < k via Newton’s identities, see (Wikipedia contributions,
2021, Feb. 4).

The sum of all monomials of total degree k which are called complete homogeneous symmetric functions and are
denoted by hi,k = 1,...,n. Next, we will present brief formulas for the /4;’s. These formulas are based on the
following definition (Marcus & Minc, 1964, p. 10).

Definition 1.2. If 1 < k < n, then Gy, will denote the totality of non-decreasing sequences of k integers chosen from
1,..,n

Hence, using this notation we can write

k

ey, ) = > [T 9)

a€Gy, i=1

where @ := ([, ...,ax) and 1 < @) < --- < @ < n. Notice that the cardinality of Gy, is

|Gk’,1|:(n-£f;1):(n+:—l)‘ (10)
In what follows we let
=1y, i=1,..,n (11)
Therefore,
K=e=1A)+ - +1(4,) (12)

is a random variable indicating how many of the events A;,i = 1, ..., n actually occurred. Hence, substituting A4; = 1(4;),i =
1,...,nin (2) we obtain

fa(@) = @ = 1(A1) - (2 - 1(Ap)). 13)

Obviously,

i@ = @@= DK (14)

167



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 10, No. 4; 2021

Equations (11) - (14) are the key equations to derive all the results that follow. When K = 0, combining (13) and (14 ) and
noting that 1(4;) = 0,i = 1, ...,n we obtain 7" = 7"(z — 1)? for all z. In particular, substituting z = 1 we are led to define

0°:=1. (15)
Using (13) and Vieta’s formulas we obtain
fi@) =+ (=D'ei "+ (=12 + o+ (= 1)'ey, (16)
where
e = ex(1(Ay), ..., 1(A,)) (17)
k
= > ]
€0, i=1
= Z 1N Ag,).
a€Qxn

For now we assume that z € C is a constant, later on we will let z be a random variable, say Z. Assuming that z # 0, using
(13) - (17), and taking expectations, we obtain

E(1- z‘l)K ="+ (-D)'EKZ"" + ...+ (=1} Z E1(NE,Aq) 2" + .o+ (Z1)'E1(NL,4;). (18)
@€0yn
Notice that
E1(A) = 1P(A) + 0(1 — P(A)) = P(A4), YA C Q, (19)
where Q denotes the sampling space. Hence, we have
K n
PE(1-27")" = Y (-Dfe"*, 2 #0, (20)
k=0
where
2 = Z PN, Ag). k= 1,...on. 1)
€0y

The organization of this paper is as follows. In Section 2 we will deal with various values of z. In Subsection 2.1
we let z = 0 and obtain that P(K = n) = P(N?_,A;). In Subsection 2.2 we let z = 1 and obtain a simple proof of
the inclusion exclusion formula. In Subsection 2.3 we let z = —1 and obtain an explicit expression for E(25), i.e., the
expected number of subfamilies of {41, ..., A,} all whose component events occur. In Subsection 2.4 we let 77! = 1 — s,
7' =1-¢°,and 77! = 1-¢" take expectations and thus obtain K’s probability generating function, G := E(sX), moment
generating function, Mk(s) := E(e*X), and characteristic function, ¢x(¢) := E(e"X). Using the probability generating
function we present a simpler proof of Waring’s formulas that relates the g;’s to the ¢;’s. In Subsection 2.5 we let
k= exp(%k),k =0,1,..N=-1,N >n,i = \/—_1, and present an efficient least squares algorithm based on an N-point
IFFT (Inverse Fast Fourier Transform) to estimate the e;’s. We will prove that if N > n the proposed algorithm becomes
a least squares solution. In Subsection 2.6 we choose distinct zz € R\ 0,k = 1,..., N, N > n and give algorithms based
on least squares (LS) and linear programming (LP) to estimate the elementary symmetric functions. In Subsection 2.7 we
let z = Z be a random variable and give two examples. In the first example we let Z = 1(A|) and obtain two interesting
identities. In the second example we let Z ~ N(O, o), assume that Z is independent of the A;’s, and thus arrive at
quite complex formulas for the expected values. In Section 3 we present formal proofs of known formulas that relate
e :=Eer,k=0,1,...,ntoqr :=P(K =k),k =0,1,...,n and give some consequences. In Section 4 We present Newton’s
identities and give some consequences. In Section 5 we present several inequalities and a conjecture.

In Section 6 we present a polynomial time algorithm to compute K’s probability density function, i.e., the g;’s. Using
these g;’s and the results of Section 3 we compute the ¢;’s for a finite sample space. Finally, in Section 7 we give the
conclusion and mention topics for further research.

In what follows we will use capital letters to denote random variable and boldface letters to denote vectors and matrices.
Notice that here the indices of all vectors and matrices start at one.
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2. Special Cases for Various Values of z Consequences and Algorithms
2.1 The Case z = 0.
Using (14) and (2) the case z = 0 gives the rather trivial identities
E(-DX0" %) = (-1)"E1(K = n) = (-1)"E1 (m;?zlA,-). (22)
Hence, using (19) we obtain
EL(K = n) = E1(n_,A;) = P(NL,A)). (23)
Using Demorgan’s law we also obtain
E1(K = 0) = E1 (m;;lA;) =F1 ((U?ZIAZ-)C) = P((u;;lA,»)“) =1- IP’(U;'ZIA,-), (24)
where A{ denotes the complement of A;.
2.2 The Case z = 1.
When z = 1 we provide a simple proof of the following known probability rule, called the inclusion exclusion formula.
Theorem 2.1.
P(UL,A) = Zn: PA;) — i P(A;NA)) + Zn: PANA;NA)+ -+ ~D)"™P@A; N NA. (25)
i=1 i<j i<j<k

By using (21) this equation can be written in shorter notation as follows.

n

PULA) = Y [(DFT D PO, A (26)

k=1 @€Qkn
n
— Z(_ 1 )k-HEk.
k=1

Proof: Substituting in (18) z = 1 and using (19) we obtain
EOX =1 + (=1)! Z P(A) + ...+ (=1 Z P(NA0) +...+ (=1)'P(NL,A)). Q7
i=1 aEQkT,,

Since, 0° = 1, we obtain that EOX = E1(K = 0). Finally, by using (24) and some algebra we obtain the desired result. Il

Notice that a similar derivation appears in (Grimmet & Stirzaker, 2001, p. 56), where the authors by nontrivial manipula-
tions of indicator functions obtained

1ULA) = 1= ] Ja - 1) (28)
i=1

Then, by using Vieta’s formulas and taking expectations they arrived at (25).
2.3 The Case 7z = —1.
When z = —1 we provide a simple proof of the following nontrivial probability rule.

Theorem 2.2. Let g, := P(K = k), then
n n
EQN =Y g2 =1+ @, (29)
k=0 k=1

where the e;’s are given by (21). Notice that B(2X) is the expected number of subfamilies of {Ay, ..., A,} all of whose
component events occur.

Proof: The first equation follows from the definition of E(2X). The second equation follows by substituting z = —1 in (20)
and carrying out some algebra. ll

In Section 3 we will give another simple proof of this formula.
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24TheCasesz7 ' =1—-s,z =1-¢% andz ' =1-¢"

In this subsection we will show how to obtain expressions for K’s probability generating function, G := E(sX), moment
generating function, Mg(s) := E(e*X), and characteristic function, ¢x(¢) := E(e"X) by appropriately choosing z # 0.
Using (20) and substituting z = y~! we obtain

(1= = 1= (Dren. (30)
k=1
Hence, substituting y = 1 — s and taking expectations we obtain the probability generating function of K [1, p. 150], i.e.,
Gr(s) = E(s") = Y (~Dfau(l - ). (31)
k=0
We also have
n
G(s) := Z gis*. (32)
k=0

In the next theorem by equating the coefficients of the last two equations we will obtain a simpler straightforward proof
to the following Waring’s formulas (Grimmet & Stirzaker, 2001, p.151).

Theorem 2.3. Let g, := P(K = k), then

n k i
qe = Z(—l)k+f(€)eg,f =0,..,m, (33)
k=t
where the e;’s are given by (21).
Proof:
Gr(s) = ) qust (34)
k=0

= Y =D - o
k=0

n k
- kz:(;(—l)"zk [Z(—l)f(';)sf]

=0

S5 ()

=0 k=t

st [ZH"(— 1 )k+f(£)) :

=k

s |

k=0
Equating coefficients of s* we obtain the desired result. This completes the proof. B
Next, substituting in (30), y = 1 — ¢* and taking expectations we obtain the moment generating function of K (Grimmet
& Stirzaker, 2001, p. 151):
Mi(s) = B(e™) = > (1) el - ). (35)
k=0

Finally, substituting in (30), y = 1 — ¢ and taking expectations we obtain the characteristic function of K (Grimmet &
Stirzaker, 2001, p. 182):

ox(1) = E(e"™) = )" (~Dfe(l - "), (36)
k=0
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2.5 The Case 7 = exp(%k), k=0,1,..N—-1,N > n, i = V-1 and Efficient Algorithm for Estimating the e;’s.

Here, we present an efficient algorithm based on an N-point IFFT to estimate the ¢;’s. We will prove that if N > n the
proposed algoritm gives a least squares solution. Substituting in (20) z; = exp(%k), k=0,1,...,N — 1 we obtain a set of
N equations in the n unknown alternating expected elementary symmetric functions, i.e.,

X := (X050 Xno1). = (=D'ey, (=D%es, ..., (=1)"e,). (37)

Since ey =1, 2} =1, z,:l =zy_x fork =0, ..., N — 1, we obtain
u _ 2mi
ZE ((1 - ZN—k)K) -7 = Z(—l)fe( exp (W(n - f)k) (38)
=1
& 2
_.n _1\{z =
=z ;( 1) egexp( Y fk)

n—1 .
_ 2mi
= ZZ_I Z(_l)[+le€+l exp (_ng) .
=0

Hence, dividing both sides by zZ" we obtain

n—1 .
2
(B -y = 1) = X (=1 exp (—ﬂfk) (39)
=0 N
= 2mi
= Xp exp (——t’k) .
=0 N
Let
Y = (y()’yl’ ~--,)’N—1)T,
where
v = (B = zy ) = 1),k=0,..,N - 1. (40)
Also let
27
F = [Fi] = |exp _Wfk k6 =0,..,N—1]. (41)
We have
S (42)
=5

where * denotes the hermitian operator.

Equation (39) can be written in matrix form as follows.

Y =F X (43)
=F X+ F,0y_,

X
= (Fy, FZ)(ON_ )

) F(Of)

X
= DFT
(ON—n)’

where 0, is a column vector of ¢ zeros,

F, is the submatrix consisting of the first n columns of F, and F, is the submatrix consisting of the last N — n columns of
F.
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Usually, Y is not known. Hence, in what follows we will replace Y by an estimator, say Y. The least squares solution for
given Y, say X, is given by

X =(FF)'F;Y (44)
1 .
= NI,,F]‘Y
1 N
= [L,, 0, v, JF'Y
= [I,,, 0, v_, JIDFT(Y),

where IDFT denotes the inverse DFT. Hence, the least squares estimator X of X can be computed by IDFT(Y) and
retaining its first n elements.

Remark 2.4. Notice that since X € R" we have

—

(= 2mik
Vp = X €Xp (lf) (45)
N
=0
= ( 27i(N - k) )
=) Neexp|=————— t
=0
N-1
= YNk k= ,---,{—2 J,
where here * denotes conjugation. Hence,
. " N-1
yN—k :yk’ k: ls'-'7 \‘TJ' (46)
Since N — (N — 1)/2] = [N/2] + 1 we only need to compute yi, k =0, ...,[N/2] and then use (46) to obtain Y.
Hence, we propose the following algorithm to compute the least squares estimator X of X.
Algorithm 2.5.
q = (‘?09 @1’ sy Qn) = 0
Let {wy, w, ..., wy} be M random samples from Q
form=1,...M
k=3, Wwn €A
Gr = G + 1
end
g=a/M
Y = (o, s In-1)" =0
fork=0,...,[N/2]
fort=1,...,n
96 = D+ 2ede (1 - 2v) = 1)
end
end
fork=1,..,[((N-1)/2]+1
In-k =T,
end
X = (I, Oy )IFFT(Y).
Hence, using the definition of X in (37) we obtain the following estimator for ¢, i.e.,
e = IX(0L,k=1,...,n. 47)
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Next, using (26) and (29) we obtain the following two estimators
PULA) = - > X() (48)
i=1
and

BKy =1+ Z X(). (49)
i=1

The complexity of the proposed algorithm is O(Mn) to compute the (n + 1)-dimensional vector §, O(Nn) to compute the
vector Y, and O(N log(N)) to compute IFFT(Y). Summing up, we obtain that the complexity of the proposed algorithm
is O(n max{N, M}). Notice that the proposed algorithm is applicable to finite as well as infinite sample spaces Q2 and that
for finite Q the number of events n can be as high as O(21¥).

2.6 The Case of Distinct z; € R\ 0,k = 1,..., N,N > n and Algorithms

Here, we present algorithms to estimate the e;’s for N > n which are based on minimizing a norm of the error. The least
squares (LS) solution minimizes the 2-norm of the error. Using linear programming we can either minimize the 1-norm
or the co-norm of the error. Substituting in (20) distinct z; € R\ 0,k = 1,..., N will lead us to the following set of linear
equations of the expected alternating elementary symmetric functions, i.e.,

Y = SX, (50
where here X := (xq, ..., xy)" = (=D'er, (=1)%e,, ..., (=1)"e,)" and Y := (yy,...,yn)!. We have
ye=E(1-zH" -1 (51)

and
Stk,6) =z k=1,.,N,{=1,..,n. (52)

Since we have explicit expressions for Y we can replace Y by an estimator, say Y, and by using (50) estimate X either by
least squares or by using LP. By using least squares for N > n we obtain

X=(s"s)"'s"Y, (53)
which for N = n reduces to X = $~'Y. Notice that for N > n, S must be of full rank because otherwise the polynomial

of degree n — 1 whose coeflicients are X would have more than n — 1 zeros which is impossible. Notice that &, = IX(k)I.
Next using LP we can compute X either by solving

min |[¥ - SX[l;, (54)
or by solving

min [[¥ - SXl., (55)
where [|(vi, ..., v)lli := X5, [vil and [|(vi, ..., vi)lleo := max(vil, ..., va)l).

2.7 The Case When z Is a Random Variable, say Z.

There is no reason why we could not choose z to be a random variable, say Z. We will give two examples for this case. In
the first example we choose without loss of generality Z = 1(A|) and obtain two identities.

In the second example we choose Z ~ N(0, o%) independent of the A;’s and obtain quite a complex result.

Example 2.6. Let Z = 1(Ay). Then using (13) and (14) we obtain

@A - Hfray " =o, (56)
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which is otherwise tricky to prove. We also have

n—1
0=27"+ Z(—l)" Z 1N, Ag)Z" 7 + (11N, Ay (57)
k=1 a€Qxn

n—1
= 1(A1)[1 + =D l(mflAai)] + (1" LADL(NL, Ay

k=1 (YEQ;W

n—1
= 1(A1)[1 + DR Y0 Al + (—1)"1(0;;1,4,»)].

k=1 a€Qxn
This identity can be written differently as a telescopic series. For n = 3 we have:
0=1(A) - [1(A) + 1A NAY) + 1(A; NA3)] + [1(A; NAy) + 1(A; NA3) + l(ﬂgzlAi] - l(n?zlA,«)). (58)

Example 2.7. Let Z ~ N(0,0?) be a zero mean random variable normally distributed with variance o> independent of
the events A;,i = 1, ..., n. It is well known that

2m)! _m
—_— m even
EZ" ={ 2'mlT 2 . 59

{ 0, otherwise. (59)

Hence, using (13) and (14) we obtain

EZ"  + Yicpa..no(—DeEZ"* + (=1)"¢,, neven

_ K n-K -
E|z-D¥z"¥] {o T Sienana(—1FEEZ + (=1)8,, nodd. (60)

3. Formal Proof of Known Formulas for ¢; := Ee;, k = 0, ..., n and Some Consequences

Here, we will provide a formal proof that follows from (20) to a result that appears in (Grimmet & Stirzaker, 2001, p.158,
eqn. 13) for which the authors gave a verbal argument of its validity, i.e,.

Theorem 3.1. Let gy :=P(K =k),k=0,1,...,n. Then

K
Ek:]E(k),kzo,l,...,n. (61)
Proof: Using (30) we obtain
E(1 -y =) g1 - (62)
k=0

= Y (-Dfeyt,
k=0

Hence,

n n k
a(1= =% q| ) (-1 k \a (63)

k=0 =0
n n k
_ _1y¢ ¢
== (Z qk( 5)]y
=0 k=t
=) (Dey’.
=0
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Equating coefficients of y’ on both sides of the last two equations we obtain

v [k
e = Z Qk(g) (64)
k=t
= (k k
= Z q"(g)’ since ({’) =0,>k

k=0

K
= E(f),f =0,1,..,n.

This completes the proof. B

The above expressions for e; and g; can be written in matrix form as follows.

6 @ 6 © - 0
NGRGIG IR
o0 (6 - 0 (65)
0 0 0 (;) (3) @
0 0 0 (3 ()

Let€,.1 := (€0, €1, .., €0) , Qust := (40> 1, -, qn)T , where T denotes transposition, and P,,,; denote the above (n+1)x(n+1)
upper triangular Pascal matrix, then
én-*—l = Pn+lqn+l» (66)

where
i— 1
Pm@ﬂ=t )wsﬁ. (67)
j—1

Notice that each column of P,,,| can be easily computed by additions of elements of the previous column by using Pacal’s
triangle formulas. Multiplying both sides of this equation by e := (1, 1, ..., 1) € R™*! we obtain another proof of (29), i.e.,

n

D e =ePrigqu = ) g2t = EQN). (68)
k=0 k=0

;ilé,m and Waring’s formulas (33) we obtain

Using q,+1 = P

=1
P&@D=«hWC_stﬁ. (69)
Hence, P, (i, j) is also the (j, i) minor of P,,,;.

For example, when n = 4 we obtain

—
—_—
8
(@)}

(70)

=0
v
Il
(e}
(e}
—
SRS
~—
|
—
RS
~—
—
SN
~—
1l
SO OO
o O O
(e}
—
|
B
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4. Newtons Identities and Some Consequences

This Section consists of two subsections. In the first subsection we will explore the elementary symmetric functions in
terms of the power sums. In the second subsection we will explore the complete homogeneous symmetric functions /;’s
in terms of the power sums.

4.1 Newton’s Identities Relating the e;’s to the Moments E(K*) for k = 1, ...,n and Some Consequences

Here, we will explore Newton’s identities that relate the power sums to the elementary symmetric functions (Wikipedia
contributions, 2021, Feb. 4).

Substituting A; = 1(Ag), k = 1, .., n in the power sums py, k > 1 we obtain
pe= (AN = Y 1Ay =er =Kk > 1. (71)
i=1 i=1

Hence using (Wikipedia contributions, 2021, Feb. 4) we obtain

er =K, (72)
1, 1

e = EK — EK,

e3 = Tl lg
6 2 37

ey = %K“ - %1@ + (% + %)K2 - %K,

e, = (=1)" Z ﬁ (’1_1[‘?:7 Vm; > 0.

my+2my+...+nm,=n i=1

Notice that since in the equation for e, the coefficient of K? is the sum of two values, the equation for e, can be further
simplified.

Taking expectations we obtain

21 = E(K), (73)
1 1

@ = SE(K?) - SE(K),

SR P N SrYE N &

e = 6E(K) SE(K?) + 3IE(K),

e = i[E(K“) - 1JE(1<3) + EIE(KZ) - lE(K)

“4= g 4 24 i

2, = (—1)" Z ]_[ EICO™ m; > 0.

Mj!imi
my+2my+...+nm,=n i=1

Hence, since
& =& (E(K), E(K?), .. E(KY) .k = 1,....n, (74)

we obtain that the ¢;’s are linearly related to the E(K*)’s via a lower triangular matrix.

In what follows we will show how to obtain the above equations for ey, k = 1, ..., n via matrix multiplication of a submatrix
of P,,;; by the inverse of a matrix G, whose columns are consecutive geometric series. In particular, we could thus validate
the equations for ey, ..., e4.

Let L, denote the yet unknown lower triangular matrix that relates €, := (e, e’ tom, = (EKY), .. .E&YT, ie.,
¢, = L,m,. Using E(K*) = 2o Kqp = Iy kg we obtain

m, = Gn(jna (75)
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where q, = (q1, .., qn) and

11 20 .. 4l
12 22 ... ;2
Gn =1. . . - (76)
"m 2 ... o0
‘We thus obtain
m, = G,q,. )
Hence,
én = ann = LnGnQn, (78)

where we also have €, :=€,,(2,....,.n+ 1) and q, := q,+1(2, ...,n + 1). Now, by using (66) we obtain
én = Pnﬁn, (79)

where we obtain P, from P, by deleting its first row and its first column. Note that since P, is an upper triangular
matrix so is its inverse, therefore, we can obtain f’,’ll from P;lil by deleting its first row and its first column. Combining
(78) and (79) we obtain L,,G,, = P,,. Hence,

L,=P,G;". (80)

Remark 4.1. It is a rare event that multiplication of matrices as in (80) gives a lower triangular matrix. Hence, we obtain
the following n(n — 1)/2 non trivial identities relating binomial coefficients to elements of G, ', i.e.,

PG, ke =0, 1 <k<{<n 81)

4.2 Newton’s Identities Relating the hy’s to to the e’s via the Transpose of Pascal’s Matrix and Some Consequences
Substituting in (9) A, = 1(A,), £ = 1, .., n the complete homogeneous symmetric functions become

k

o ) = > [ T 1A, (82)

a/EGk‘n i=1

-3 % [T

acQp, i=1

K k=1
5 (f—l) 2, 1okt

a€Qrp

The term (iﬁ:}) is the number of monomials of degree k that after the substitution A; = 1(4;),i = 1, ...,n become of degree

¢ < k. Of the k indices we are left with k — ¢ indices that can be distributed among the £ indices in |G¢x—¢| = (’2,:}) ways.
Remark 4.2. Notice that if we remove (];:}) from (82) we obtain another symmetric function.

Taking expectations we obtain

k
- ;(lg: i) 3 E1(L Ad) (83)

@€Qrp
S (k-1 ,
- Z(g_ 1) Z P(ﬁl_,Am)
=1 aeQy,
G (k- 1)
- ;(5—1 “

Leth, := (hy,....h,)" and &, := (2, ..., 2,)", then the last equation can be written in matrix form as

Hn = B,&,, (84)
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where
B, (i, j) = (i,_ 1),i,j =1,.n (85)
j—1
- (i.‘ 1)1<i > ). (86)
j—1

Notice that B, is a lower triangular matrix with a diagonal of ones and its k’s row is composed of the binomial coefficients
the expansion of (1 + 1)1,

For example, when n=5 using (70) we obtain

() o o o o
%) &) o o 0of 10000
1 1.0 00
Bs := (351) (3;1) (3;1) 0 0 |={t 2 1 0 of=P! (87)
1 33 10
(461) (411) (4;1) (451) 0 1 4 6 4 1
(5(—)1) (511) (551) (5;1) (521)
and
0O 0 0 O
- 1 o 0 O
B;'!=|1 -2 1 0 0 (88)
- 3 -3 1 0
4 6 -4 1
More generally, using (67) we obtain
B, =P’ (89)
Hence,
B, =@ =@ (90)
So, the elements of the inverse of B, are given by
B,'(i, j) = (—1)f+f(i,_ 1),i,j =1,..n 91)
j—-1

5. Inequalities Associated with K and Various Symmetric Functions

In what follows we will present four examples of pertinent inequalities. In the last example we will state Kounias’s and
Bonferroni’s inequalities (Grimmet & Stirzaker, 2001, p. 25). We will propose a conjecture associated Bonferroni’s
inequality that also holds for all n > 5. If this conjecture is true it will give a series of alternating higher order Bonferroni
type inequalities that in turn may give a series of alternating higher order Kounias type inequalities.

Example 5.1. Power means (Marcus & Minc, 1964, p.105):

(e a)”™, r=o0

M, = NG 92)
(E=4)7, =0,
For fixed (11, ..., A,) and r < s we have (Marcus & Minc, 1964, p.105):
M, < M;. (93)
Let A; = 1(A;),i = 1,...,n. Hence, for s > r = 0 we obtain
K 1/s
en" < (—) . (94)
n
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After some algebra and taking expectations we obtain

EK"/s
e < ——,5>0. 95)
nn/s
Notice that the case s > r > 0 gives a trivial result.
Example 5.2. Let (Marcus & Minc, 1964, p.106)
!
Dk = €k(k) (96)
denote the k™ weighted elementary symmetric function of the 1(A;)’s. Then (Marcus & Minc, 1964, p.106):
pr>py? > pi > s ©7)
Since,
1/k
pi>pt k> 1 (98)
we obtain 1
K\* B
(—) > ek(") , (99)
n k
which after some algebra and taking expectations we obtain
e <n k]EK. (100)

Example 5.3. For (ai,...,a,) and (by,...,b,) vectors in the nonnegative orthant of R" and 0 < 6 < 1, Minkowsky’s
inequality states (Marcus and Minc, 1964, p.109):

n

n 0 0/ n
(Z(ai + bi)l/e) < (Z al.”g] + [Z bl.”(’]
i=1 i=1

i=1

[4

(101)

Substituting a; = 1(A;) and b; := 1(AY),i = 1, ...,n and noting that 1(A;) + 1(A{) = 1,i = 1, ..., n, we obtain

n 6 n 6
n’ < (Z 1(A,»)) + [Z 1(A§)] (102)
i=1 i=1
=K’ +(n-K)’ Ke{0,1,...n},0 €(0,1].

Taking expectations we obtain
E(K?) + E((n - K)?) > n’,0 € (0,1]. (103)

Example 5.4. For the sake of completeness we mention Kounias’s and Bonferroni’s inequalities [1, p. 25]. Their proofs
by induction appears in (Grimmet & Stirzaker, 2003, p. 150). Then, based on the nonnegativity of probability, the union
bound, and Bonferroni’s inequality we will propose a conjecture.

(i) Kounias’s inequality

P(UL,4)) < min Z P(A;) - Z P(A; N Ap)|. (104)
i=1 iiitk
(ii) Bonferroni’s inequality
n
PULA) 2 ) PA) = ) PlAs, N Ay,). (105)
i=1 a€Qs,
=e —e.
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We will now show how to obtain the proposed conjecture.

(1) Since P(UY_|A;) 2 0, using (26) we obtain
G zer—e+...+(-1)"%,. (106)
(2) Using the union bound and (26) we obtain
G2 —eyt...+ (=), (107)
(3) Using Bonferroni’s inequality and (26) we obtain
e3> e —0s+ ...+ (=1, (108)
Hence, we conjecture that this pattern continues until
en-1 =€y (109)

Notice that the last inequality holds since it obviously holds for each addend of e,_,. Since we proved the prposed
conjecture for n < 5 it needs to be resolved only for n > 5. For example, if the proposed conjecture holds we obtain for
n>35

P(UL,A;) <& — 2 + 3. (110)

Area for further research would be to use the proposed methodology to find new proofs to the above two inequalities and
to resolve the proposed conjecture.

6. Exact Polynomial Time Algorithm for Computing the Expected Elementary Symmetric Functions for Finite
Sample Spaces

The complexity of computing all the e;’s is O(2") since we need to compute all the 2" — 1 probabilities of the intersection
of all the subsets of {A1, ..., A,,}, excluding the empty set. Notice that n can reach values of O(2“¥) and then the complexity
becomes 0(22")). The proposed algorithm is based on (65), (66) where the vector of e;’s, €,.1, is obtained by multiplying
Pascal’s upper triangular matrix, P, ; by the vector of the g;’s, q,+1. We can compute and store a matrix Py for N large
enough and then retrieve from memory the leading submatrix P,.; of Py. Hence, given q,,+1, the complexity of computing
€,+1 1s O(n?). In what follows we will present an algorithm to compute q,.; whose complexity is O(n|Q|). Therefore, the
complexity of the proposed algorithm is O(n(max{n, |Q|}).

Let A =¢ {0, 1}™ denote the matrix whose elements are

L 1, if wj € A;
dij = {0, otherwise. (11

Hence,
Ai={w;eQ:q;;=1,j=1,...,1Q}. (112)

Let

K = sum(A) := (Z At ) a”m]. (113)

i=1 i=1

Letm; := P(w;),i = 1,...,]|Q|, where Z'S'l m; = 1. Notice that if all the w;’s are equally likely then ; = 1/|Q)|. Hence, we
obtain

Q|
P(K = k) = Z m1(KG) = k). (114)
i=1
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We have
91 =0
K = sum(A)
fori=1,..,|Q| (115)
a(K() + 1) = qK@) + D) + 7,
end.

Hence, the total complexity of computing €, is the sum of the complexities of computing K, q,1, and then €,,1, i.e.,

0(Qn) + 0(|Q]) + O(n*) = O(nmax{n, |Q}). (116)

Using e,;; we can compute P(UL,A;) and E(2X) with added complexity O(n) which does not alter the above complexity
result.

7. Conclusion

The main results of this article are based on (i) taking expectations of the various symmetric functions (elementary, power,
and complete symmetric functions) after replacing their independent variables by the the indicator functions 1(4;),i =
I,...,n of the events A;,i = 1,...,n; and, (ii) by using the rather simple observation that f,(z) = []L,(z — 1(4,)) =
(z — 1)Xz""K, where z € C is a parameter and K is the number of A;’s that occured; and, then expanding the LHS by
using Vieta’s formulas and taking expectations. We gave the following examples. (i) When z = 0 we obtained the
obvious identity (K = n) = P(N]_,A;) implying the identity P(K = 0) = 1 — P(U]_,A;). (ii) When z = 1 we obtained
the inclusion exclusion formula for P(U}_,A;) as the sum of alternating expected elementary symmetric functions. (iii)
When z = —1 we obtained a formula for E(2X) as one plus the sum of all the expected elementary symmetric functions.
Verbally, E(2X) is the expected number of subfamilies of {Aj,...,A,} all whose component events occur. (iv) When
7' =1-527"1=1-exp(s), and z7' = 1 — exp(it) we obtained the probability generating, the moment generating, and
the characteristic functions of K, respectively. Using the probability generating function thus obtained we gave a simpler
proof of Waring’s formulas that relates the g; := P(K = k)’s to the expected elementary symmetric functions, the e;’s. (V)
When z; = exp(%k),k =0,1,..N-1,N >n,i = V-1, we presented a least squares efficient algorithm based on an
N-point IFFT (Inverse Fast Fourier Transform) to estimate the e;’s. (vi) When z; € R\ 0,k = 1, ..., N, N > n are distinct
we gave algorithms based on least squares (LS) and linear programming (LP) to estimate the ¢;’s. (vii) When Z = 1(4;)
and Z ~ N(0, 1) is standard normal we arrived at several new identities.

Using the above equation f,(z) = (z — 1)Xz*~X, we presented formal proofs of known formulas for the ¢;’s as a function
of the g;’s and gave some consequences. Then, we replaced in Newton’s identities the independent variables Ay, ..., 4,, by
A = 1(Ap), k = 1,..,n, took expectations and gave some consequences. We also replaced in some well known inequalities
the independent variables Ay, ..., 4, by 4x = 1(Ay), took expectations and gave some consequences. Moreover, based on
the non-negativity of probability, the union bound, and Bonferroni’s inequality we showed that e, > e;_; — ey + -+ +
(=1)y*+lg, fork =1,2,3,n—1 and conjectured that it is also true for all 3 < k < n — 1 and n > 5. Next, we presented a
polynomial time algorithm to compute the exact g;’s and ¢;’s for finite sample spaces.

Further research will focus on proving other existing results or obtaining other new results. In particular, finding new
proofs of Bonferroni’s and Kounias’s inequalities by using the above methodology and resolving the conjecture associated
with the union bound and Bonferroni’s inequality, for more details see Example 5.4. Error analysis of the proposed
estimation algorithms is also needed.

Finally, I would like to mention that the above methodology turned out to be one of my great teachers, hopefully of the
readers too.
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