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Abstract

We consider the tests for a single mean vector and two mean vectors with two-step monotone missing data. In this
paper, we propose new test statistics for one sample and two sample designs based on the simplified T 2-type test statistic.
Further, we present the approximation to the upper percentiles of these statistics and propose the transformed test statistics.
Finally, we investigate the accuracy and asymptotic behavior of the approximation for χ2 distribution by a Monte Carlo
simulation.

Keywords: asymptotic expansion, Bartlett correction, χ2 approximation, Hotelling’s T 2-type test statistic, monotone
missing data, transformed test statistic

1. Introduction

The test for the equality of mean vectors has been discussed using the Hotelling’s T 2 test statistic and likelihood ratio test
statistic (see, e.g., Morrison (2005)). We often encounter the problem of missing data in many practical situations. In one
sample problem, Jinadasa and Tracy (1992) obtained a closed form expression for the maximum likelihood estimators
(MLEs) for the mean vector and the covariance matrix in the case of k-step monotone missing data. Krishnamoorthy
and Pannala (1998) considered the likelihood ratio test statistic with k-step monotone missing data. Chang and Richards
(2009) considered the T 2 test statistic for the mean vector with two-step monotone missing data. Further, Seko et al.
(2012) discussed the T 2 test statistic and likelihood ratio test statistic using linear interpolation. Meanwhile, it is difficult
to obtain an exact covariance matrix for the MLE of the mean vector since the T 2 test statistic is complicated with missing
data. Therefore, Krishnamoorthy and Pannala (1999) provided a simplified T 2 test statistic and approximated the upper
percentiles using the F distribution. They adjusted the freedom of F distribution using the expected value and the variance
of the test statistic. They discussed k-step monotone missing data although they only provided MLEs with up to three-step
monotone missing data. Yagi and Seo (2017) provided the approximate upper percentiles of the simplified T 2 test statistic
using linear interpolation with the notation used by Jinadasa and Tracy (1992). Yagi et al. (2019) provided an asymptotic
expansion for the null distribution of the simplified T 2 test statistic and improved the χ2 approximation for the statistic in
the case of two and k-step monotone missing data. In a two sample problem, Yu et al. (2006) reported a simplified T 2-type
test statistic with k-step monotone missing data using Krishnamoorthy and Pannala (1999)’s idea. Linear interpolation
approximation for the null distribution of the Hotelling’s T 2-type statistic and likelihood ratio test statistic with two-step
monotone missing data were reported by Seko et al. (2011). Moreover, Yagi and Seo (2017) also considered a two sample
problem, with the pivotal quantities similar to the Hotelling’s T 2-type statistic in Yu et al. (2006). Yagi et al. (2018)
extended the result of the one sample problem in their recent work. In this paper, we propose test statistics for one and
two sample problems with two-step monotone missing data under consideration by Krishnamoorthy and Pannala (1998)
and Yu et al. (2006). In a one sample problem, the part of the likelihood ratio in Krishnamoorthy and Pannala (1998)
is used as the test statistics than we have. The two sample problem is considered in the same manner as that of the one
sample problem. Further using the asymptotic expansion of the distribution, we present the transformed test statistics
based on the Bartlett adjustment. The detailed explanation of the Bartlett adjustment is found in e.g., Anderson (2003).
The improved transformations for the general test statistic are discussed by Fujikoshi (2000). The organization of this
paper is as follows. In Section 2, we first present the assumption and notations. In Section 3, we derive an asymptotic
expansion of the null distribution of the new test statistics. In Section 4, we consider transformed test statistics for the
proposed test statistics and approximated upper percentiles of the distribution. In Section 5, we describe the Monte Carlo
simulation that was implemented to investigate the accuracy for the null distributions of these statistics. Finally, in Section
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6, we conclude this study.

2. Assumption and Notations

Let us consider the `-th data set X(`) that has the same monotone pattern as that of the two-step monotone missing data
(∗ : missing part ` = 1, 2) :

X(`) =

 X(`)
11 X(`)

12

X(`)
21 ∗

 =

 X(`)
1(12)

X(`)
21 ∗

 ,
where X(`)

11 is a n(`)
1 × p1 block matrix, X(`)

12 is a n(`)
1 × p2 block matrix, X(`)

21 is a n(`)
2 × p1 block matrix, and X(`) is independent

and distributed as a multivariate normal distribution with a common covariance matrix. Next, we assume the distribution
of the observation vectors in the following manner:

vec(X(`)′

1(12)) ∼ Nn(`)
1 p(vec(µ(`)1′

n(`)
1

), In(`)
1
⊗ Σ), vec(X(`)′

21 ) ∼ Nn(`)
2 p1

(vec(µ(`)
1 1′

n(`)
2

), In(`)
2
⊗ Σ11),

respectively, where

µ(`) =

(
µ(`)

1
µ(`)

2

)
, Σ =

(
Σ11 Σ12
Σ′12 Σ22

)
,

and µ(`) and Σ are partitioned according to the blocks of the data set. Therefore, µ(`)
j ( j = 1, 2) is a p j-dimensional vector

and Σ jm ( j,m = 1, 2) is a p j × pm matrix. Further, let µ(`) be the p dimensional mean vector of X(`), where p = p1 + p2.
Let x(`)

(12)1 be the sample mean vector, S(`)
(12)1 be the unbiased sample covariance matrix of X(`)

(12)1. Let x(`)
1(12)(= (x(`)′

11 , x
(`)′

12 )′)

be the sample mean vector, and S(`)
1(12) be the unbiased sample covariance matrix of X(`)

1(12), where X(`)
11

X(`)
21

 = X(`)
(12)1, S(`)

1(12) =

 S(`)
1(12),11 S(`)

1(12),12

S(`)′

1(12),12 S(`)
1(12),22

 .
3. Asymptotic Expansion for the Distribution of the Test Statistic

3.1 One Sample Problem

We first consider the one sample problem. Further, in this case, we define the notation of the dataset by omitting ”(`)”
from superscript of the notation defined in the previous section, for example, X(`) = X. Then, the simplified T 2-type
statistic for the hypothesis is the following:

H0 : µ = µ0 vs. H1 : µ , µ0 (1)

(without loss of generality, we can assume in (1) that µ0 = 0) is given by

Q = Q1 + Q2, (2)

where

Qi = Nîη
′

i ∆̂
−1
ii η̂i, Ni =

i∑
j=1

n j, i = 1, 2,

η̂1 = x(12)1, η̂2 = x12 − S1(12),21S−1
1(12),11x11,

∆̂11 =
N2 − 1

N2
S(12)1, ∆̂22 =

N1 − 1
N1

[
S1(12),22 − S1(12),21S−1

1(12),11S1(12),12

]
.

We note that this statistic was originally obtained by Krishnamoorthy and Pannala (1999). We also note that Q1 and Q2
are not exactly independent. We propose a test using R2, which is independent of Q1, instead of Q2. We suggest

QM = Q1 + R2 (3)

as a new test statistic, where

R2 =
Q2

1 + Q2d
, Q2d =

N1

N1 − 1
x′11S−1

1(12),11x11.
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The likelihood ratio statistic with two-step monotone missing data using R2 is discussed by Krishnamoorthy and Pannala
(1998). We can derive an asymptotic expansion of the test statistic more accurately because Q1 and R2 are exactly

independent. Without loss of generality, we may assume that Σ = I =

(
Ip1 O
O Ip2

)
.

Initially, we consider a statistic expansion of Q1. Let

x1(12) =
1
√

N2
z, S(12)1 = Ip1 +

1
√

N2 − 1
V.

Yagi et al. (2019) have provided the expansions of Q1 and Q2. According to their, Q1 is expanded as

Q1 = z′ z −
1
√

N2
z′Vz +

1
N2

(z′ z + z′V2 z) + Op(N−
3
2

2 ),

and the characteristic function of Q1 is

φQ1 (t) = E[exp(itQ1)] = u−
1
2 p1 +

1
N1

2∑
j=0

β j,1u−
1
2 p1− j + O(N−2

1 ),

where

u = 1 − 2it, β0,1 = −
1
4

p1(p1 + 2), β1,1 = 0, β2,1 = −β0,1.

Similarly, let

x11 =
1
√

N1
z1, x12 =

1
√

N1
z2, S1(12) =

(
Ip1 O
O Ip2

)
+

1
√

N1 − 1

(
V11 V12
V21 V22

)
.

Then, Q2 can be expanded as

Q2 = z′2 z2 +
1
√

N1
A1 +

1
N1

A2 + Op(N−
3
2

1 ),

where

A1 = −2z′2V21 z1 − z′2V22 z2,

A2 = 2(z′2V21V11 z1 + z′2V22V21 z1) + z′1V12V21 z1 + z′2 z2 + z′2V21V12 z2 + z′2V2
22 z2.

Therefore, the characteristic function of Q2 is

φQ2 (t) = E[exp(itQ2)] = u−
1
2 p2 +

1
N1

2∑
j=0

β j,2u−
1
2 p2− j + O(N−2

1 ),

where

β0,2 = −
1
4

p2(4p1 + p2 + 2), β1,2 = p1 p2, β2,2 =
1
4

p2(p2 + 2).

Further, we derive the characteristic function of R2. The denominator of R2 can be expanded as follows:

(1 + Q2d)−1 = 1 −
1

N1
z′1 z1 + Op(N−

3
2

1 ).

Then, R2 is expanded as

R2 = z′2 z2 +
1
√

N1
A1 +

1
N1

(A2 − z′1 z1 z′2 z2) + Op(N−
3
2

1 ).
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This means that an extra term − 1
N1

(z′1 z1 z′2 z2) has been added to the expansion of Q2. Therefore, the characteristic function
of R2 can be expressed as

φR2 (t) = E[exp(itR2)]

= u−
1
2 p2 +

1
N1

[
(β0,2 +

1
2

p1 p2)u−
1
2 p2 + (β1,2 −

1
2

p1 p2)u−
1
2 p2−1 + β2,2u−

1
2 p2−2

]
+ O(N−

3
2

1 ).

Then, the characteristic function of QM is

φQM (t) = φQ1 (t)φR2 (t) = u−
1
2 p2 +

1
N1

2∑
j=0

β∗ju
−

p
2 − j + O(N−

3
2

1 ),

where

β∗0 = −
1
4

{
1

1 + r2
p1(p1 + 2) + p2(2p1 + p2 + 2)

}
, β∗1 =

1
2

p1 p2,

β∗2 =
1
4

{
1

1 + r2
p1(p1 + 2) + p2(p2 + 2)

}
, r2 =

n2

N1
.

Therefore,

Pr(QM ≤ x) = Gp(x) +
1

N1

2∑
j=0

β∗jGp+2 j(x) + O(N−2
1 ),

where G f (x) is the distribution function of χ2-variate with f degrees of freedom. An approximation to the 100α percentile
of QM is given by

qMAE(α) = χ2
p(α) −

1
N1

2χ2
p(α)

p

{
β∗0 −

β∗2
p + 2

χ2
p(α)

} , (4)

where χ2
p(α) is the upper 100α percentile ofχ2 distribution with p degrees of freedom.

3.2 Two Sample Problem

In this section, we consider the two sample case. Let us consider the following hypothesis:

H0 : µ(1) = µ(2) vs. H1 : µ(1) , µ(2)

Yu et al. (2006) provided the simplified T 2 statistic for the two sample case. We express the simplified T 2 statistic as
follows:

Q = Q1 + Q2, (5)

where

Qi =
N(1)

3−iN
(2)
3−i

N(1)
3−i + N(2)

3−i

(̂η(1)
i − η̂

(2)
i )′∆̂−1

iip`
(̂η(1)

i − η̂
(2)
i ), i = 1, 2, N(`)

i =

i∑
j=1

n(`)
j ,

η̂(`)
1 = x(`)

(12)1, η̂
(`)
2 = x(`)

12 −

2∑
`=1

{
(N(`)

1 − 1)S(`)
1(12),21

} 2∑
`=1

{
(N(`)

1 − 1)S(`)
1(12),11

}−1
x(`)

11 ,

∆̂11p` =
1

N(1)
2 + N(2)

2

2∑
`=1

(N(`)
2 − 1)S(`)

(12)1,

∆̂22p` =
1

N(1)
1 + N(2)

1

 2∑
`=1

{
(N(`)

1 − 1)S(`)
1(12),22

}
−

2∑
`=1

{
(N(`)

1 − 1)S(`)
1(12),21

} 2∑
`=1

{
(N(`)

1 − 1)S(`)
1(12),11

}−1
2∑
`=1

{
(N(`)

1 − 1)S(`)
1(12),12

} .
Then, we suggest

QM = Q1 + R2 (6)
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as a new test statistic, where

R2 =
Q2

1 + Q2d
, Q2d =

N(1)
1 N(2)

1

N(1)
1 + N(2)

1

(x(1)
11 − x(2)

11 )′
 2∑
`=1

(N(`)
1 − 1)S(`)

1(12),11


−1

(x(1)
11 − x(2)

11 ).

Without loss of generality, we may assume that Σ = I =

(
Ip1 O
O Ip2

)
.

In a derivation that is similar to the one sample case, at the beginning we consider a statistic expansion of Q1. Let
µ(1) = µ(2) = µ = (µ′1,µ

′
2)′, where µi is a pi × 1 vector. Then, let

x(`)
(12)1 = µ1 +

1√
N(`)

2

u(`), S(`)
(12)1 = Ip1 +

1√
N(`)

2 − 1
W(`), ` = 1, 2.

Yagi et al. (2018) have provided the expansions of Q1 and Q2. According to their work, Q1 is expanded as

Q1 = u′u −
1
√

N2
u′Wu +

1
N2

{
2

1 + t
u′u + u′W2u

}
+ Op(N−

3
2

2 ),

where

u =

( t
1 + t

) 1
2
(
u(1) −

1
√

t
u(2)

)
, W =

1
1 + t

W(1) +

√
t

1 + t
W(2), t =

N(2)
2

N(1)
2

.

Then, the characteristic function of Q1 can be written as

φQ1 (t) = u−
1
2 p1 +

1

N(1)
2

2∑
j=0

γ j,1u−
1
2 p1− j + O(N(1)−2

2 ),

where

γ0,1 = −
1

4(1 + t)
p1(p1 + 4), γ1,1 =

1
2(1 + t)

p1, γ2,1 =
1

4(1 + t)
p1(p1 + 2). u = 1 − 2it.

Then, let

x(`)
11 = µ1 +

1√
N(`)

1

u(`)
1 , x(`)

12 = µ2 +
1√
N(`)

1

u(`)
2 ,

S(`)
1(12) =

(
Ip1 O
O Ip2

)
+

1√
N(`)

1 − 1

 W(`)
11 W(`)

12

W(`)
21 W(`)

22

 , ` = 1, 2.

Then, Q2 is expanded as

Q2 = u′2u2 +
1√
N(1)

1

A3 +
1

N(1)
1

A4 + Op(N(1)−
3
2

1 ),

where

A3 = −2u′2W21u1 − u′2W22u2,

A4 = 2(u′2W21W11u1 + u′2W2
21u1) + u′1W12W21u1 + u′2W21W12u2 +

2
1 + q

u′2u2 + u′2W2
22u2,

u1 =

(
q

1 + q

) 1
2
(
u(1)

1 −
1
√

q
u(2)

1

)
, u2 =

(
q

1 + q

) 1
2
(
u(1)

2 −
1
√

q
u(2)

2

)
, W11 W12

W21 W22

 =
1

1 + q

 W(1)
11 W(1)

12

W(1)
21 W(1)

22

 +

√
q

1 + q

 W(2)
11 W(2)

12

W(2)
21 W(2)

22

 , q =
N(2)

1

N(1)
1

.
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Therefore, the characteristic function of Q2 is

φQ2 (t) = u−
1
2 p2 +

1

N(1)
1

2∑
j=0

γ j,2u−
1
2 p1− j + O(N(1)−2

1 ),

where

γ0,2 =
1

4(1 + q)
p2(4p1 + p2 + 4), γ1,2 =

1
2(1 + q)

p2(2p1 + 1), γ2,2 =
1

4(1 + q)
p2(p2 + 2).

Further, we derive the characteristic function of R2. The denominator of R2 can be expanded as follows:

(1 + Q2d)−1 = 1 −
1

N(1)
1

×
q

(1 + q)2

(
u(1)

1 −
1
√

q
u(2)

1

)′ (
u(1)

1 −
1
√

q
u(2)

1

)
+ O(N(1)−

3
2

1 ).

Therefore,

R2 = u′2u2 +
1√
N(1)

1

A3 +
1

N(1)
1

(
A4 −

1
1 + q

u′2u2u′1u1

)
+ O(N(1)−

3
2

1 ).

The characteristic function of R2 is

φR2 (t) = E[exp(itR2)]

= u−
1
2 p2 +

1
N1

2∑
j=0

γ j,3u−
1
2 p2− j + (N(1)−2

1 ),

where,

γ0,3 = −
1

4(1 + q)
p2(2p1 + p2 + 4), γ1,3 =

1
2(1 + q)

p2(p1 + 1), γ2,3 =
1

4(1 + q)
p2(p2 + 2).

Conforming the order of Q1 and R2 to ν1,

φQ1 (t) = u−
1
2 p1 +

1
ν1

{
−

1
4(1 + s)

p1(p1 + 4)u−
1
2 p1

+
1

2(1 + s)
p1u−

1
2 p1−1 +

1
4(1 + s)

p1(p1 + 2)u−
1
2 p1−2

}
+ O(ν−2

1 ),

φR2 (t) = u−
1
2 p2 +

1
ν1

{
−

1
4

p2(p2 + 2p1 + 4)u−
1
2 p2

+
1
2

p2(p1 + 1)u−
1
2 p2−1 +

1
4

p2(p2 + 2)u−
1
2 p2−2

}
+ O(ν−2

1 ).

Since QM = Q1 + R2, the characteristic function of QM is

φQM (t) = φQ1 (t)φR2 (t)

= u−
1
2 p +

1
ν1

2∑
j=0

γ∗ju
− 1

2 p− j + O(ν−2
1 ),

where

γ∗0 = −
1
4

p2(2p1 + p2 + 4) −
1

4(1 + s)
p1(p1 + 4), γ∗1 =

1
2

p2(p1 + 1) +
1

2(1 + s)
p1,

γ∗2 =
1
4

p2(p2 + 2) +
1

4(1 + s)
p1(p1 + 2), νi = n(1)

i + n(2)
i (i = 1, 2), s =

ν2

ν1
.

Therefore,

Pr(QM ≤ x) = Gp(x) +
1
ν1

2∑
j=0

γ∗jGp+2 j(x) + O(ν−2
1 ),
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where G f (x) is the distribution function of χ2-variate with f degrees of freedom. An approximation to the 100α percentile
of QM is given by

qM(α) = χ2
p(α) −

1
ν1

2χ2
p(α)

p

{
γ∗0 −

γ∗2
p + 2

χ2
p(α)

} . (7)

4. Transformed Test Statistics

4.1 One Sample Case

The statistics Q1 and Q2 that are transformed by the Bartlett collection are given by

Q∗1 =

(
1 −

1
N2

(p1 + 2)
)

Q1, R∗2 =

(
1 −

1
N1

(p1 + p2 + 2)
)

R2.

Therefore, we suggest the transformed test statistic of QM as

Q∗M = Q∗1 + R∗2. (8)

Moreover, Fujikoshi (2000) suggested the Bartlett-type correction for general test statistics. Using this method, the
Bartlett-type corrections for Q1 and R2 are

Y1 =

{
N2 −

1
2

(p1 + 2)
}

log
(
1 +

1
N2

Q1

)
, for N2 −

1
2

(p1 + 2) > 0

and

Y2M =

{
N1 −

1
2

(2p1 + p2 + 2)
}

log
(
1 +

1
N1

R2

)
, for N1 −

1
2

(2p1 + p2 + 2) > 0,

respectively. Then, we suggest the transformed statistic of QM by Bartlett-type correction as

YM = Y1 + Y2M . (9)

We also have the Bartlett correction of QM as

Q†M =

(
1 +

1
N1

c1

)
QM , (10)

where

c1 =
1
p

{
1

1 + t
p1(p1 + 2) + p2(p + 2)

}
.

Using the result of Fujikoshi (2000), we can obtain the Bartlett-type correction as

Y†M = (N1a + b) log
(
1 +

1
N1a

QM

)
, for a > 0 and N1a + b > 0, (11)

where

a = p(p + 2)
{

1
1 + t

p1(p1 + 2) + p2 p1 + 2
}−1

, b = −
a

2p

{
1

1 + t
p1(p1 + 2) + p2(2p1 + p2 + 2)

}
.

Krishnarmoorthy and Pannala (1999) proposed approximated upper percentiles of Q distributions using F distribution.
Applying its approximation to QM , we propose qMKP(α) as

qMKP(α) = d1Fp,νMKP (α), for N1 > p + 4, (12)
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where

d1 = M1
νKP − 2
νKP

, νKP =
4pM2 − 2(p + 2)M2

1

pM2 − (p + 2)M2
1

,

M1 = E(QM) = E(Q1) + E(R2)

=
N2 p1

N2 − p1 − 2
+

N1 p2

N1 − p − 2
,

M2 = E(Q2
M)

= E(Q2
1) + 2E(Q1)E(R2) + E(R2

2),

E(Q2
1) =

N2
2 p1(p1 + 2)

(N2 − p1 − 2)(N2 − p1 − 4)
, E(R2

2) =
N2

1 p2(p2 + 2)
(N1 − p − 2)(N1 − p − 4)

.

This approximation qMKP(α) is closer to the truth than the approximation for Q that Krishnarmoorthy and Pannala (1999)
originally proposed because Q1 and R2 are independent, although Q1 and Q2 are not independent.

4.2 Two Sample Problem

We suggest the transformed test statistics similar to that of the one sample case. The statistic Q1 and Q2 that are trans-
formed by the Bartlett collection are given by

Q∗1 =

(
1 −

1
ν1 + ν2

(p1 + 3)
)

Q1, R∗2 =

(
1 −

1
ν1

(p1 + p2 + 3)
)

R2.

Therefore, we suggest the transformed test statistic of QM as

Q∗M = Q∗1 + R∗2. (13)

Moreover, by applying the Bartlett-type correction of Q1 and R2, we obtain the following:

Y1 =
{
(ν1 + ν2)aY1

+ bY1

}
log

(
1 +

1
(ν1 + ν2)aY1

Q1

)
, for (ν1 + ν2)aY1

+ bY1
> 0,

where

aY1
= 1 + s, bY1

= −
1
2

(p1 + 4),

and

Y2M =

{
ν1 + −

1
2

(2p1 + p2 + 4)
}

log
(
1 +

1
ν1

R2

)
, for ν1 + −

1
2

(2p1 + p2 + 4) > 0.

Then, we suggest the transformed statistic of QM by the Bartlett-type correction as

YM = Y1 + Y2M . (14)

We have the Bartlett correction of QM as

Q†M =

(
1 +

1
ν1

c1

)
QM , (15)

where

c1 =
1
p

{
1

1 + s
p1(p1 + 3) + p2(p1 + p2 + 3)

}
.

In addition, using the result of Fujikoshi (2000), we can obtain the Bartlett-type correction as

Y†M = (ν1a + b) log
(
1 +

1
ν1a

QM

)
, for a > 0, N1a + b > 0, (16)
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where

a = p(p + 2)
{

1
1 + s

p1(p1 + 2) + p2(p2 + 2)
}−1

, b = −
a

2p

{
−

1
1 + s

p1(p1 + 4) + p2(−2p + p2 − 4)
}
.

Applying the approximation proposed by Yu et al. to QM , we propose qMYKP(α) as

qMYKP(α) = d2Fp,νYKP (α), for N(1)
1 + N(2)

1 > p + 5, (17)

where

d2 = G1
νYKP − 2
νYKP

, νYKP =
4pG2 − 2(p + 2)G2

1

pG2 − (p + 2)G2
1

,

G1 = E(QM) = E(Q1) + E(R2)

=
(N(1)

2 + N(2)
2 )p1

N(1)
2 + N(2)

2 − p1 − 3
+

(n(1)
1 + n(2)

1 )p2

n(1)
1 + n(2)

1 − p − 3
,

G2 = E(Q2
M)

= E(Q2
1) + 2E(Q1)E(R2) + E(R2

2),

E(Q2
1) =

(N(1)
2 + N(2)

2 )2 p1(p1 + 2)

(N(1)
2 + N(2)

2 − p1 − 3)(N(1)
2 + N(2)

2 − p1 − 5)
, E(R2

2) =
(N(1)

1 + N(2)
1 )2 p2(p2 + 2)

(N(1)
1 + N(2)

1 − p − 3)(N(1)
1 + N(2)

1 − p − 5)
.

5. Numerical Simulations

In this section, we describe the accuracy of the approximations and the asymptotic behavior of approximate upper per-
centiles of the test statistic QM for the one sample and two sample problems. We compare the approximate upper per-
centiles of QM , some of the transformed test statistics proposed in Section 4, and the test using Krishnamoorthy and
Pannala (1999) and Yu et al. (2006)’s approximation. Further, we compare the test QM we proposed with test Q. Their
upper 100α percentiles and Type I errors are defined as the following:

1. qM and αχ2
M

= 100Pr(QM > χ2
p(α)) : for test QM in (3) and (6)

2. qMAE and αMAE = 100Pr(QM > qMAE(α)) : for asymptotic expansion approximation (MAE) test in (4) and (7)

3. (a) qMKP and αMKP = 100Pr(QM > qMKP(α))

: for applying Krishnamoorthy and Pannala’s approximation to QM in (12) (one sample)

(b) qMYKP and αMYKP = 100Pr(QM > qMYKP(α))

: for applying Yu, Krishnamoorthy and Pannala’s approximation to QM in (17) (two sample)

4. qQ∗M and αQ∗M = 100Pr(Q∗M > χ2
p(α)) : for test Q∗M with Bartlett correction in (8) and (13)

5. qQ†M
and αQ†M

= 100Pr(Q†M > χ2
p(α)) : for test Q†M with Bartlett correction in (10) and (15)

6. qYM and αYM = 100Pr(YM > χ2
p(α)) : for test YM based on Bartlett-type correction in (9) and (14)

7. qY†M
and αY†M

= 100Pr(Y†M > χ2
p(α)) : for test Y†M with Bartlett-type correction in (11) and (16)

8. q and αχ2 = 100Pr(Q > χ2
p(α)) : for test Q

9. qAE and αAE = 100Pr(Q > qAE(α)) : for asymptotic expansion approximation (AE) test

10. (a) qKP and αKP = 100Pr(Q > qKP(α))

: for applying Krishnamoorthy and Pannala’s approximation to Q (one sample)

(b) qYKP and αYKP = 100Pr(Q > qYKP(α))

: for applying Yu, Krishnamoorthy and Pannala’s approximation to Q (two sample)

11. qQ∗ and αQ∗ = 100Pr(Q∗ > χ2
p(α)) : for test Q∗ with Bartlett correction
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12. qQ† and αQ† = 100Pr(Q† > χ2
p(α)) : for test Q† with Bartlett correction

13. qY and αY = 100Pr(Y > χ2
p(α)) : for test YM based on Bartlett-type correction

14. qY† and αY† = 100Pr(Y† > χ2
p(α)) : for test Y† with Bartlett-type correction

We note that 1 – 7 are about test QM , and 8 – 14 are about test Q. A Monte Carlo simulation (106) was conducted,
considering a significance level α = 0.05. The settings of the parameters p(= p1 + p2), and sample size for the simulation
are as follows:

Case 1 (p1, p2) = (2, 2), (4, 4)

(I) (n1, n2) = (m,m), (m,
m
2

), (m, 2m), m = 10, 20, 30, 40, 50, 100, 200, 400

(II) (n1, n2) = (m, 10), (m, 20), (m, 50), (m, 100), m = 10, 20, 30, 50, 100
Case 2 p1 = 2, 4, 6, 8, 10, p2 = 2 : f ix, n1 = n2 = 30,

where, in the two sample case, we set n1 = n(1)
1 = n(2)

1 , n2 = n(1)
2 = n(2)

2 . Tables 1–4 list the simulation results for (I). Tables
5–8 list the for (II), which are obtained by changing the sample size of the complete data (n1) to a larger value and fixing
the sample size of missing data (n2). Tables 9 and 10 list the simulation results for Case 2, which are obtained increasing
the dimension of p1 and fixing the missing data of p2. Tables 3,4,7,8, and 10 are for the two sample case. The upper
percentiles of the test statistics are closer to the upper percentiles of χ2 distribution when n1 is large. Comparing qMAE

and qAE , qMAE is a better approximation to the true value qM . In particular, the transformed test statistics were observed to
have a faster convergence. Comparing the type I error, αMKP and αMYKP values are approximately 5.00 when the sample
size is large. αYM and αY†M

are always stable (almost 5.00 or more) for any sample size although we find that the type I
error using qYM gose away from 5.00 for large p, as shown in Tables 9 and 10. Judging in this light, the result using qMKP

and qMYKP is good approximation even when p is large. Additionally, qY†M
was observed to be more conservative than

qMKP.

6. Concluding Remarks

We considered testing for equality of one and two mean vectors when the observations have two-step monotone missing
data. In this case, T 2-type statistic can be decomposed into sum forms that can be provided asymptotic expansion has
been discussed in previous study. However, these are not independent. In this paper, we proposed new test statistics that
can be expressed as sum of statistics that are independent. We also considered transformed test statistics that convergence
quickly. Further, we performed a Monte Carlo simulation and confirmed that test statistics we proposed showed better
χ2 approximation than original test statistics. Finally, we compared some procedures and confirmed that qMKP(α) in (12)
and qMYKP(α) in (17) are good approximations when the sample size of the complete data is large. Additionally, Y†M is a
good approximation when considering the approximation accuracy and conservativeness. We recommend using the test
statistics properly according to sample size and dimension. We are currently working on this problem with k-step (k ≥ 3)
monotone missing data.

65



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 9, No. 6; 2020

Table 1. The upper percentiles of test statistics and empirical Type I errors for the one sample case, (p1, p2) = (2, 2)

n1 n2 qM qMAE qMKP qQ∗M qQ†M
qYM qY†M

q qAE qKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE) (αMKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 20.77 14.11 22.03 10.68 12.46 9.47 10.68 26.95 15.33 27.65 9.20 13.48 8.79 10.8
( 23.94 ) ( 11.7 ) ( 4.35 )( 6.85 )( 9.24 )( 4.97 )( 7.27 )( 30.03 )( 14.64 )( 4.75 )( 4.61 )( 10.00 )( 3.70 )( 7.55 )

20 20 12.77 11.8 12.86 9.99 10.21 9.48 9.69 13.96 12.41 13.92 9.96 10.47 9.46 9.74
( 11.88 ) ( 6.42 ) ( 4.88 )( 5.93 )( 6.32 )( 4.98 )( 5.42 )( 14.17 ) ( 7.11 ) ( 5.05 )( 5.85 ) ( 6.74 ) ( 4.95 )( 5.52 )

30 30 11.41 11.03 11.43 9.80 9.89 9.49 9.57 12.03 11.44 11.96 9.84 10.02 9.52 9.59
( 9.07 ) ( 5.64 ) ( 4.96 )( 5.62 )( 5.78 )( 5.01 )( 5.18 )( 10.36 ) ( 5.94 ) ( 5.10 )( 5.67 ) ( 6.03 ) ( 5.07 )( 5.22 )

40 40 10.82 10.64 10.85 9.70 9.74 9.47 9.52 11.24 10.95 11.2 9.74 9.84 9.51 9.53
( 7.85 ) ( 5.32 ) ( 4.95 )( 5.42 )( 5.50 )( 4.96 )( 5.06 ) ( 8.73 ) ( 5.47 ) ( 5.07 )( 5.49 ) ( 5.67 ) ( 5.04 )( 5.09 )

50 50 10.54 10.41 10.54 9.67 9.69 9.49 9.52 10.85 10.66 10.8 9.71 9.77 9.52 9.53
( 7.23 ) ( 5.22 ) ( 4.99 )( 5.36 )( 5.40 )( 5.00 )( 5.06 ) ( 7.92 ) ( 5.33 ) ( 5.09 )( 5.43 ) ( 5.54 ) ( 5.07 )( 5.08 )

100100 9.99 9.95 9.98 9.58 9.59 9.49 9.5 10.12 10.07 10.09 9.61 9.62 9.52 9.50
( 6.05 ) ( 5.07 ) ( 5.01 )( 5.19 )( 5.20 )( 5.01 )( 5.03 ) ( 6.34 ) ( 5.10 ) ( 5.07 )( 5.24 ) ( 5.27 ) ( 5.07 )( 5.04 )

200200 9.72 9.72 9.73 9.53 9.53 9.49 9.49 9.79 9.78 9.78 9.54 9.54 9.50 9.49
( 5.49 ) ( 5.01 ) ( 5.00 )( 5.09 )( 5.09 )( 5.00 )( 5.00 ) ( 5.63 ) ( 5.02 ) ( 5.02 )( 5.11 ) ( 5.12 ) ( 5.02 )( 5.00 )

400400 9.60 9.60 9.61 9.51 9.51 9.49 9.49 9.64 9.63 9.63 9.52 9.52 9.49 9.49
( 5.23 ) ( 5.00 ) ( 5.00 )( 5.04 )( 5.04 )( 5.00 )( 5.00 ) ( 5.30 ) ( 5.00 ) ( 5.01 )( 5.06 ) ( 5.06 ) ( 5.01 )( 5.00 )

10 5 21.49 14.52 22.63 10.85 12.17 9.47 10.37 27.79 15.83 28.26 9.41 12.97 8.87 10.36
( 25.33 )( 11.88 )( 4.41 )( 7.05 )( 8.83 )( 4.97 )( 6.73 )( 31.11 )( 14.63 )( 4.82 )( 4.90 ) ( 9.33 ) ( 3.88 )( 6.74 )

20 10 13.01 12.00 13.10 10.03 10.19 9.47 9.62 14.28 12.66 14.15 10.06 10.47 9.50 9.65
( 12.41 ) ( 6.45 ) ( 4.88 )( 5.99 )( 6.27 )( 4.97 )( 5.28 )( 14.70 ) ( 7.11 ) ( 5.15 )( 6.00 ) ( 6.69 ) ( 5.03 )( 5.33 )

30 15 11.54 11.16 11.59 9.81 9.87 9.47 9.53 12.20 11.60 12.11 9.89 10.03 9.53 9.54
( 9.39 ) ( 5.61 ) ( 4.93 )( 5.63 )( 5.74 )( 4.97 )( 5.08 )( 10.71 ) ( 5.90 ) ( 5.13 )( 5.74 ) ( 6.01 ) ( 5.08 )( 5.11 )

40 20 10.96 10.75 10.97 9.75 9.77 9.49 9.52 11.40 11.07 11.31 9.81 9.88 9.56 9.52
( 8.13 ) ( 5.36 ) ( 4.98 )( 5.50 )( 5.56 )( 5.01 )( 5.06 ) ( 9.04 ) ( 5.54 ) ( 5.14 )( 5.63 ) ( 5.76 ) ( 5.14 )( 5.08 )

50 25 10.62 10.49 10.63 9.68 9.70 9.48 9.50 10.95 10.76 10.88 9.74 9.79 9.54 9.51
( 7.38 ) ( 5.22 ) ( 4.98 )( 5.39 )( 5.42 )( 4.99 )( 5.03 ) ( 8.08 ) ( 5.34 ) ( 5.12 )( 5.50 ) ( 5.59 ) ( 5.11 )( 5.05 )

100 50 10.01 9.99 10.02 9.58 9.58 9.48 9.49 10.16 10.12 10.13 9.61 9.62 9.51 9.49
( 6.08 ) ( 5.04 ) ( 4.99 )( 5.18 )( 5.19 )( 4.99 )( 5.00 ) ( 6.39 ) ( 5.07 ) ( 5.05 )( 5.24 ) ( 5.26 ) ( 5.06 )( 5.00 )

200100 9.74 9.74 9.75 9.53 9.53 9.48 9.49 9.81 9.81 9.80 9.55 9.55 9.50 9.48
( 5.53 ) ( 5.01 ) ( 4.99 )( 5.09 )( 5.09 )( 4.99 )( 4.99 ) ( 5.69 ) ( 5.01 ) ( 5.03 )( 5.12 ) ( 5.13 ) ( 5.03 )( 4.99 )

400200 9.59 9.61 9.62 9.49 9.49 9.47 9.47 9.63 9.65 9.64 9.50 9.50 9.48 9.47
( 5.22 ) ( 4.96 ) ( 4.96 )( 5.01 )( 5.01 )( 4.96 )( 4.96 ) ( 5.29 ) ( 4.97 ) ( 4.98 )( 5.02 ) ( 5.02 ) ( 4.98 )( 4.96 )

10 20 20.22 13.70 21.54 10.54 12.81 9.47 11.06 26.29 14.83 27.13 8.99 14.02 8.70 11.34
( 22.79 )( 11.68 )( 4.32 )( 6.64 )( 9.74 )( 4.97 )( 7.91 )( 29.09 )( 14.77 )( 4.69 )( 4.29 )( 10.73 )( 3.54 )( 8.43 )

20 40 12.54 11.59 12.64 9.93 10.24 9.49 9.77 13.69 12.16 13.71 9.88 10.50 9.43 9.86
( 11.37 ) ( 6.42 ) ( 4.86 )( 5.85 )( 6.38 )( 5.01 )( 5.55 )( 13.60 ) ( 7.12 ) ( 4.98 )( 5.71 ) ( 6.77 ) ( 4.88 )( 5.74 )

30 60 11.25 10.89 11.29 9.76 9.87 9.48 9.59 11.84 11.27 11.82 9.78 10.00 9.49 9.64
( 8.70 ) ( 5.58 ) ( 4.93 )( 5.54 )( 5.73 )( 4.99 )( 5.22 ) ( 9.95 ) ( 5.89 ) ( 5.03 )( 5.55 ) ( 5.96 ) ( 5.00 )( 5.29 )

40 80 10.75 10.54 10.75 9.70 9.76 9.50 9.56 11.14 10.82 11.10 9.72 9.84 9.51 9.58
( 7.67 ) ( 5.37 ) ( 5.00 )( 5.43 )( 5.54 )( 5.02 )( 5.16 ) ( 8.53 ) ( 5.54 ) ( 5.08 )( 5.46 ) ( 5.69 ) ( 5.05 )( 5.20 )

50 100 10.46 10.33 10.46 9.66 9.69 9.50 9.54 10.76 10.56 10.71 9.68 9.75 9.52 9.55
( 7.06 ) ( 5.24 ) ( 5.01 )( 5.34 )( 5.42 )( 5.02 )( 5.10 ) ( 7.68 ) ( 5.36 ) ( 5.07 )( 5.39 ) ( 5.53 ) ( 5.06 )( 5.13 )

100200 9.94 9.91 9.94 9.56 9.57 9.49 9.50 10.07 10.02 10.05 9.58 9.60 9.50 9.50
( 5.95 ) ( 5.06 ) ( 5.00 )( 5.16 )( 5.18 )( 5.00 )( 5.02 ) ( 6.22 ) ( 5.09 ) ( 5.03 )( 5.18 ) ( 5.22 ) ( 5.03 )( 5.03 )

200400 9.72 9.70 9.71 9.54 9.54 9.50 9.50 9.78 9.76 9.76 9.55 9.55 9.51 9.50
( 5.49 ) ( 5.04 ) ( 5.03 )( 5.11 )( 5.11 )( 5.03 )( 5.03 ) ( 5.61 ) ( 5.05 ) ( 5.05 )( 5.12 ) ( 5.13 ) ( 5.05 )( 5.03 )

400800 9.58 9.59 9.59 9.49 9.49 9.47 9.47 9.61 9.62 9.62 9.50 9.50 9.48 9.47
( 5.19 ) ( 4.98 ) ( 4.97 )( 5.01 )( 5.01 )( 4.97 )( 4.97 ) ( 5.25 ) ( 4.98 ) ( 4.98 )( 5.02 ) ( 5.02 ) ( 4.98 )( 4.98 )

Note: χ2
4(0.05) = 9.49
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Table 2. The upper percentiles of test statistics and empirical Type I errors for one the sample case, (p1, p2) = (4, 4)

n1 n2 qM qMAE qMKP qQ∗M qQ†M
qYM qY†M

q qAE qKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE) (αMKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

20 20 27.90 21.51 28.35 17.01 18.83 14.94 17.05 34.84 23.49 34.73 15.49 20.03 14.66 17.18
( 26.84 )( 11.66 )( 4.72 )( 7.11 )( 9.54 )( 4.10 )( 7.49 )( 35.65 )( 15.18 )( 5.05 )( 4.99 )( 10.60 )( 3.77 )( 7.73 )

30 30 21.58 19.51 21.66 16.36 16.91 15.13 16.05 24.38 20.83 24.12 16.13 17.48 15.36 16.15
( 16.58 ) ( 7.56 ) ( 4.93 )( 6.31 )( 7.13 )( 4.37 )( 5.91 )( 21.59 ) ( 8.99 ) ( 5.21 )( 5.89 ) ( 7.88 ) ( 4.76 )( 6.07 )

40 40 19.51 18.51 19.56 16.08 16.34 15.21 15.76 21.20 19.50 21.01 16.07 16.70 15.50 15.83
( 12.59 ) ( 6.33 ) ( 4.94 )( 5.91 )( 6.31 )( 4.51 )( 5.42 )( 15.84 ) ( 7.09 ) ( 5.20 )( 5.87 ) ( 6.82 ) ( 4.99 )( 5.53 )

50 50 18.53 17.91 18.53 15.97 16.12 15.29 15.68 19.75 18.70 19.54 16.02 16.39 15.57 15.73
( 10.64 ) ( 5.86 ) ( 5.00 )( 5.75 )( 5.99 )( 4.63 )( 5.29 )( 12.97 ) ( 6.35 ) ( 5.23 )( 5.80 ) ( 6.37 ) ( 5.09 )( 5.37 )

100100 16.83 16.71 16.84 15.70 15.74 15.38 15.54 17.32 17.10 17.24 15.77 15.85 15.56 15.55
( 7.34 ) ( 5.19 ) ( 4.99 )( 5.32 )( 5.38 )( 4.78 )( 5.05 ) ( 8.23 ) ( 5.31 ) ( 5.12 )( 5.41 ) ( 5.54 ) ( 5.08 )( 5.07 )

200200 16.14 16.11 16.14 15.61 15.62 15.45 15.52 16.36 16.31 16.31 15.65 15.66 15.55 15.52
( 6.10 ) ( 5.05 ) ( 5.00 )( 5.17 )( 5.18 )( 4.90 )( 5.02 ) ( 6.48 ) ( 5.09 ) ( 5.07 )( 5.23 ) ( 5.26 ) ( 5.06 )( 5.02 )

400400 15.82 15.81 15.82 15.56 15.56 15.48 15.52 15.93 15.91 15.90 15.58 15.59 15.54 15.52
( 5.53 ) ( 5.02 ) ( 5.01 )( 5.09 )( 5.10 )( 4.96 )( 5.01 ) ( 5.70 ) ( 5.03 ) ( 5.05 )( 5.12 ) ( 5.13 ) ( 5.04 )( 5.02 )

20 10 28.51 22.00 28.96 17.15 18.53 14.92 16.68 35.62 24.12 35.29 15.76 19.59 14.76 16.66
( 28.26 )( 11.73 )( 4.73 )( 7.27 )( 9.14 )( 4.06 )( 6.92 )( 36.79 )( 15.03 )( 5.15 )( 5.30 )( 10.00 )( 3.93 )( 6.91 )

30 15 21.98 19.84 22.05 16.43 16.85 15.12 15.92 24.92 21.25 24.49 16.32 17.44 15.44 15.96
( 17.38 ) ( 7.60 ) ( 4.94 )( 6.42 )( 7.05 )( 4.36 )( 5.69 )( 22.33 ) ( 8.95 ) ( 5.35 )( 6.13 ) ( 7.75 ) ( 4.89 )( 5.75 )

40 20 19.82 18.75 19.84 16.15 16.35 15.20 15.71 21.60 19.81 21.28 16.21 16.74 15.56 15.74
( 13.17 ) ( 6.36 ) ( 4.97 )( 6.00 )( 6.30 )( 4.49 )( 5.34 )( 16.43 ) ( 7.10 ) ( 5.33 )( 6.04 ) ( 6.84 ) ( 5.09 )( 5.39 )

50 25 18.74 18.11 18.75 16.00 16.11 15.28 15.63 19.99 18.95 19.76 16.11 16.39 15.61 15.64
( 11.06 ) ( 5.88 ) ( 4.98 )( 5.80 )( 5.98 )( 4.62 )( 5.20 )( 13.45 ) ( 6.34 ) ( 5.29 )( 5.92 ) ( 6.39 ) ( 5.17 )( 5.23 )

100 50 16.95 16.81 16.95 15.73 15.76 15.38 15.53 17.47 17.23 17.34 15.83 15.89 15.59 15.54
( 7.58 ) ( 5.21 ) ( 5.00 )( 5.37 )( 5.41 )( 4.80 )( 5.05 ) ( 8.53 ) ( 5.33 ) ( 5.18 )( 5.52 ) ( 5.62 ) ( 5.14 )( 5.06 )

200100 16.18 16.16 16.19 15.62 15.62 15.45 15.51 16.42 16.37 16.36 15.67 15.68 15.55 15.51
( 6.18 ) ( 5.04 ) ( 4.99 )( 5.18 )( 5.19 )( 4.90 )( 5.00 ) ( 6.59 ) ( 5.07 ) ( 5.07 )( 5.25 ) ( 5.28 ) ( 5.08 )( 5.00 )

400200 15.84 15.83 15.84 15.56 15.57 15.48 15.51 15.95 15.94 15.92 15.59 15.59 15.54 15.51
( 5.58 ) ( 5.02 ) ( 5.01 )( 5.10 )( 5.10 )( 4.96 )( 5.01 ) ( 5.77 ) ( 5.03 ) ( 5.05 )( 5.14 ) ( 5.14 ) ( 5.05 )( 5.01 )

20 40 27.30 21.01 27.83 16.85 19.11 14.93 17.43 34.04 22.85 34.24 15.19 20.42 14.52 17.76
( 25.52 )( 11.68 )( 4.67 )( 6.91 )( 9.97 )( 4.05 )( 8.09 )( 34.63 )( 15.39 )( 4.91 )( 4.59 )( 11.20 )( 3.56 )( 8.61 )

30 60 21.19 19.18 21.31 16.26 16.95 15.11 16.18 23.88 20.40 23.80 15.94 17.51 15.25 16.36
( 15.64 ) ( 7.50 ) ( 4.88 )( 6.15 )( 7.20 )( 4.36 )( 6.09 )( 20.58 ) ( 8.99 ) ( 5.06 )( 5.62 ) ( 7.91 ) ( 4.60 )( 6.42 )

40 80 19.28 18.26 19.30 16.04 16.39 15.21 15.86 20.90 19.18 20.76 15.96 16.72 15.43 15.98
( 12.04 ) ( 6.36 ) ( 4.97 )( 5.84 )( 6.39 )( 4.52 )( 5.59 )( 15.21 ) ( 7.14 ) ( 5.15 )( 5.68 ) ( 6.84 ) ( 4.88 )( 5.78 )

50 100 18.30 17.71 18.33 15.90 16.10 15.27 15.71 19.44 18.44 19.34 15.89 16.33 15.49 15.78
( 10.15 ) ( 5.82 ) ( 4.97 )( 5.64 )( 5.95 )( 4.62 )( 5.34 )( 12.39 ) ( 6.30 ) ( 5.12 )( 5.59 ) ( 6.28 ) ( 4.97 )( 5.45 )

100200 16.72 16.61 16.74 15.68 15.72 15.37 15.54 17.17 16.98 17.14 15.71 15.80 15.52 15.56
( 7.13 ) ( 5.16 ) ( 4.96 )( 5.27 )( 5.34 )( 4.78 )( 5.05 ) ( 7.99 ) ( 5.29 ) ( 5.06 )( 5.33 ) ( 5.47 ) ( 5.03 )( 5.08 )

200400 16.08 16.06 16.09 15.58 15.60 15.43 15.51 16.28 16.24 16.26 15.61 15.63 15.52 15.51
( 5.99 ) ( 5.03 ) ( 4.98 )( 5.13 )( 5.15 )( 4.88 )( 5.00 ) ( 6.36 ) ( 5.06 ) ( 5.03 )( 5.17 ) ( 5.21 ) ( 5.01 )( 5.01 )

400800 15.77 15.78 15.79 15.53 15.53 15.45 15.49 15.86 15.87 15.87 15.54 15.54 15.50 15.48
( 5.44 ) ( 4.97 ) ( 4.96 )( 5.03 )( 5.04 )( 4.91 )( 4.97 ) ( 5.61 ) ( 4.98 ) ( 4.98 )( 5.06 ) ( 5.06 ) ( 4.99 )( 4.96 )

Note: χ2
8(0.05) = 15.51
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Table 3. The upper percentiles of test statistics and empirical Type I errors for two sample (p1, p2) = (2, 2)

n1 n2 qM qMAE qY MKP qQ∗M qQ†M
qYM qY†M

q qAE qYKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE)(αY MKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αYKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 13.54 12.15 13.66 10.01 10.33 9.89 9.77 14.96 12.63 14.90 9.98 10.66 9.87 10.01
( 13.62 )( 6.98 ) ( 4.86 ) ( 5.96 )( 6.51 )( 5.84 )( 5.57 )( 16.20 )( 8.10 )( 5.06 )( 5.88 )( 7.00 )( 5.77 )( 6.00 )

20 20 11.08 10.82 11.11 9.71 9.77 9.68 9.54 11.53 11.06 11.48 9.76 9.87 9.72 9.63
( 8.48 ) ( 5.46 ) ( 4.96 ) ( 5.45 )( 5.56 )( 5.41 )( 5.11 ) ( 9.44 ) ( 5.81 )( 5.09 )( 5.54 )( 5.76 )( 5.49 )( 5.29 )

30 30 10.49 10.38 10.50 9.64 9.66 9.62 9.51 10.76 10.53 10.71 9.68 9.72 9.65 9.57
( 7.16 ) ( 5.21 ) ( 5.00 ) ( 5.31 )( 5.35 )( 5.27 )( 5.06 ) ( 7.73 ) ( 5.39 )( 5.08 )( 5.38 )( 5.47 )( 5.33 )( 5.17 )

40 40 10.24 10.15 10.22 9.62 9.64 9.60 9.53 10.43 10.27 10.37 9.65 9.68 9.63 9.56
( 6.59 ) ( 5.17 ) ( 5.04 ) ( 5.26 )( 5.30 )( 5.23 )( 5.08 ) ( 6.99 ) ( 5.28 )( 5.11 )( 5.32 )( 5.38 )( 5.28 )( 5.16 )

50 50 10.07 10.02 10.06 9.58 9.59 9.57 9.50 10.21 10.12 10.17 9.61 9.62 9.59 9.53
( 6.22 ) ( 5.09 ) ( 5.01 ) ( 5.19 )( 5.21 )( 5.17 )( 5.03 ) ( 6.53 ) ( 5.18 )( 5.06 )( 5.24 )( 5.27 )( 5.22 )( 5.09 )

100100 9.77 9.75 9.76 9.53 9.54 9.53 9.49 9.83 9.80 9.82 9.55 9.55 9.54 9.51
( 5.59 ) ( 5.02 ) ( 5.01 ) ( 5.09 )( 5.09 )( 5.08 )( 5.01 ) ( 5.73 ) ( 5.06 )( 5.03 )( 5.12 )( 5.13 )( 5.10 )( 5.04 )

200200 9.64 9.62 9.62 9.52 9.52 9.52 9.50 9.67 9.64 9.65 9.53 9.53 9.53 9.51
( 5.32 ) ( 5.03 ) ( 5.03 ) ( 5.07 )( 5.07 )( 5.07 )( 5.03 ) ( 5.38 ) ( 5.05 )( 5.04 )( 5.09 )( 5.09 )( 5.08 )( 5.04 )

400400 9.56 9.55 9.55 9.50 9.50 9.49 9.49 9.57 9.57 9.57 9.50 9.50 9.50 9.49
( 5.14 ) ( 5.00 ) ( 5.00 ) ( 5.02 )( 5.02 )( 5.01 )( 5.00 ) ( 5.17 ) ( 5.01 )( 5.01 )( 5.03 )( 5.03 )( 5.02 )( 5.01 )

10 5 13.89 12.40 13.97 10.09 10.30 9.86 9.69 15.33 12.87 15.19 10.10 10.60 9.89 9.90
( 14.37 )( 7.11 ) ( 4.91 ) ( 6.11 )( 6.47 )( 5.77 )( 5.41 )( 16.92 )( 8.24 )( 5.15 )( 6.05 )( 6.93 )( 5.79 )( 5.81 )

20 10 11.26 10.94 11.25 9.77 9.81 9.67 9.55 11.73 11.18 11.61 9.83 9.92 9.74 9.64
( 8.85 ) ( 5.54 ) ( 5.02 ) ( 5.54 )( 5.62 )( 5.39 )( 5.12 ) ( 9.84 ) ( 5.90 )( 5.18 )( 5.66 )( 5.84 )( 5.51 )( 5.32 )

30 15 10.58 10.46 10.58 9.65 9.67 9.60 9.51 10.86 10.62 10.79 9.71 9.74 9.65 9.57
( 7.32 ) ( 5.21 ) ( 5.00 ) ( 5.32 )( 5.35 )( 5.23 )( 5.03 ) ( 7.91 ) ( 5.42 )( 5.11 )( 5.43 )( 5.49 )( 5.33 )( 5.17 )

40 20 10.27 10.22 10.28 9.60 9.61 9.56 9.49 10.47 10.33 10.43 9.64 9.66 9.61 9.54
( 6.67 ) ( 5.11 ) ( 4.98 ) ( 5.23 )( 5.24 )( 5.16 )( 5.00 ) ( 7.08 ) ( 5.25 )( 5.08 )( 5.31 )( 5.36 )( 5.24 )( 5.11 )

50 25 10.12 10.07 10.11 9.59 9.59 9.56 9.50 10.27 10.16 10.22 9.62 9.63 9.59 9.54
( 6.33 ) ( 5.09 ) ( 5.01 ) ( 5.21 )( 5.21 )( 5.15 )( 5.02 ) ( 6.65 ) ( 5.19 )( 5.08 )( 5.27 )( 5.30 )( 5.22 )( 5.10 )

100 50 9.80 9.78 9.79 9.55 9.55 9.53 9.50 9.87 9.83 9.84 9.56 9.57 9.55 9.52
( 5.64 ) ( 5.04 ) ( 5.02 ) ( 5.11 )( 5.12 )( 5.09 )( 5.02 ) ( 5.79 ) ( 5.09 )( 5.06 )( 5.15 )( 5.16 )( 5.13 )( 5.06 )

200100 9.62 9.63 9.64 9.50 9.50 9.49 9.47 9.66 9.66 9.66 9.51 9.51 9.50 9.48
( 5.28 ) ( 4.98 ) ( 4.97 ) ( 5.02 )( 5.02 )( 5.00 )( 4.97 ) ( 5.35 ) ( 5.00 )( 4.99 )( 5.04 )( 5.04 )( 5.02 )( 4.99 )

400200 9.56 9.56 9.56 9.50 9.50 9.50 9.49 9.58 9.57 9.57 9.50 9.51 9.50 9.49
( 5.15 ) ( 5.00 ) ( 5.00 ) ( 5.03 )( 5.03 )( 5.02 )( 5.00 ) ( 5.19 ) ( 5.01 )( 5.01 )( 5.04 )( 5.04 )( 5.03 )( 5.01 )

10 20 13.28 11.91 13.39 9.99 10.41 9.87 9.89 14.61 12.39 14.64 9.91 10.72 9.80 10.12
( 13.02 )( 7.02 ) ( 4.87 ) ( 5.95 )( 6.67 )( 5.81 )( 5.81 )( 15.57 )( 8.09 )( 4.97 )( 5.76 )( 7.17 )( 5.63 )( 6.25 )

20 40 10.95 10.70 10.98 9.68 9.76 9.65 9.56 11.37 10.94 11.35 9.70 9.85 9.67 9.63
( 8.15 ) ( 5.44 ) ( 4.95 ) ( 5.40 )( 5.55 )( 5.35 )( 5.15 ) ( 9.07 ) ( 5.74 )( 5.03 )( 5.43 )( 5.72 )( 5.37 )( 5.31 )

30 60 10.37 10.30 10.41 9.59 9.62 9.57 9.49 10.62 10.45 10.62 9.61 9.67 9.59 9.54
( 6.88 ) ( 5.14 ) ( 4.94 ) ( 5.20 )( 5.27 )( 5.17 )( 5.01 ) ( 7.41 ) ( 5.29 )( 5.00 )( 5.25 )( 5.37 )( 5.21 )( 5.11 )

40 80 10.14 10.09 10.16 9.58 9.59 9.56 9.50 10.32 10.21 10.30 9.59 9.63 9.58 9.53
( 6.39 ) ( 5.09 ) ( 4.97 ) ( 5.18 )( 5.22 )( 5.15 )( 5.02 ) ( 6.76 ) ( 5.19 )( 5.02 )( 5.22 )( 5.28 )( 5.19 )( 5.09 )

50 100 10.01 9.97 10.01 9.56 9.57 9.55 9.50 10.14 10.07 10.12 9.58 9.60 9.57 9.52
( 6.09 ) ( 5.06 ) ( 4.99 ) ( 5.15 )( 5.16 )( 5.14 )( 5.02 ) ( 6.38 ) ( 5.13 )( 5.02 )( 5.18 )( 5.22 )( 5.17 )( 5.06 )

100200 9.72 9.73 9.74 9.51 9.51 9.51 9.47 9.78 9.78 9.79 9.52 9.52 9.52 9.48
( 5.48 ) ( 4.98 ) ( 4.97 ) ( 5.05 )( 5.05 )( 5.04 )( 4.97 ) ( 5.61 ) ( 5.01 )( 4.98 )( 5.07 )( 5.07 )( 5.06 )( 4.99 )

200400 9.59 9.61 9.61 9.49 9.49 9.49 9.47 9.62 9.63 9.64 9.50 9.50 9.49 9.48
( 5.22 ) ( 4.97 ) ( 4.97 ) ( 5.01 )( 5.01 )( 5.00 )( 4.97 ) ( 5.29 ) ( 4.98 )( 4.98 )( 5.02 )( 5.02 )( 5.01 )( 4.98 )

400800 9.54 9.55 9.55 9.49 9.49 9.48 9.48 9.55 9.56 9.56 9.49 9.49 9.49 9.48
( 5.11 ) ( 4.98 ) ( 4.97 ) ( 4.99 )( 4.99 )( 4.99 )( 4.98 ) ( 5.13 ) ( 4.98 )( 4.98 )( 5.00 )( 5.00 )( 5.00 )( 4.98 )

Note: χ2
8(0.05) = 9.49
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Table 4. The upper percentiles of test statistics and empirical Type I errors for the two sample case, (p1, p2) = (4, 4)

n1 n2 qM qMAE qY MKP qQ∗M qQ†M
qYM qY†M

q qAE qYKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE) (αY MKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αYKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 30.56 22.09 31.22 17.09 19.48 16.53 17.44 38.98 23.64 38.99 15.16 20.95 15.50 18.19
( 31.08 )( 13.56 ) ( 4.65 ) ( 7.18 )( 10.30 )( 6.79 )( 8.12 )( 40.59 )( 18.61 )( 4.99 )( 4.59 )( 11.56 )( 4.99 ) ( 9.13 )

20 20 20.02 18.80 20.10 16.07 16.39 15.94 15.80 21.83 19.57 21.65 16.05 16.78 15.92 16.11
( 13.69 ) ( 6.59 ) ( 4.92 ) ( 5.90 ) ( 6.38 ) ( 5.75 )( 5.48 )( 17.16 ) ( 7.80 ) ( 5.18 )( 5.82 ) ( 6.94 ) ( 5.69 ) ( 5.98 )

30 30 18.19 17.70 18.20 15.88 15.99 15.80 15.63 19.15 18.22 19.01 15.93 16.19 15.85 15.80
( 9.98 ) ( 5.68 ) ( 4.98 ) ( 5.59 ) ( 5.77 ) ( 5.49 )( 5.20 )( 11.90 ) ( 6.27 ) ( 5.18 )( 5.67 ) ( 6.09 ) ( 5.57 ) ( 5.49 )

40 40 17.40 17.15 17.42 15.77 15.82 15.73 15.56 18.06 17.54 17.95 15.83 15.97 15.78 15.69
( 8.49 ) ( 5.36 ) ( 4.98 ) ( 5.43 ) ( 5.52 ) ( 5.37 )( 5.09 ) ( 9.77 ) ( 5.73 ) ( 5.13 )( 5.52 ) ( 5.74 ) ( 5.47 ) ( 5.30 )

50 50 16.98 16.82 16.99 15.72 15.75 15.69 15.55 17.48 17.13 17.39 15.78 15.86 15.75 15.65
( 7.66 ) ( 5.23 ) ( 5.00 ) ( 5.35 ) ( 5.40 ) ( 5.30 )( 5.07 ) ( 8.60 ) ( 5.50 ) ( 5.12 )( 5.44 ) ( 5.57 ) ( 5.40 ) ( 5.23 )

100100 16.20 16.17 16.20 15.61 15.61 15.59 15.52 16.42 16.32 16.38 15.64 15.66 15.63 15.56
( 6.21 ) ( 5.05 ) ( 5.00 ) ( 5.16 ) ( 5.18 ) ( 5.15 )( 5.01 ) ( 6.60 ) ( 5.16 ) ( 5.06 )( 5.23 ) ( 5.26 ) ( 5.21 ) ( 5.09 )

200200 15.86 15.84 15.85 15.57 15.57 15.56 15.52 15.96 15.91 15.93 15.59 15.59 15.58 15.54
( 5.60 ) ( 5.04 ) ( 5.02 ) ( 5.10 ) ( 5.10 ) ( 5.09 )( 5.03 ) ( 5.78 ) ( 5.08 ) ( 5.06 )( 5.13 ) ( 5.14 ) ( 5.12 ) ( 5.06 )

400400 15.67 15.67 15.67 15.53 15.53 15.52 15.50 15.72 15.71 15.71 15.54 15.54 15.53 15.51
( 5.27 ) ( 4.99 ) ( 4.99 ) ( 5.03 ) ( 5.03 ) ( 5.03 )( 4.99 ) ( 5.35 ) ( 5.01 ) ( 5.01 )( 5.05 ) ( 5.05 ) ( 5.04 ) ( 5.01 )

10 5 31.41 22.65 31.95 17.29 19.11 16.45 17.00 40.04 24.20 39.68 15.49 20.35 15.54 17.57
( 32.85 )( 13.76 ) ( 4.71 ) ( 7.41 ) ( 9.79 ) ( 6.62 )( 7.42 )( 41.88 )( 18.74 )( 5.14 )( 4.98 )( 10.77 )( 5.05 ) ( 8.19 )

20 10 20.38 19.08 20.42 16.17 16.39 15.92 15.74 22.29 19.85 21.96 16.23 16.81 15.98 16.06
( 14.44 ) ( 6.69 ) ( 4.96 ) ( 6.04 ) ( 6.39 ) ( 5.70 )( 5.39 )( 17.97 ) ( 7.96 ) ( 5.32 )( 6.06 ) ( 6.96 ) ( 5.77 ) ( 5.91 )

30 15 18.40 17.89 18.41 15.91 16.00 15.77 15.60 19.41 18.40 19.21 16.03 16.23 15.87 15.80
( 10.45 ) ( 5.71 ) ( 4.98 ) ( 5.65 ) ( 5.78 ) ( 5.45 )( 5.15 )( 12.43 ) ( 6.36 ) ( 5.26 )( 5.80 ) ( 6.15 ) ( 5.60 ) ( 5.48 )

40 20 17.60 17.29 17.57 15.84 15.88 15.74 15.58 18.31 17.68 18.10 15.94 16.06 15.84 15.74
( 8.83 ) ( 5.44 ) ( 5.04 ) ( 5.53 ) ( 5.60 ) ( 5.39 )( 5.13 )( 10.14 ) ( 5.88 ) ( 5.27 )( 5.69 ) ( 5.87 ) ( 5.54 ) ( 5.39 )

50 25 17.11 16.94 17.11 15.75 15.77 15.67 15.54 17.64 17.25 17.51 15.83 15.90 15.76 15.66
( 7.88 ) ( 5.27 ) ( 5.01 ) ( 5.39 ) ( 5.44 ) ( 5.27 )( 5.06 ) ( 8.86 ) ( 5.58 ) ( 5.19 )( 5.53 ) ( 5.65 ) ( 5.41 ) ( 5.26 )

100 50 16.24 16.22 16.26 15.60 15.61 15.57 15.50 16.48 16.38 16.44 15.65 15.67 15.62 15.56
( 6.28 ) ( 5.03 ) ( 4.97 ) ( 5.16 ) ( 5.16 ) ( 5.10 )( 4.98 ) ( 6.70 ) ( 5.16 ) ( 5.06 )( 5.24 ) ( 5.26 ) ( 5.18 ) ( 5.08 )

200100 15.88 15.86 15.87 15.57 15.57 15.56 15.52 15.99 15.94 15.96 15.60 15.60 15.58 15.54
( 5.64 ) ( 5.03 ) ( 5.01 ) ( 5.11 ) ( 5.11 ) ( 5.08 )( 5.02 ) ( 5.83 ) ( 5.08 ) ( 5.06 )( 5.15 ) ( 5.15 ) ( 5.12 ) ( 5.06 )

400200 15.70 15.69 15.69 15.54 15.54 15.53 15.52 15.75 15.72 15.73 15.56 15.56 15.55 15.53
( 5.32 ) ( 5.02 ) ( 5.01 ) ( 5.06 ) ( 5.06 ) ( 5.05 )( 5.01 ) ( 5.41 ) ( 5.04 ) ( 5.04 )( 5.08 ) ( 5.08 ) ( 5.07 ) ( 5.04 )

10 20 29.90 21.53 30.62 16.94 19.94 16.40 17.97 38.13 23.08 38.42 14.89 21.61 15.24 18.89
( 29.53 )( 13.60 ) ( 4.62 ) ( 7.00 )( 10.97 )( 6.55 )( 8.94 )( 39.31 )( 18.65 )( 4.89 )( 4.25 )( 12.47 )( 4.59 )( 10.17 )

20 40 19.74 18.52 19.80 16.04 16.45 15.90 15.91 21.46 19.29 21.37 15.94 16.81 15.81 16.20
( 13.00 ) ( 6.60 ) ( 4.94 ) ( 5.82 ) ( 6.47 ) ( 5.67 )( 5.66 )( 16.40 ) ( 7.74 ) ( 5.10 )( 5.66 ) ( 6.99 ) ( 5.50 ) ( 6.12 )

30 60 17.97 17.52 18.01 15.82 15.98 15.76 15.66 18.90 18.03 18.82 15.84 16.17 15.77 15.82
( 9.60 ) ( 5.66 ) ( 4.95 ) ( 5.51 ) ( 5.77 ) ( 5.43 )( 5.24 )( 11.42 ) ( 6.19 ) ( 5.10 )( 5.53 ) ( 6.05 ) ( 5.43 ) ( 5.51 )

40 80 17.24 17.01 17.27 15.72 15.80 15.68 15.57 17.86 17.40 17.81 15.76 15.92 15.71 15.68
( 8.17 ) ( 5.32 ) ( 4.96 ) ( 5.35 ) ( 5.47 ) ( 5.30 )( 5.10 ) ( 9.37 ) ( 5.65 ) ( 5.06 )( 5.39 ) ( 5.66 ) ( 5.33 ) ( 5.28 )

50 100 16.86 16.71 16.87 15.69 15.74 15.65 15.56 17.33 17.02 17.27 15.72 15.83 15.69 15.64
( 7.41 ) ( 5.22 ) ( 4.99 ) ( 5.29 ) ( 5.37 ) ( 5.24 )( 5.08 ) ( 8.27 ) ( 5.44 ) ( 5.07 )( 5.34 ) ( 5.51 ) ( 5.29 ) ( 5.21 )

100200 16.14 16.11 16.15 15.59 15.61 15.57 15.52 16.35 16.26 16.32 15.61 15.64 15.60 15.55
( 6.09 ) ( 5.05 ) ( 4.99 ) ( 5.13 ) ( 5.16 ) ( 5.11 )( 5.02 ) ( 6.47 ) ( 5.13 ) ( 5.04 )( 5.17 ) ( 5.21 ) ( 5.14 ) ( 5.07 )

200400 15.82 15.81 15.82 15.55 15.55 15.55 15.51 15.91 15.89 15.90 15.56 15.57 15.56 15.53
( 5.53 ) ( 5.01 ) ( 5.00 ) ( 5.08 ) ( 5.08 ) ( 5.07 )( 5.00 ) ( 5.70 ) ( 5.05 ) ( 5.03 )( 5.10 ) ( 5.10 ) ( 5.09 ) ( 5.03 )

400800 15.64 15.66 15.66 15.51 15.51 15.51 15.49 15.69 15.70 15.70 15.52 15.52 15.52 15.50
( 5.23 ) ( 4.97 ) ( 4.97 ) ( 5.01 ) ( 5.01 ) ( 5.01 )( 4.97 ) ( 5.32 ) ( 4.99 ) ( 4.98 )( 5.02 ) ( 5.02 ) ( 5.01 ) ( 4.98 )

Note: χ2
8(0.05) = 15.51
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Table 5. The upper percentiles of test statistics and empirical Type I errors for the one sample case, (p1, p2) = (2, 2), n2 :
f ix

n1 n2 qM qMAE qMKP qQ∗M qQ†M
qYM qY†M

q qAE qKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE) (αMKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 20.77 14.11 22.03 10.68 12.46 9.47 10.68 26.95 15.33 27.65 9.20 13.48 8.79 10.80
( 23.94 )( 11.70 )( 4.35 )( 6.85 ) ( 9.24 ) ( 4.97 )( 7.27 )( 30.03 )( 14.64 )( 4.75 )( 4.61 )( 10.00 )( 3.70 )( 7.55 )

20 10 13.01 12.00 13.10 10.03 10.19 9.47 9.62 14.28 12.66 14.15 10.06 10.47 9.50 9.65
( 12.41 ) ( 6.45 ) ( 4.88 )( 5.99 ) ( 6.27 ) ( 4.97 )( 5.28 )( 14.70 ) ( 7.11 ) ( 5.15 )( 6.00 ) ( 6.69 ) ( 5.03 )( 5.33 )

30 10 11.65 11.23 11.67 9.85 9.90 9.49 9.54 12.32 11.69 12.19 9.93 10.06 9.56 9.54
( 9.59 ) ( 5.66 ) ( 4.97 )( 5.70 ) ( 5.78 ) ( 5.00 )( 5.10 )( 10.95 ) ( 5.96 ) ( 5.19 )( 5.84 ) ( 6.07 ) ( 5.15 )( 5.11 )

50 10 10.70 10.58 10.72 9.69 9.70 9.47 9.48 11.06 10.86 10.97 9.77 9.80 9.55 9.49
( 7.57 ) ( 5.22 ) ( 4.96 )( 5.40 ) ( 5.42 ) ( 4.96 )( 4.99 ) ( 8.29 ) ( 5.33 ) ( 5.14 )( 5.54 ) ( 5.60 ) ( 5.12 )( 5.00 )

100 10 10.08 10.05 10.09 9.59 9.59 9.48 9.49 10.24 10.20 10.19 9.64 9.65 9.53 9.49
( 6.25 ) ( 5.06 ) ( 4.99 )( 5.22 ) ( 5.22 ) ( 4.99 )( 5.00 ) ( 6.57 ) ( 5.09 ) ( 5.09 )( 5.31 ) ( 5.32 ) ( 5.08 )( 5.00 )

10 20 20.22 13.70 21.54 10.54 12.81 9.47 11.06 26.29 14.83 27.13 8.99 14.02 8.70 11.34
( 22.79 )( 11.68 )( 4.32 )( 6.64 ) ( 9.74 ) ( 4.97 )( 7.91 )( 29.09 )( 14.77 )( 4.69 )( 4.29 )( 10.73 )( 3.54 )( 8.43 )

20 20 12.77 11.80 12.86 9.99 10.21 9.48 9.69 13.96 12.41 13.92 9.96 10.47 9.46 9.74
( 11.88 ) ( 6.42 ) ( 4.88 )( 5.93 ) ( 6.32 ) ( 4.98 )( 5.42 )( 14.17 ) ( 7.11 ) ( 5.05 )( 5.85 ) ( 6.74 ) ( 4.95 )( 5.52 )

30 20 11.47 11.11 11.52 9.80 9.86 9.47 9.53 12.12 11.54 12.05 9.86 10.02 9.53 9.55
( 9.26 ) ( 5.60 ) ( 4.92 )( 5.62 ) ( 5.74 ) ( 4.97 )( 5.09 )( 10.57 ) ( 5.90 ) ( 5.10 )( 5.71 ) ( 6.00 ) ( 5.08 )( 5.13 )

50 20 10.67 10.52 10.66 9.71 9.73 9.50 9.52 11.01 10.79 10.91 9.78 9.82 9.57 9.52
( 7.52 ) ( 5.27 ) ( 5.03 )( 5.43 ) ( 5.46 ) ( 5.03 )( 5.07 ) ( 8.23 ) ( 5.39 ) ( 5.17 )( 5.54 ) ( 5.64 ) ( 5.16 )( 5.08 )

100 20 10.06 10.03 10.07 9.59 9.59 9.49 9.49 10.22 10.17 10.17 9.64 9.64 9.53 9.49
( 6.21 ) ( 5.06 ) ( 4.99 )( 5.21 ) ( 5.22 ) ( 5.00 )( 5.00 ) ( 6.54 ) ( 5.09 ) ( 5.09 )( 5.30 ) ( 5.31 ) ( 5.09 )( 5.00 )

10 50 19.89 13.29 21.12 10.43 13.26 9.50 11.54 25.91 14.33 26.69 8.82 14.68 8.64 12.07
( 21.79 )( 11.79 )( 4.36 )( 6.51 )( 10.27 )( 5.02 )( 8.67 )( 28.24 )( 15.10 )( 4.70 )( 4.02 )( 11.53 )( 3.43 )( 9.54 )

20 50 12.47 11.54 12.58 9.93 10.25 9.49 9.79 13.63 12.09 13.66 9.84 10.51 9.42 9.90
( 11.23 ) ( 6.42 ) ( 4.86 )( 5.82 ) ( 6.39 ) ( 5.00 )( 5.61 )( 13.49 ) ( 7.15 ) ( 4.97 )( 5.67 ) ( 6.80 ) ( 4.86 )( 5.82 )

30 50 11.30 10.93 11.32 9.79 9.89 9.49 9.60 11.90 11.31 11.86 9.81 10.02 9.51 9.63
( 8.83 ) ( 5.63 ) ( 4.96 )( 5.58 ) ( 5.78 ) ( 5.01 )( 5.22 )( 10.09 ) ( 5.93 ) ( 5.07 )( 5.60 ) ( 6.00 ) ( 5.05 )( 5.30 )

50 50 10.46 10.33 10.46 9.66 9.69 9.50 9.54 10.76 10.56 10.71 9.68 9.75 9.52 9.55
( 7.06 ) ( 5.24 ) ( 5.01 )( 5.34 ) ( 5.42 ) ( 5.02 )( 5.10 ) ( 7.68 ) ( 5.36 ) ( 5.07 )( 5.39 ) ( 5.53 ) ( 5.06 )( 5.13 )

100 50 10.02 9.99 10.02 9.58 9.59 9.49 9.49 10.17 10.12 10.13 9.62 9.63 9.52 9.49
( 6.13 ) ( 5.06 ) ( 5.00 )( 5.19 ) ( 5.20 ) ( 5.00 )( 5.01 ) ( 6.44 ) ( 5.09 ) ( 5.07 )( 5.26 ) ( 5.28 ) ( 5.07 )( 5.02 )

10 100 19.66 13.11 20.95 10.34 13.41 9.48 11.73 25.61 14.11 26.51 8.72 14.90 8.60 12.39
( 21.25 )( 11.81 )( 4.33 )( 6.39 )( 10.49 )( 4.99 )( 8.95 )( 27.76 )( 15.17 )( 4.66 )( 3.87 )( 11.80 )( 3.36 )( 9.96 )

20 100 12.27 11.39 12.45 9.86 10.23 9.46 9.81 13.37 11.91 13.53 9.76 10.47 9.37 9.95
( 10.80 ) ( 6.37 ) ( 4.77 )( 5.69 ) ( 6.38 ) ( 4.95 )( 5.67 )( 13.02 ) ( 7.12 ) ( 4.82 )( 5.49 ) ( 6.78 ) ( 4.76 )( 5.92 )

30 100 11.17 10.81 11.21 9.74 9.88 9.48 9.62 11.74 11.17 11.74 9.74 10.00 9.48 9.67
( 8.57 ) ( 5.61 ) ( 4.94 )( 5.51 ) ( 5.76 ) ( 4.99 )( 5.26 ) ( 9.80 ) ( 5.92 ) ( 5.00 )( 5.49 ) ( 5.96 ) ( 4.98 )( 5.38 )

50 100 10.46 10.33 10.46 9.66 9.69 9.50 9.54 10.76 10.56 10.71 9.68 9.75 9.52 9.55
( 7.06 ) ( 5.24 ) ( 5.01 )( 5.34 ) ( 5.42 ) ( 5.02 )( 5.10 ) ( 7.68 ) ( 5.36 ) ( 5.07 )( 5.39 ) ( 5.53 ) ( 5.06 )( 5.13 )

100100 9.99 9.95 9.98 9.58 9.59 9.49 9.50 10.12 10.07 10.09 9.61 9.62 9.52 9.50
( 6.05 ) ( 5.07 ) ( 5.01 )( 5.19 ) ( 5.20 ) ( 5.01 )( 5.03 ) ( 6.34 ) ( 5.10 ) ( 5.07 )( 5.24 ) ( 5.27 ) ( 5.07 )( 5.04 )

Note: χ2
4(0.05) = 9.49
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Table 6. The upper percentiles of test statistics and empirical Type I errors for the one sample case, (p1, p2) = (4, 4), n2 :
f ix

n1 n2 qM qMAE qMKP qQ∗M qQ†M
qYM qY†M

q qAE qKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE) (αMKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 20.77 14.11 22.03 10.68 12.46 9.47 10.68 26.95 15.33 27.65 9.20 13.48 8.79 10.80
( 23.94 )( 11.70 )( 4.35 )( 6.85 ) ( 9.24 ) ( 4.97 )( 7.27 )( 30.03 )( 14.64 )( 4.75 )( 4.61 )( 10.00 )( 3.70 )( 7.55 )

20 10 13.01 12.00 13.10 10.03 10.19 9.47 9.62 14.28 12.66 14.15 10.06 10.47 9.50 9.65
( 12.41 ) ( 6.45 ) ( 4.88 )( 5.99 ) ( 6.27 ) ( 4.97 )( 5.28 )( 14.70 ) ( 7.11 ) ( 5.15 )( 6.00 ) ( 6.69 ) ( 5.03 )( 5.33 )

30 10 22.20 20.00 22.26 16.50 16.84 15.13 15.87 25.20 21.46 24.68 16.41 17.43 15.51 15.88
( 17.84 ) ( 7.63 ) ( 4.95 )( 6.50 ) ( 7.00 ) ( 4.38 )( 5.60 )( 22.80 ) ( 8.96 ) ( 5.42 )( 6.28 ) ( 7.71 ) ( 5.00 )( 5.62 )

50 10 18.96 18.30 18.99 16.05 16.12 15.27 15.58 20.31 19.21 19.98 16.21 16.45 15.66 15.59
( 11.53 ) ( 5.89 ) ( 4.97 )( 5.85 ) ( 5.98 ) ( 4.60 )( 5.13 )( 14.01 ) ( 6.35 ) ( 5.37 )( 6.07 ) ( 6.44 ) ( 5.24 )( 5.14 )

100 10 17.09 16.95 17.11 15.76 15.77 15.38 15.51 17.66 17.42 17.49 15.90 15.94 15.63 15.51
( 7.85 ) ( 5.21 ) ( 4.98 )( 5.41 ) ( 5.43 ) ( 4.79 )( 5.01 ) ( 8.85 ) ( 5.33 ) ( 5.22 )( 5.62 ) ( 5.69 ) ( 5.20 )( 5.01 )

10 20 20.22 13.70 21.54 10.54 12.81 9.47 11.06 26.29 14.83 27.13 8.99 14.02 8.70 11.34
( 22.79 )( 11.68 )( 4.32 )( 6.64 ) ( 9.74 ) ( 4.97 )( 7.91 )( 29.09 )( 14.77 )( 4.69 )( 4.29 )( 10.73 )( 3.54 )( 8.43 )

20 20 12.77 11.80 12.86 9.99 10.21 9.48 9.69 13.96 12.41 13.92 9.96 10.47 9.46 9.74
( 11.88 ) ( 6.42 ) ( 4.88 )( 5.93 ) ( 6.32 ) ( 4.98 )( 5.42 )( 14.17 ) ( 7.11 ) ( 5.05 )( 5.85 ) ( 6.74 ) ( 4.95 )( 5.52 )

30 20 21.82 19.71 21.89 16.42 16.87 15.13 15.97 24.71 21.08 24.34 16.26 17.46 15.41 16.04
( 17.05 ) ( 7.58 ) ( 4.93 )( 6.38 ) ( 7.08 ) ( 4.38 )( 5.78 )( 22.00 ) ( 8.96 ) ( 5.31 )( 6.06 ) ( 7.79 ) ( 4.85 )( 5.88 )

50 20 18.78 18.16 18.82 15.99 16.10 15.24 15.60 20.07 19.03 19.82 16.11 16.40 15.60 15.61
( 11.15 ) ( 5.83 ) ( 4.95 )( 5.77 ) ( 5.93 ) ( 4.57 )( 5.16 )( 13.57 ) ( 6.30 ) ( 5.29 )( 5.92 ) ( 6.37 ) ( 5.14 )( 5.18 )

100 20 17.05 16.91 17.06 15.76 15.78 15.39 15.53 17.60 17.36 17.44 15.88 15.93 15.62 15.53
( 7.78 ) ( 5.22 ) ( 5.00 )( 5.40 ) ( 5.43 ) ( 4.81 )( 5.03 ) ( 8.78 ) ( 5.34 ) ( 5.22 )( 5.58 ) ( 5.66 ) ( 5.19 )( 5.04 )

20 50 27.21 20.87 27.70 16.84 19.24 14.94 17.58 33.90 22.67 34.12 15.15 20.58 14.51 17.98
( 25.22 )( 11.69 )( 4.69 )( 6.90 )( 10.11 )( 4.10 )( 8.30 )( 34.30 )( 15.47 )( 4.90 )( 4.55 )( 11.40 )( 3.52 )( 8.93 )

30 50 21.30 19.26 21.40 16.29 16.95 15.11 16.15 24.02 20.51 23.88 15.99 17.51 15.28 16.32
( 15.86 ) ( 7.53 ) ( 4.91 )( 6.20 ) ( 7.19 ) ( 4.35 )( 6.06 )( 20.85 ) ( 8.96 ) ( 5.12 )( 5.70 ) ( 7.88 ) ( 4.64 )( 6.33 )

50 50 18.53 17.91 18.53 15.97 16.12 15.29 15.68 19.75 18.70 19.54 16.02 16.39 15.57 15.73
( 10.64 ) ( 5.86 ) ( 5.00 )( 5.75 ) ( 5.99 ) ( 4.63 )( 5.29 )( 12.97 ) ( 6.35 ) ( 5.23 )( 5.80 ) ( 6.37 ) ( 5.09 )( 5.37 )

100 50 16.92 16.81 16.95 15.71 15.73 15.37 15.51 17.44 17.23 17.34 15.81 15.87 15.57 15.52
( 7.52 ) ( 5.17 ) ( 4.96 )( 5.34 ) ( 5.37 ) ( 4.77 )( 5.00 ) ( 8.48 ) ( 5.29 ) ( 5.13 )( 5.48 ) ( 5.57 ) ( 5.11 )( 5.02 )

20 100 26.94 20.52 27.39 16.74 19.53 14.93 17.93 33.51 22.21 33.83 14.95 20.94 14.41 18.53
( 24.42 )( 11.89 )( 4.71 )( 6.78 )( 10.53 )( 4.08 )( 8.83 )( 33.61 )( 15.81 )( 4.85 )( 4.30 )( 11.94 )( 3.40 )( 9.76 )

30 100 21.02 18.98 21.12 16.23 17.03 15.12 16.29 23.63 20.14 23.62 15.84 17.57 15.20 16.54
( 15.23 ) ( 7.57 ) ( 4.90 )( 6.10 ) ( 7.31 ) ( 4.37 )( 6.28 )( 20.13 ) ( 9.09 ) ( 5.01 )( 5.48 ) ( 8.04 ) ( 4.52 )( 6.67 )

50 100 16.92 16.81 16.95 15.71 15.73 15.37 15.51 17.44 17.23 17.34 15.81 15.87 15.57 15.52
( 7.52 ) ( 5.17 ) ( 4.96 )( 5.34 ) ( 5.37 ) ( 4.77 )( 5.00 ) ( 8.48 ) ( 5.29 ) ( 5.13 )( 5.48 ) ( 5.57 ) ( 5.11 )( 5.02 )

100100 16.83 16.71 16.84 15.70 15.74 15.38 15.54 17.32 17.10 17.24 15.77 15.85 15.56 15.55
( 7.34 ) ( 5.19 ) ( 4.99 )( 5.32 ) ( 5.38 ) ( 4.78 )( 5.05 ) ( 8.23 ) ( 5.31 ) ( 5.12 )( 5.41 ) ( 5.54 ) ( 5.08 )( 5.07 )

Note:χ2
8(0.05) = 15.51
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Table 7. The upper percentiles of test statistics and empirical Type I errors for the two sample case, (p1, p2) = (2, 2), n2 :
f ix

n1 n2 qM qMAE qY MKP qQ∗M qQ†M
qYM qY†M

q qAE qYKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE)(αY MKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αYKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 13.54 12.15 13.66 10.01 10.33 9.89 9.77 14.96 12.63 14.90 9.98 10.66 9.87 10.01
( 13.62 )( 6.98 ) ( 4.86 ) ( 5.96 )( 6.51 )( 5.84 )( 5.57 )( 16.20 )( 8.10 )( 5.06 )( 5.88 )( 7.00 )( 5.77 )( 6.00 )

20 10 11.26 10.94 11.25 9.77 9.81 9.67 9.55 11.73 11.18 11.61 9.83 9.92 9.74 9.64
( 8.85 ) ( 5.54 ) ( 5.02 ) ( 5.54 )( 5.62 )( 5.39 )( 5.12 ) ( 9.84 ) ( 5.90 )( 5.18 )( 5.66 )( 5.84 )( 5.51 )( 5.32 )

30 10 10.61 10.50 10.63 9.65 9.66 9.57 9.49 10.90 10.66 10.84 9.71 9.74 9.63 9.56
( 7.41 ) ( 5.21 ) ( 4.97 ) ( 5.33 )( 5.35 )( 5.17 )( 5.01 ) ( 8.02 ) ( 5.42 )( 5.11 )( 5.44 )( 5.50 )( 5.29 )( 5.15 )

50 10 10.17 10.12 10.17 9.59 9.60 9.53 9.49 10.33 10.21 10.28 9.63 9.65 9.57 9.54
( 6.43 ) ( 5.09 ) ( 5.00 ) ( 5.21 )( 5.22 )( 5.09 )( 5.01 ) ( 6.76 ) ( 5.20 )( 5.09 )( 5.29 )( 5.31 )( 5.16 )( 5.10 )

100 10 9.83 9.81 9.83 9.54 9.55 9.50 9.49 9.91 9.86 9.88 9.57 9.57 9.53 9.52
( 5.72 ) ( 5.03 ) ( 5.01 ) ( 5.12 )( 5.12 )( 5.03 )( 5.01 ) ( 5.88 ) ( 5.09 )( 5.06 )( 5.18 )( 5.17 )( 5.09 )( 5.07 )

10 20 13.28 11.91 13.39 9.99 10.41 9.87 9.89 14.61 12.39 14.64 9.91 10.72 9.80 10.12
( 13.02 )( 7.02 ) ( 4.87 ) ( 5.95 )( 6.67 )( 5.81 )( 5.81 )( 15.57 )( 8.09 )( 4.97 )( 5.76 )( 7.17 )( 5.63 )( 6.25 )

20 20 11.08 10.82 11.11 9.71 9.77 9.68 9.54 11.53 11.06 11.48 9.76 9.87 9.72 9.63
( 8.48 ) ( 5.46 ) ( 4.96 ) ( 5.45 )( 5.56 )( 5.41 )( 5.11 ) ( 9.44 ) ( 5.81 )( 5.09 )( 5.54 )( 5.76 )( 5.49 )( 5.29 )

30 20 10.56 10.43 10.55 9.66 9.68 9.62 9.52 10.83 10.58 10.76 9.71 9.75 9.67 9.58
( 7.27 ) ( 5.24 ) ( 5.02 ) ( 5.35 )( 5.39 )( 5.28 )( 5.07 ) ( 7.83 ) ( 5.44 )( 5.12 )( 5.43 )( 5.52 )( 5.37 )( 5.19 )

50 20 10.14 10.08 10.13 9.60 9.60 9.56 9.50 10.29 10.18 10.24 9.63 9.64 9.59 9.54
( 6.37 ) ( 5.10 ) ( 5.02 ) ( 5.21 )( 5.23 )( 5.14 )( 5.03 ) ( 6.69 ) ( 5.20 )( 5.09 )( 5.28 )( 5.30 )( 5.21 )( 5.10 )

100 20 9.83 9.80 9.81 9.55 9.55 9.52 9.50 9.90 9.85 9.87 9.57 9.57 9.54 9.52
( 5.70 ) ( 5.04 ) ( 5.02 ) ( 5.13 )( 5.13 )( 5.06 )( 5.02 ) ( 5.86 ) ( 5.09 )( 5.06 )( 5.17 )( 5.17 )( 5.11 )( 5.07 )

10 50 12.98 11.67 13.16 9.90 10.44 9.71 9.98 14.25 12.14 14.42 9.77 10.74 9.59 10.22
( 12.27 )( 6.97 ) ( 4.78 ) ( 5.79 )( 6.74 )( 5.44 )( 5.98 )( 14.79 )( 8.00 )( 4.82 )( 5.53 )( 7.24 )( 5.19 )( 6.43 )

20 50 10.93 10.66 10.94 9.69 9.78 9.65 9.58 11.34 10.90 11.32 9.70 9.86 9.66 9.65
( 8.09 ) ( 5.47 ) ( 4.97 ) ( 5.41 )( 5.58 )( 5.33 )( 5.18 ) ( 8.99 ) ( 5.75 )( 5.04 )( 5.42 )( 5.73 )( 5.34 )( 5.33 )

30 50 10.41 10.32 10.43 9.61 9.64 9.58 9.50 10.66 10.47 10.64 9.63 9.69 9.61 9.55
( 6.97 ) ( 5.17 ) ( 4.96 ) ( 5.23 )( 5.30 )( 5.20 )( 5.03 ) ( 7.50 ) ( 5.32 )( 5.02 )( 5.28 )( 5.40 )( 5.25 )( 5.12 )

50 50 10.07 10.02 10.06 9.58 9.59 9.57 9.50 10.21 10.12 10.17 9.61 9.62 9.59 9.53
( 6.22 ) ( 5.09 ) ( 5.01 ) ( 5.19 )( 5.21 )( 5.17 )( 5.03 ) ( 6.53 ) ( 5.18 )( 5.06 )( 5.24 )( 5.27 )( 5.22 )( 5.09 )

100 50 9.80 9.78 9.79 9.55 9.55 9.53 9.50 9.87 9.83 9.84 9.56 9.57 9.55 9.52
( 5.64 ) ( 5.04 ) ( 5.02 ) ( 5.11 )( 5.12 )( 5.09 )( 5.02 ) ( 5.79 ) ( 5.09 )( 5.06 )( 5.15 )( 5.16 )( 5.13 )( 5.06 )

10 100 12.87 11.56 13.06 9.89 10.48 9.61 10.04 14.14 12.03 14.32 9.75 10.80 9.48 10.30
( 12.05 )( 6.99 ) ( 4.77 ) ( 5.75 )( 6.80 )( 5.27 )( 6.09 )( 14.57 )( 8.01 )( 4.81 )( 5.47 )( 7.31 )( 4.99 )( 6.55 )

20 100 10.84 10.58 10.86 9.68 9.77 9.60 9.59 11.23 10.81 11.23 9.68 9.85 9.59 9.66
( 7.91 ) ( 5.46 ) ( 4.96 ) ( 5.38 )( 5.57 )( 5.24 )( 5.22 ) ( 8.78 ) ( 5.71 )( 5.00 )( 5.37 )( 5.71 )( 5.22 )( 5.35 )

30 100 10.35 10.25 10.36 9.60 9.64 9.57 9.52 10.58 10.40 10.57 9.61 9.68 9.57 9.56
( 6.83 ) ( 5.19 ) ( 4.97 ) ( 5.24 )( 5.31 )( 5.17 )( 5.07 ) ( 7.34 ) ( 5.32 )( 5.01 )( 5.25 )( 5.39 )( 5.19 )( 5.14 )

50 100 10.01 9.97 10.01 9.56 9.57 9.55 9.50 10.14 10.07 10.12 9.58 9.60 9.57 9.52
( 6.09 ) ( 5.06 ) ( 4.99 ) ( 5.15 )( 5.16 )( 5.14 )( 5.02 ) ( 6.38 ) ( 5.13 )( 5.02 )( 5.18 )( 5.22 )( 5.17 )( 5.06 )

100100 9.77 9.75 9.76 9.53 9.54 9.53 9.49 9.83 9.80 9.82 9.55 9.55 9.54 9.51
( 5.59 ) ( 5.02 ) ( 5.01 ) ( 5.09 )( 5.09 )( 5.08 )( 5.01 ) ( 5.73 ) ( 5.06 )( 5.03 )( 5.12 )( 5.13 )( 5.10 )( 5.04 )

Note: χ2
4(0.05) = 9.49
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Table 8. The upper percentiles of test statistics and empirical Type I errors for the two sample case, (p1, p2) = (4, 4), n2 :
f ix

n1 n2 qM qMAE qY MKP qQ∗M qQ†M
qYM qY†M

q qAE qYKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE) (αY MKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αYKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

10 10 30.56 22.09 31.22 17.09 19.48 16.53 17.44 38.98 23.64 38.99 15.16 20.95 15.50 18.19
( 31.08 )( 13.56 ) ( 4.65 ) ( 7.18 )( 10.30 )( 6.79 ) ( 8.12 ) ( 40.59 )( 18.61 )( 4.99 )( 4.59 )( 11.56 )( 4.99 ) ( 9.13 )

20 10 20.38 19.08 20.42 16.17 16.39 15.92 15.74 22.29 19.85 21.96 16.23 16.81 15.98 16.06
( 14.44 ) ( 6.69 ) ( 4.96 ) ( 6.04 ) ( 6.39 ) ( 5.70 ) ( 5.39 ) ( 17.97 ) ( 7.96 ) ( 5.32 )( 6.06 ) ( 6.96 ) ( 5.77 ) ( 5.91 )

30 10 18.50 17.98 18.52 15.93 15.99 15.72 15.58 19.56 18.50 19.32 16.06 16.26 15.84 15.80
( 10.62 ) ( 5.72 ) ( 4.97 ) ( 5.66 ) ( 5.79 ) ( 5.36 ) ( 5.12 ) ( 12.63 ) ( 6.40 ) ( 5.29 )( 5.84 ) ( 6.17 ) ( 5.54 ) ( 5.47 )

50 10 17.25 17.05 17.23 15.78 15.80 15.63 15.55 17.81 17.36 17.63 15.91 15.96 15.75 15.69
( 8.18 ) ( 5.30 ) ( 5.02 ) ( 5.45 ) ( 5.48 ) ( 5.20 ) ( 5.06 ) ( 9.20 ) ( 5.65 ) ( 5.25 )( 5.64 ) ( 5.72 ) ( 5.40 ) ( 5.30 )

100 10 16.33 16.30 16.35 15.62 15.62 15.52 15.50 16.59 16.46 16.52 15.70 15.71 15.60 15.58
( 6.43 ) ( 5.05 ) ( 4.98 ) ( 5.19 ) ( 5.19 ) ( 5.03 ) ( 4.98 ) ( 6.89 ) ( 5.20 ) ( 5.10 )( 5.30 ) ( 5.31 ) ( 5.15 ) ( 5.11 )

10 20 29.90 21.53 30.62 16.94 19.94 16.40 17.97 38.13 23.08 38.42 14.89 21.61 15.24 18.89
( 29.53 )( 13.60 ) ( 4.62 ) ( 7.00 )( 10.97 )( 6.55 ) ( 8.94 ) ( 39.31 )( 18.65 )( 4.89 )( 4.25 )( 12.47 )( 4.59 )( 10.17 )

20 20 20.02 18.80 20.10 16.07 16.39 15.94 15.80 21.83 19.57 21.65 16.05 16.78 15.92 16.11
( 13.69 ) ( 6.59 ) ( 4.92 ) ( 5.90 ) ( 6.38 ) ( 5.75 ) ( 5.48 ) ( 17.16 ) ( 7.80 ) ( 5.18 )( 5.82 ) ( 6.94 ) ( 5.69 ) ( 5.98 )

30 20 18.32 17.81 18.33 15.90 16.00 15.79 15.61 19.33 18.33 19.13 15.99 16.23 15.88 15.81
( 10.30 ) ( 5.71 ) ( 4.99 ) ( 5.64 ) ( 5.79 ) ( 5.49 ) ( 5.18 ) ( 12.23 ) ( 6.34 ) ( 5.24 )( 5.77 ) ( 6.14 ) ( 5.61 ) ( 5.51 )

50 20 17.14 16.97 17.14 15.74 15.77 15.65 15.53 17.67 17.28 17.54 15.84 15.90 15.74 15.65
( 7.92 ) ( 5.25 ) ( 5.00 ) ( 5.38 ) ( 5.42 ) ( 5.23 ) ( 5.04 ) ( 8.92 ) ( 5.56 ) ( 5.18 )( 5.53 ) ( 5.63 ) ( 5.38 ) ( 5.25 )

100 20 16.30 16.28 16.32 15.62 15.62 15.54 15.50 16.56 16.43 16.50 15.68 15.69 15.60 15.57
( 6.39 ) ( 5.04 ) ( 4.97 ) ( 5.17 ) ( 5.17 ) ( 5.05 ) ( 4.98 ) ( 6.84 ) ( 5.18 ) ( 5.09 )( 5.28 ) ( 5.30 ) ( 5.16 ) ( 5.10 )

10 50 29.50 20.97 30.11 16.83 20.53 16.08 18.63 37.51 22.52 37.92 14.64 22.35 14.77 19.71
( 28.19 )( 13.84 ) ( 4.67 ) ( 6.88 )( 11.74 )( 5.97 ) ( 9.91 ) ( 38.25 )( 18.90 )( 4.84 )( 3.94 )( 13.52 )( 3.90 )( 11.42 )

20 50 19.64 18.44 19.72 16.01 16.45 15.88 15.93 21.34 19.21 21.29 15.90 16.80 15.76 16.22
( 12.88 ) ( 6.61 ) ( 4.92 ) ( 5.81 ) ( 6.50 ) ( 5.62 ) ( 5.70 ) ( 16.25 ) ( 7.73 ) ( 5.05 )( 5.59 ) ( 7.02 ) ( 5.40 ) ( 6.17 )

30 50 18.05 17.56 18.06 15.86 16.00 15.79 15.67 18.97 18.08 18.87 15.88 16.19 15.81 15.83
( 9.67 ) ( 5.70 ) ( 4.99 ) ( 5.56 ) ( 5.80 ) ( 5.48 ) ( 5.27 ) ( 11.50 ) ( 6.24 ) ( 5.14 )( 5.59 ) ( 6.09 ) ( 5.50 ) ( 5.53 )

50 50 16.98 16.82 16.99 15.72 15.75 15.69 15.55 17.48 17.13 17.39 15.78 15.86 15.75 15.65
( 7.66 ) ( 5.23 ) ( 5.00 ) ( 5.35 ) ( 5.40 ) ( 5.30 ) ( 5.07 ) ( 8.60 ) ( 5.50 ) ( 5.12 )( 5.44 ) ( 5.57 ) ( 5.40 ) ( 5.23 )

100 50 16.24 16.22 16.26 15.60 15.61 15.57 15.50 16.48 16.38 16.44 15.65 15.67 15.62 15.56
( 6.28 ) ( 5.03 ) ( 4.97 ) ( 5.16 ) ( 5.16 ) ( 5.10 ) ( 4.98 ) ( 6.70 ) ( 5.16 ) ( 5.06 )( 5.24 ) ( 5.26 ) ( 5.18 ) ( 5.08 )

10 100 29.28 20.72 29.90 16.75 20.77 15.87 18.92 37.28 22.27 37.72 14.53 22.71 14.49 20.11
( 27.57 )( 13.97 ) ( 4.67 ) ( 6.79 )( 12.06 )( 5.61 )( 10.32 )( 37.73 )( 19.01 )( 4.83 )( 3.79 )( 13.96 )( 3.49 )( 11.97 )

20 100 19.45 18.24 19.53 15.98 16.50 15.75 16.02 21.09 19.01 21.11 15.81 16.83 15.58 16.29
( 12.38 ) ( 6.61 ) ( 4.92 ) ( 5.73 ) ( 6.54 ) ( 5.41 ) ( 5.83 ) ( 15.68 ) ( 7.67 ) ( 4.98 )( 5.45 ) ( 7.03 ) ( 5.13 ) ( 6.26 )

30 100 17.91 17.40 17.89 15.84 16.02 15.74 15.72 18.79 17.92 18.71 15.82 16.18 15.71 15.86
( 9.35 ) ( 5.71 ) ( 5.02 ) ( 5.53 ) ( 5.82 ) ( 5.39 ) ( 5.35 ) ( 11.09 ) ( 6.20 ) ( 5.10 )( 5.49 ) ( 6.08 ) ( 5.34 ) ( 5.59 )

50 100 16.86 16.71 16.87 15.69 15.74 15.65 15.56 17.33 17.02 17.27 15.72 15.83 15.69 15.64
( 7.41 ) ( 5.22 ) ( 4.99 ) ( 5.29 ) ( 5.37 ) ( 5.24 ) ( 5.08 ) ( 8.27 ) ( 5.44 ) ( 5.07 )( 5.34 ) ( 5.51 ) ( 5.29 ) ( 5.21 )

100100 16.20 16.17 16.20 15.61 15.61 15.59 15.52 16.42 16.32 16.38 15.64 15.66 15.63 15.56
( 6.21 ) ( 5.05 ) ( 5.00 ) ( 5.16 ) ( 5.18 ) ( 5.15 ) ( 5.01 ) ( 6.60 ) ( 5.16 ) ( 5.06 )( 5.23 ) ( 5.26 ) ( 5.21 ) ( 5.09 )

Note: χ2
8(0.05) = 15.51
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Table 9. The upper percentiles of test statistics and empirical Type I errors for the one sample case, (n1, n2) = (30, 30), p2 :
f ix

p1 p2 qM qMAE qMKP qQ∗M qQ†M
qYM qY†M

q qAE qKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE)(αMKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

2 2 10.49 10.38 10.50 9.64 9.66 9.62 9.51 10.76 10.53 10.71 9.68 9.72 9.65 9.57
( 7.16 ) ( 5.21 )( 5.00 )( 5.31 )( 5.35 )( 5.27 )( 5.06 ) ( 7.73 ) ( 5.39 ) ( 5.08 )( 5.38 ) ( 5.47 ) ( 5.33 )( 5.17 )

4 2 15.69 14.95 15.70 13.08 13.25 12.18 12.78 17.04 15.67 16.88 13.06 13.63 12.58 12.92
( 11.14 )( 6.07 )( 4.99 )( 5.84 )( 6.13 )( 4.28 )( 5.33 )( 13.72 ) ( 6.83 ) ( 5.19 )( 5.77 ) ( 6.73 ) ( 4.98 )( 5.61 )

6 2 20.18 18.92 20.21 16.21 16.48 14.86 15.78 22.51 19.91 22.28 16.01 17.26 15.35 16.18
( 13.93 )( 6.61 )( 4.96 )( 6.07 )( 6.51 )( 3.96 )( 5.46 )( 18.05 ) ( 8.07 ) ( 5.22 )( 5.73 ) ( 7.61 ) ( 4.76 )( 6.11 )

8 2 25.04 22.98 25.09 19.25 19.70 17.49 18.73 28.77 24.22 28.46 18.70 21.10 17.86 19.52
( 17.54 )( 7.44 )( 4.96 )( 6.37 )( 7.03 )( 3.81 )( 5.66 )( 23.58 ) ( 9.84 ) ( 5.23 )( 5.51 ) ( 8.81 ) ( 4.36 )( 6.88 )

10 2 30.41 27.16 30.45 22.29 22.98 20.10 21.66 36.14 28.62 35.84 21.11 25.30 20.14 23.04
( 22.16 )( 8.48 )( 4.96 )( 6.70 )( 7.62 )( 3.77 )( 5.93 )( 30.39 )( 12.29 )( 5.18 )( 5.10 )( 10.36 )( 3.86 )( 7.95 )

Note: χ2
4(0.05) = 9.49, χ2

6(0.05) = 12.59, χ2
8(0.05) = 15.51, χ2

10(0.05) = 18.31, χ2
12(0.05) = 18.31

Table 10. The upper percentiles of test statistics and empirical Type I errors for the two sample case, (n1, n2) =

(30, 30), p2 : f ix

p1 p2 qM qMAE qY MKP qQ∗M qQ†M
qYM qY†M

q qAE qYKP qQ∗ q† qY q†Y
(αMχ2 ) (αMAE)(αY MKP) (αQ∗M ) (αQ†M

) (αYM ) (αY†M
) (αχ2 ) (αAE) (αYKP) (αQ∗ ) (αQ† ) (αY ) (αY† )

2 2 10.49 10.38 10.50 9.64 9.66 9.62 9.51 10.76 10.53 10.71 9.68 9.72 9.65 9.57
( 7.16 ) ( 5.21 ) ( 5.00 ) ( 5.31 )( 5.35 )( 5.27 )( 5.06 ) ( 7.73 ) ( 5.39 )( 5.08 )( 5.38 )( 5.47 )( 5.33 )( 5.17 )

4 2 14.11 13.91 14.11 12.81 12.85 12.91 12.64 14.61 14.19 14.52 12.87 12.98 12.96 12.75
( 7.94 ) ( 5.32 ) ( 5.00 ) ( 5.39 )( 5.47 )( 5.58 )( 5.09 ) ( 8.93 ) ( 5.65 )( 5.13 )( 5.47 )( 5.69 )( 5.65 )( 5.30 )

6 2 17.69 17.38 17.69 15.83 15.89 16.09 15.58 18.46 17.76 18.32 15.87 16.12 16.14 15.78
( 9.03 ) ( 5.46 ) ( 5.01 ) ( 5.53 )( 5.62 )( 6.00 )( 5.11 )( 10.48 )( 5.97 )( 5.18 )( 5.58 )( 5.96 )( 6.06 )( 5.45 )

8 2 21.31 20.83 21.31 18.75 18.83 19.21 18.40 22.37 21.32 22.18 18.76 19.17 19.23 18.70
( 10.37 )( 5.65 ) ( 5.01 ) ( 5.66 )( 5.80 )( 6.48 )( 5.15 )( 12.31 )( 6.35 )( 5.22 )( 5.68 )( 6.28 )( 6.47 )( 5.60 )

10 2 24.99 24.30 25.00 21.58 21.70 22.30 21.14 26.37 24.88 26.16 21.55 22.16 22.27 21.54
( 11.82 )( 5.84 ) ( 5.00 ) ( 5.79 )( 5.94 )( 6.97 )( 5.17 )( 14.36 )( 6.77 )( 5.22 )( 5.71 )( 6.57 )( 6.88 )( 5.75 )

Note: χ2
4(0.05) = 9.49, χ2

6(0.05) = 12.59, χ2
8(0.05) = 15.51, χ2

10(0.05) = 18.31, χ2
12(0.05) = 18.31
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