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Abstract 
In this paper we set out a framework that will help Vietnamese companies to enhance their interest rate risk 
management practices. We start by analysing time series of Vietnamese Treasury bill rates. Using the maximum 
likelihood method we calibrate to these data seven models of interest rate dynamics: Vasicek (1977), Cox, 
Ingersoll and Ross (1985), Chan, Karolyi, Longstaff and Sanders (1992), Ahn and Gao (1999), Ait-Sahalia 
(1996), two factor version of Cox, Ingersoll and Ross (1985), and AR(1)-GARCH(1,1). Then using calibrated 
model parameters we calculate risk measures such as Value at Risk or Expected Shortfall and project the interest 
rates over three months. Finally we study the resulting risk measures as well as distributions of interest rates 
generated by each model and provide guidance regarding suitability of these models for risk management 
purposes. 

Keywords: risk management, interest rates, maximum likelihood method 
1. Introduction 
Interest rates are one of the key financial variables in the economy. Changes in interest rates impact the way in 
which companies operate. First, changes in the interest rate affect companies’ borrowing costs, which in turns 
impact their earnings. Second, changes in the interest rate impact the discounting of the future cash flows thereby 
affecting their present value. Third, interest rates determine the return on fixed income instruments, which are an 
important asset class for both individual and institutional investors.  

There are different types of interest rates: spot rates, forward rates or swap rates. Among various types of interest 
rates, spot interest rate is the most important to us. This is because the main objective of this paper is to educate 
Vietnamese companies on managing interest rate risk. This involves measuring the exposure to adverse 
movements in the interest rate which presents a major business challenge for companies in Vietnam as future 
interest rates are uncertain. An interest rate model is a mathematical description of that uncertainty and we 
believe that when used correctly it can significantly enhance risk management capabilities of Vietnamese 
companies. Another reason why we suggest the use of interest rate models is due to the lack of liquidly traded 
derivatives on Vietnamese interest rate, which makes it particularly difficult for Vietnamese companies to hedge 
against unfavourable interest rate movements. We postulate that Vietnamese companies develop a set of robust 
risk management practices to quantify interest rate risk and subsequently incorporate them in the decision 
making process. The starting point is to analyse historical data and choose an appropriate interest rate model. 
Using the maximum likelihood method we calibrate seven such models to the time-series of Vietnamese 
Treasury bill rates and provide guidance regarding suitability of these models for risk management purposes. 
Next task involves quantifying interest rate risk which can be done by calculating Value at Risk, Expected 
Shortfall or scenario analysis using projected interest rate distributions. Examples of each of these are presented 
in this paper. Finally once the interest rate risk is quantified, this information needs to be applied in the company 
specific context to yield more informed business decisions. 

The second objective of this paper is to use advanced financial models and data analysis to better understand the 
behaviour of the interest rates in Vietnam. This complements the main objective of this paper in that risk 
management heavily relies on thorough understanding of the behaviour of the underlying risk factors. Solid 
understanding of the behaviour of interest rates is important in developing realistic expectations about future 
interest rates movements. The remainder of this paper is organized as follows. In Section 2 we review related 
literature. In Section 3 we describe the data and methodology. Results are presented in Section 4. Finally, Section 
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5 concludes the paper. 

2. Literature Review 
The last few decades have seen considerable research on interest rate modelling and the development of many 
different interest rate models. The first models of the instantaneous spot rate proposed in literature were 
time-homogeneous, meaning that dynamics of the instantaneous spot rate was driven by constant coefficients. 
One of such model is that of Vasicek (1977) where the instantaneous spot rate follows an Ornstein-Uhlenbeck 
process. In this model the distribution of the instantaneous spot rates is Gaussian which is creating the possibility 
of negative interest rates. Another early example is the model of Cox, Ingersoll and Ross (1985) who assumed 
that the instantaneous spot rate evolves as a square root process. As for this model, the conditional distribution of 
the instantaneous spot rates is non-central chi-square whereas the unconditional one is gamma. Another 
difference between these two models is that in the Cox, Ingersoll and Ross model volatility is proportional to the 
instantaneous spot rate, whereas in the Vasicek model it is constant. Both models have gained popularity mainly 
because their analytical tractability allowing to price bonds and bond options analytically. Both the Vasicek as 
well as the Cox, Ingersoll and Ross models are sometimes called equilibrium models because the bond pricing 
mechanism is derived under the market equilibrium condition.  

Chan, Karolyi, Longstaff, and Sanders (1992) generalize these two models by assuming that the volatility is 
proportional to the power function of the instantaneous spot rate. Two factor version of the Cox, Ingersoll and 
Ross model has been described in Chen and Scott (2003). In this model instantaneous spot rate is assumed to be 
a sum of two factors, with each factor being driven by a square root process. Ahn and Gao (1999) discuss a 
model in which instantaneous spot rate follows an inverse of the square root process. The dynamics of the 
instantaneous spot rate in all these models reflects the requirement that interest rates should be mean-reverting.  

Ait-Sahalia (1996) proposes a model of the instantaneous spot rate with nonlinear drift term. Hull and White 
(1990) extended the Vasicek model by introducing time-varying parameters in the model. Black and Karasinski 
(1991) develop a model where the instantaneous spot rate follows an exponential Ornstein-Uhlenbeck process 
with time-varying parameters. In their model volatility is proportional to the instantaneous spot rate and the 
distribution of the instantaneous spot rate is lognormal. The latter allows for explicit formulas for pricing caps 
and swaptions. Both the Hull and White as well as the Black and Karasinski models are examples of no-arbitrage 
models because they match the bond prices observed in the market and thus are preferred to value interest rate 
derivatives. Peterson, Stapleton and Subrahmanyam (1999) extend the Black and Karasinski model to multiple 
factors and apply it to pricing of American and Bermudan options on coupon bonds. 

Brailsford and Maheswaran (1998) examine different models of the short-term interest rate in Australia, 
including the Chan, Karolyi, Longstaff, and Sanders model as well as the GARCH model. They find that 
time-varying volatility models outperform the Chan, Karolyi, Longstaff, and Sanders model. Buhler, 
Uhrig-Homburg, Walter and Weber (1999) test many interest rate models, including the two factor Cox, Ingersoll 
and Ross model, and find that models with two factors perform better compared to one factor models. 
Jagannathan, Kaplin and Sun (2003) examine the swaption pricing using the multifactor Cox, Ingersoll and Ross 
model and conclude that that increasing the number of factors does not improve the performance. Moraleda and 
Pelsser (2000) test three spot rate and two forward rate models and conclude that spot rate models outperform 
forward rate ones. Gupta and Subrahmanyam (2005) examine various interest rate models, including the Hull 
and White model, for pricing and hedging interest rate caps and floors. They conclude that two factor models 
improve pricing accuracy and hedging performance compared to one factor ones. Buetow, Hanke, and Fabozzi 
(2001) investigate an impact of various interest rate models, including the Black and Karasinski model, on the 
calculation of different interest rate risk metrics. They find that these models produce substantially different 
results and recommend using an interest rate model that best describes interest rate dynamics. Cairns (2004) also 
considers the consistency between the model dynamics and what is observed in the historical data as a highly 
desirable model feature. 

3. Data and Methodology 
We obtain monthly time-series of Vietnamese Treasury bill rates between January 1999 and August 2014 from 
the International Monetary Fund. Summary statistics are presented in Table 1.  

 

Table 1. Summary statistics 

 Mean Variance Skewness Kurtosis Minimum Maximum 

Treasury bill rate 0.0605 0.0002 1.3895 5.9033 0.0334 0.1150 



www.ccsenet.org/ijef International Journal of Economics and Finance Vol. 7, No. 5; 2015 

149 

The distribution of Vietnamese Treasury bill rates is skewed to the right and leptokurtic, that is peaked and fat 
tailed. Empirical evidence in Table 1 suggests that a non-constant volatility interest rate model will perform 
better than a constant volatility one. 

We consider seven models of the interest rates dynamics that are described below. Since the objective of this 
paper is to provide guidance regarding a suitable interest rate model for risk management purposes, we restrict 
our analysis to fairly simple and tractable interest rate models. This is because a critical issue in selecting an 
interest rate model is its ease of application. For example, for some complex models it is difficult or almost 
impossible to provide efficient calibration or simulation algorithms. What is more, in a developing market such 
as Vietnam, complex models are particularly undesirable as complexity would prevent companies from using 
them.  

In the Vasicek model the short rate dynamics is given by the following stochastic differential equation:  

( ) ttt dWdtvdr σθκ +−=                              (1) 

where rt is the short-term interest rate, θ is the long-term interest rate, κ is the speed of mean-reversion of rt to its 
long-term mean θ, σ is the volatility of the instantaneous spot rate and Wt is a standard Brownian motion.  

The dynamics of the short rate in the Cox-Ingersoll-Ross model is given by: 

( ) tttt dWrdtvdr σθκ +−=                             (2) 

where rt is the short-term interest rate, θ is the long-term interest rate, κ is the speed of mean-reversion of rt to its 
long-term mean θ, σ is the volatility of the instantaneous spot rate and Wt is a standard Brownian motion. We 
note that the Feller condition given by 2κθ≥σ2 ensures that rt is strictly positive.  

In the Chan-Karolyi-Longstaff-Sanders model short rate evolves according to the following stochastic 
differential equation:  

(3) 

It is also worth mentioning that the parameters of all these models have a meaningful economic interpretation. 
The instantaneous spot rate is pulled towards its long-term mean θ with force determined by the speed of 
mean-reversion κ, whereas the dispersion of the spot rate distribution is determined by σ.  

In the Ahn-Gao model the short rate dynamics is modelled as an inverse of the square root process: 

( )( ) ttttt dWrdtrrdr 2/32 σκθσκ +−−=                        (4) 

We note that the nonlinear drift term in this model allows to better capture the mean-reversion effect of the 
interest rates.  

Another model of the short rate with a nonlinear drift term, proposed by Ait-Sahalia (1996), is specified as 
follows: 

( ) tttttt dWrdtraraaradr 2/32
210

1
1 σ++++= −

−                     (5) 

Due to their flexibility nonlinear drift models are able to capture asymmetric mean-reverting features.  

Next model is the two factor Cox, Ingersoll and Ross model where short rate is a linear combination of two 
factors: 

ttt yyr ,2,1 +=                                  (6) 

The factors, denoted as y1 and y2, are assumed to be independent and driven by square root processes as that in 
equation (2) above.  

As for the AR(1)-GARCH(1,1) model, the interest rate is specified as: 

ttt rr εϕα ++= −110                             (7) 

where εt=σtzt with zt being an independent and identically distributed error term following a normal distribution. 
In the above equation φ1 measures the degree of persistence in the interest rate. The variance equation in this 
model has the following form: 

 2
12

2
11

2
−− ++= ttt σαεακσ                            (8) 

In the variance equation α1 measures the extent to which a volatility shock feeds from one period to another, 
while α1+α2 measures at which rate this shock disappears over time. 

 

( ) tttt dWrdtvdr γσθκ +−=
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Ross, Chan, Karolyi, Longstaff and Sanders, Vasicek, Ahn and Gao and Ait-Sahalia models.  

As mentioned earlier, we use model parameters in Table 2 to project the interest rate at May 2014 three months 
forward. Such projections provide valuable information about the likelihood of rising and falling interest rate 
scenarios occurring. Moreover, we compare interest rate distributions generated by each model with the realized 
interest rate over the final three months of the sample period to assess the out-of-sample performance of each 
model. As a minimum, interest rate model that would be suitable for interest rate risk management purposes must 
predict realized interest rates. In Figure 1 we display the realized interest rates as well as the 5th and 95th 
percentiles of simulated distributions. We note that these are obtained using 100,000 Monte Carlo simulations. 

Figure 1 shows that the realized interest rates lie between the 5th and 95th percentiles of most simulated interest 
rate distributions. As hypothesized earlier, the two factor Cox, Ingersoll and Ross and the AR(1)-GARCH(1,1) 
models generate more realistic distributions of the interest rate compared to other models. This is because other 
models do not generate enough dispersion in the interest rate distribution. This is particularly pronounced for the 
Ait-Sahalia model because at July 2014 the realized interest rate falls below the 5th percentile of the simulated 
distribution. We also note that both nonlinear drift models are the worst performing ones.  

One important aspect of interest rate risk management is calculation of Value at Risk (VaR) or Expected Shortfall 
(ES). Given the distribution of the interest rates at time T, where T>t=0, VaR is calculated as the percentile of the 
loss distribution, where loss is defined as the difference between interest rate at time 0 and interest rate at time T. 
VaR measures what will be the loss over the holding period that can happen some small probability equal to the 
percentile of the loss distribution. In other words, there is only this small probability that the actual loss will 
exceed VAR. ES on the other hand measures the average loss over the holding period given that the loss is 
greater than VaR. VaR and ES estimates for each model are shown in Table 3. 

 

Table 3. VaR and ES 

Risk measure Vasicek CIR CKLS AG Ait-Sahalia 2FCIR AR(1)-GARCH(1,1) 

VaR 0.1212% 0.1152% 0.1187% 0.0939% 0.0183% 4.1738% 1.1155% 

ES 0.2178% 0.1978% 0.1981% 0.1641% 0.0629% 4.5161% 1.5964% 

 

We conclude that both VaR and ES are very similar for the the Vasicek, the Cox, Ingersoll and Ross as well as 
the Chan, Karolyi, Longstaff and Sanders models. As for two factor Cox, Ingersoll and Ross and 
AR(1)-GARCH(1,1) models, they produce much higher figures while the Ait-Sahalia model produces much 
lower figures. This highlights another important aspect of interest rate risk management, that is the model risk. It 
can be defined as the possibility of suffering financial losses due to misspecification of the risk-management 
model. Model risk has become an important concept in financial valuation as well as risk management. It has 
been extensively studied in the literature and various authors caution that model users should not underestimate 
the limitations of their models. Given the results presented in Table 3, we believe that it is the two factor Cox, 
Ingersoll and Ross model that provides more realistic assessment of interest rate risk. This is motivated by the 
fact that this model fits better to historical data as well as is able to better capture time-varying volatility of 
interest rates.  

Another approach to manage interest rate risk is to use the simulated interest rates to the project the values of 
assets or liabilities that are sensitive to interest rates. This is particularly relevant for financial institutions 
because their balance sheets are particularly sensitive to interest rate fluctuations. The main factor motivating 
regulators’ strong interest in measuring and assessing the interest rate risk in the financial sector is that regulators 
want to determine whether financial institutions have enough capital to cover interest rate risk arising from their 
business activities and strategies.  

5. Conclusion 
In this paper we focus on managing the interest rate risk. We demonstrate how interest rate models can be used 
to enhance risk management capabilities of Vietnamese companies. Using time series of Vietnamese Treasury 
bill rates we calibrate seven interest rate models: Vasicek (1977), Cox, Ingersoll and Ross (1985), Chan, Karolyi, 
Longstaff and Sanders (1992), Ahn and Gao (1999), Ait-Sahalia (1996), two factor version of Cox, Ingersoll and 
Ross (1985), and AR(1)-GARCH(1,1). Finally, we use calibrated model parameters to calculate Value at Risk 
and Expected Shortfall as well as project the interest rates over three months. Our results suggest that the two 
factor Cox, Ingersoll and Ross model outperforms other models. Our results also suggest that there is no support 
for the nonlinear drift models as both the Ahn and Gao as well as the Ait-Sahalia models are the worst 
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performing models. We conclude that the two factor Cox, Ingersoll and Ross model is the most suitable for risk 
management purposes. This is motivated by its superior fit to historical data as well as the out-of-sample 
performance.  
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