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Abstract

We solve the Dirac equation for the Manning-Rosen plus shifted Deng-Fan potential including a Coulomb-like tensor
potential with arbitrary spin—orbit coupling quantum number «. In the framework of the spin and pseudospin (pspin)
symmetry, we obtain the energy eigenvalue equation and the corresponding eigenfunctions in closed form by using the
Nikiforov—Uvarov method. Also Special cases of the potential as been considered and their energy eigen values as well as
their corresponding eigen functions are obtained for both relativistic and non-relativistic scope.

Keywords: Dirac equation, Manning-Rosen potential, shifted Deng-Fan potential, spin and pseudospin symmetry,
Nikiforov-Uvarov Method

1. Introduction

In 1957, in an effort to find a suitable diatomic potential to describe the vibrational spectrum, Deng and Fan proposed a
molecular exponential-type potential called Generalized Morse potential (Ikot et al., 2014). This potential is also known
as Deng-Fan molecular potential, DF, and it is a modification of the Morse potential. This potential has been a subject
of numerous studies by researchers in various applications (Oyewumi et al., 2013), and can be used to describe the
mobility of nucleons in the mean field produced from the interactions of the nuclei (Maghsoodi et al., 2012). In 2012,
Hamzavi et al. proposed a modified form of the DF called Shifted Deng-Fan potential, SDF (Hamzavi and Ikhdair,
2012). In the modification the DF potential shifted by dissociation energy o. It was demonstrated in their work that SDF
and Morse potential are closely similar for values of r in the regions r =~ re and r > re however they differ at r = 0. In
recent years numerous studies on the approximate analytical solution of Schrélinger equation with Manning-Rosen
potential has been conducted (Awoga et al., 2013). The manning-Rosen potential was put forward to delineate the
appropriate properties of diatomic molecules (Sameer Ikhdair, 2011). This potential is classified under exactly solvable
and has been intensely studied. When spectrum of continuous range of values of the potential parameter could be
determined analytically, such potentials are referred to as exactly solvable potentials (Min-Cang et al., 2010). Exactly
solutions of wave equations with certain physical potential are of great interest in quantum mechanics. This is because
the analysis makes the abstract understanding of the physical system and provides facts in affirming the impeccability
of the quantum theory. This solution is paramount in examining and perfecting models and numerical methods
employed for solving complex physical systems (Schiff, 1955). Recently, We reported the solution of the Dirac equation
for the Manning-Rosen plus shifted Deng-Fan potential including a Yukawa-like tensor potential with arbitrary spin—
orbit coupling quantum number k where, in the framework of the spin and pseudospin (pspin) symmetry, we obtained
the energy eigenvalue equation and the corresponding eigenfunctions in closed form by using the Nikiforov—Uvarov

99



http://ijc.ccsenet.org International Journal of Chemistry \ol. 10, No. 3; 2018

method. We also considered special cases of the potential and their energy eigen values as well as their corresponding
eigen functions were obtained for both relativistic and non-relativistic scope (Louis et al., 2018). In this work, our aim
is to solve the Dirac equation for the Manning-Rosen plus shifted Deng-Fan (MRsDF) potential in the presence of spin
and pspin symmetries and by including a Coulomb-like tensor potential. The MRsDF potential takes the following
form:

_ _ [ce* +De7x" b>  2b _are _
V) = [ (1-e~=r)? ] +De [(ear—nz (e‘"—l)] h=e L (1a)
Thus eg. (1a) can be further expressed as
Ce ™" +De=2%" bZe=2xr 2be™"
V@) = _[ (1—e—7)2 ] e [(—e—2z  (1—e=r) (1b)

where o is the screening parameter, C, D are potential depths, D, is the Dissociation energy, where 7, is the
equilibrium bond length.

This paper is organized as follows. In section 2, we briefly introduce the Dirac equation with scalar and vector
potentials with arbitrary spin—orbit coupling quantum number « including tensor interaction under spin and pspin
symmetry limits. The Nikiforov—Uvarov (NU) method is presented in section3.The energy eigenvalue equations and
corresponding eigenfunctions are obtained in section 4. In section 5, we discussed some special cases of the potential.
Finally, our conclusion is given in section 6.

1.1 The Dirac Equation With Tensor Coupling Potential

The Dirac equation for fermionic massive spin-1/2 particles moving in the field of an attractive scalar potential S(r), a

repulsive vector potential V(r) and a tensor potentialU(r) (inunitsh=c=1)is
[@-B+B(M+S@)—iBd-FUM]PE) = [E = VI)IP@E. )

where E is the relativistic binding energy of the system,p = —iV is the three-dimensional momentum operator and M

-

is the mass of the fermionic particle. @ and S are the 4>4 usual Dirac matrices given by

- _(0 ¢ _(I 0
“= (& 0)’ p=(p ) @
where [ is the 2>2 unitary matrix and & are three-vector spin matrices
_(0 1 _ (0 —i _(1 o0
= o) 2= o) o=( ) @

The eigenvalues of the spin—orbit coupling operator are k = (j + %) >0 and k= — (j + %) < 0 for unaligned spin

j=l—% and aligned spin j=l+§, respectively. The set (H? K,J?,],) can be taken as the complete set of

conservative quantities with ] being the total angular momentum operator and K = (5.2 + 1) is the spin—orbit where
L is the orbital angular momentum of the spherical nucleons that commutes with the Dirac Hamiltonian. Thus, the
spinor wave functions can be classified according to their angular momentum j, the spin—orbit quantum number x and
the radial quantum number n. Hence, they can be written as follows:

Fue@®Y _ 1 B Yin(0,9)
gn,x(?)> - (iGn‘K(r) YL, (p)>'
where f, () is the upper (large) component andg, . (7*) is the lower (small) component of the Dirac spinors.

®)

r

lpn,k (?) = <

lem(e, @) and lem(e, @) are spin and pspin spherical harmonics, respectively, and m is the projection of the angular
momentum on the z — axis. Substituting equation (5) into equation (2) and making use of the following relations
(G-A)(G-B) =4 B+ic-(AxB), (6a)

G-B)y=d#(r P+i%h), (6b)

together with the properties
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(6 - L)¥m(8,9) = (x = DY}, (6, 9),

(6-L)Y4,(6,9) = —(c — DY (6, 9), @
(@ - )Y, (6,9) = =Y} (0,0),
G- MY (6, 0) = —YL,(6,9),

one obtains two coupled differential equations whose solutions are the upper and lower radial wave functions F, ,.(r)
and G, ,(r) as

(% + ; - U(T)) Fp e (r) = (M + Epc — A(T)) Gn,x(r)r (8a)
(% —=+ U(r)) nx(r) = (M — Ep +2(1) Fn,x(r)r (8b)
where
A@) =V () - S, (9a)
() =V(@) +Sm), (9b)

After eliminating F,,(r) and G,,(r) in equations (8), we obtain the following two Schrodinger-like differential
equations for the upper and lower radial spinor components:

dA(r)

55 - E0 4+ 20 () = O~ U2(0)]| By () + 3y (e + 5= U)) Fase (=IM + By = AGDM — B +
Z(r))]Fn,x(T) (10)

2 k(K T 42()
[;rz (r D + U( )+ — dU( ) Uz(r)] nx(r) + m( + U(T)) nx(r):[(M + Epye — A())(M — Epy +

(1)) G (1), (11)
respectively, where x(k — 1) = [(I+ 1) and x(x + 1) = (L + 1).
The quantum number « is related to the quantum numbers for spin symmetry [ and pspin symmetry [ as
( (l + 1) = — (] + %) (51/2, p3/2, etC)
{ j=1 +1 5, aligned spin (k <0),
K =

i +l =+ (] +%) (pl/Z' d3/2, etC)
U =1- %, unaligned spin (x > 0),

(12)

and the quasidegenerate doublet structure can be expressed in terms of a pspin angular momentum § = 1/2 and
pseudo-orbital angular momentum [, which is defined as

5 L1
( —l=- (] +5) (31/2,p3/2, etc)
j=1- %, aligned spin (k < 0),

e=1 7 o
+( l + 1) =+ (] +E) (d3/2,f5/2, etc)
[j= f+%, unaligned spin (x > 0),

(13)

where k = +1,12,.... Forexample, (1s;,,, 0d3,;) and (Ops,,, Ofs,>) can be considered as pspin doublets

101



http://ijc.ccsenet.org International Journal of Chemistry \ol. 10, No. 3; 2018

1.2 Spin Symmetry Limit

wo or A(r) = C, =constant, with Z(r) taking as the MRsDF potential eq. (1b) and

In the spin symmetry limit, —

the coulomb-like tensor potential. i.e

Ce=%T+De—2%T p2e—2%T 2he—%T
() =V(r) =-| — ]+ D. [(1_e-w)z - (1_9_“,)], (14)
H ZaZpe?
U(r)=-=, H= T‘: r >R, (15)

where R, = 7.78 fm is the Coulomb radius and Z, and Z, denote the charges of the projectile a and the target nuclei b,
respectively[]. Under this symmetry, equation (10) is recast in the simple form

d*  k(k+1) 2xH _H  H* _ _ [ce=*"+De~2x" b%e”?X"  2he”*T 2
[dr2 r2 r2 r2 rz] Fn'K(Y)—[]/ ( (1—-e—7)2 ] + D, (1—e~%)2 (l—e‘“’)]) +B ] Fu Q) (162)

where k = [ and k = —1 — 1 forx <0 and k > 0, respectively. Also, y = (M + E, — C;) and p% = (M —
Emc)(M + By — Cs) : (16b)

1.3 Pseudospin Symmetry Limit
Lucha and Schober (2011) showed that there is a connection between pspin symmetry and near equality of the time
component of a vector potential and the scalar potential, V(r) = —S(r). After that, Ikhdair (2012) derived that if

dz(r)

= 0 or X(r) = Cps =constant, then pspin symmetry is exact in the Dirac equation. Here, we are taking A(r) as

the MRsDF potential eq. (1b) and the tensor potential as the Coulomb-like potential. thus, equation (11) is recast in the
simple form

[d_z _ KO 2KH :’_2 - fr’_:] Gn’K(r)z[); (_ [M} +p, [ ﬂ]) + 52] G (7) (17a)

(1—e~%7)2 e (1-e—%7)2 (1—e—7)

where k = —[ and k = [+1 for k < 0 and k > 0, respectively. Also, ¥ = (EnK -M - Cps) and f2 = (M +
En;c)(M — Epy + Cps) : (17b)
to obtain the analytic solution, we use an approximation for the centrifugal term as (Louis et al., 2018) (Ita et al., 2018)

1 a?

= — (18)

2 (1-e-ar)
Finally, for the solutions to equations (16) and (17) with the above approximation, we will employ the NU method,
which is briefly introduced in the following section
2. The Nikiforov—-Uvarov (NU) Method

The NU method is based on the solutions of a generalized second order linear differential equation with special
orthogonal functions. The hypergeometric (Ita et al., 2018) method has shown its power in calculating the exact energy
levels of all bound states for some solvable quantum systems.

B(s) + S0 W (9) + S Wy(s) =0 (19)

o(s) 1 o

Where o(s) and a(s) are polynomials at most second degree and 7'(s) is first degree polynomials. The parametric
generalization of the N-U method is given by the generalized hypergeometric-type equation

P(s) + S22 i(s) + ————[—€;52 + 6,5 — &5]¥(s) =0 (20)

s(1- c35) s2(1- c35)?
Thus egn. (2) can be solved by comparing it with equation (3) and the following polynomials are obtained

T(s) = (¢ — ¢35), 0(s) =s(1 —c35), a(s) = —€15% + €,5 — €3 (21)
The parameters obtainable from equation (4) serve as important tools to finding the energy eigenvalue and
eigenfunctions. They satisfy the following sets of equation respectively

con- (2n+ Des + 2n + 1)(\/6_9 + C3\/C_3) +n(n—1)c3 +c; + 2c3cg + 24/cgcyg = 0 (22)
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(c;— can+czn?-2n+ Ve + 2n+ 1)(\/c_9 + C3\/C_8) + 7+ 20308 + 24/cgcg = 0

While the wave function is given as

—c, =13 _qf1 .
Wo(s) = NpySoa(l - cy) (P8 ) (g L ge

Where

1 1
=50 c) cs = (ca— 2¢3), ¢6 = Cs? + €1, C; =2c4C5 - €, Cg = C4° + €3,

Co = €367+ C32cg +Co, Cro = 1 +2c4+ 2\[cg , 11 = ¢ —2¢5+ 2(\[co + €3,/c5)

G2 = ¢t Jog , c13 = s — (oo + 3\[cg) (25)

and B,is the orthogonal polynomials.
3. Solutions to the Dirac Equation

We will now solve the Dirac equation with the MRsDF potential and tensor potential by using the NU method.

3.1 The Spin Symmetric Case

To obtain the solution to equation (16), by using the transformation s = e~%", we rewrite it as follows:

szn,K(S) (1-s) an,K(s)
ds? s(1-s) ds

Eqg. (26) is further simplified as

—+—+
ds? s(1-s) ds s2(1-s)2 a? a? a? a? a? a? a?

A?Fpi(s) | (1-5) dFy(s) 1 [_ (,8_2 __2yDeb + yDeb? Q) $2 4 (232 2yDeb | yC

where n,, =k + H + 1, Comparing eqg. (27) with eg. (20), we obtain

_ _ﬁz 2yDeb
a=1 e=5-——"+t—;

_ __2B* | 2yDeb | yC
@=l =+ ta

BZ
=1 € =ﬁ+77;c(77;<_1)

and from eq. (25), we further obtain

1
C4=0, Csz_z,
1, B* 2yD,b | yDcb? yD _ 2% | 2yDgb | yC
“=ite e te o o=—at e *ta)
2 2
_B _ 1 YD _ yC | yDeb
cg = 5 + 1Ml = 1), c=\M~3) ~m~mt >

BZ
cp=1+2 p‘*‘ﬁx(m—l)'

1 2
+ s [ = 1) + 5 (Cs + Ds? = Deb?s? + 2D,bs(1 = $)) = £ (1 = )% | Fy () = 0,

-

yDgb? yD

a?

1\2 yD yC . yDeb? B2
€11 =2+2(\/(77x—5) —Z—Z—Z—Z‘F}/T*'\/;‘l'ﬂx(nx—l)).

ﬁZ
Ci2 = ? + Tlx(ﬂx - 1):

a? a? a?

1 1\% yD yC yD,b%2 |B2?
€13 = =5 J(nx—z)— Zt ot [ @1

In addition, the energy eigenvalue equation can be obtained by using eq. (23) as follows:
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a? az a? a?

2 2
<n+%+\/(m€_§) e o \/—+nx(nx—1)) ST e

By substituting the explicit forms of y and g2 after equation (16) into equation (30), one can readily obtain the closed
form for the energy formula.

2
<n+%+\/(nx_%) _%(M+Enrc_ s)_%(M"'Enx nK_Cs)+
2
1 1 D
J;((M - Enk)(M + Enk - Cs)) + YIK(UK - 1)) = ;((M - Emc)(M + Emc - Cs)) _E(M + EnK nK
Co) + 228 (M + Epyc — C) (31)

On the other hand, to find the corresponding wave functlons, referring to equation (29) and eq. (24), we obtain the upper
component of the Dirac spinor from eq. 24 as

2 e 2
O e e P

B?
nx(s) — S 2= 1)(1 )

where B, is the normallzatlon constant. The lower component of the Dirac spinor can be calculated from equation
(82)

G (1) = (Z+5-U@)) Fur) (33)

(M+Emc_cs)
where E,, # —M + C;
3.2 The Pseudospin Symmetric Case

To avoid repetition in the solution of equation (17), we follow the same procedures explained in section 4.1and hence
obtain the following energy eigenvalue equation:

1 1\%2 9D yDebZ 7D | ¥Dcb* | 2¥Dcb
<n+E+J(AK—E) _E__+ \/—+AK(AK—1)> ——¥+ > + (34)

aZ

By substituting the explicit forms of ¥ and B2%after equation (17b) into equation (34), one can readily obtain the closed form for the

energy formula as

2
<n+%+\/(AK—%) — 2 (B — M = Cps) =5 (B — M — Cps) + 22 (B — M — Cp) +

2

1 1 D
\/z ((M + Emc)(M - EnK + Cps)) + AKZ(AKZ - 1)) = ; ((M + Emc)(M - Emc + Cs)) - ;(Emc Cps) + (Emc -M—
2Dgb
Cps) + = (B = M = Cps) (35)
and the corresponding wave functions for the upper Dirac spinor as
By (ae—1) i+ (A ) _¥D_¥C  7Deb? (2JE_§+AK(AK_1)'2J(AK_1)2_7_2_7_§+7D92172)
(1) = By esV@ o (1 =s)z N2/ Ta? @ e “ o et e (1 - 2s) (36)

were A, = k+H and B,, is the normalization constant. Finally, the Upper-spinor component of the Dirac
equation can be obtained via equation (8b) as

Foe(r) = m ( s -4 U(r)) G (1) @37

where Ep # M + Cps .
4, Discussion

In this section, we are going to study some special cases of the energy eigenvalues given by Egs. (31) and (35) for the
spin and pseudospin symmetries, respectively.

Case 1. Ifone sets C; = 0,C,s =0, D, = 0 ineq. (31) and eq. (35), we obtain the energy equation of Manning-Rosen
potential for spin and pseudospin symmetric Dirac theory respectively,
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2
<n + l + \/(nx - 1)2 - %(M + En;c) - %(M + En;c) + \/% ((M - E‘mc)(M + EnK)) + nx(nk - 1)) = %((M - Emc)(M +

2 2

Eni)) = 2 (M + Ep) (38)
and

2
<n+%+\/( K_%)Z _%(EnK_M)_%(EnK_M)"—\/%(M"'Enx)(M_EnK)-l'Ax(Ax_1)) =%(M+Emc)(M_Emc)_

= (e — M) (39)

Case 2: If one sets C; =0,Cps =0, C =D =0 in eq. (31) and eq. (35), we obtain the energy equation of shifted
Deng-Fan potential for spin and pseudospin symmetric Dirac theory respectively,
2

(n +%+ \/(Tlx _%)2 +D;_1272(M + Emc - Cs) + J%((M - Enk)(M + Enrc - Cs)) +7’K(7]K - 1)) = %((M - ETIK)(M + Emc -

2Deb
a2

2
M+ E, —Cy)+

Cs)) + (M + Emc - Cs) (40)

Deb
aZ

and

2
2
<n +24 \/(AK — )+ 2 (B — M — Cp) + \/ai (M + En) (M = By + Cps) ) + g — 1)> = = ((M + Ep)(M = Epc +

D

2
€5) = = (Enic = M = Cps) + 25 (Ene = M = Cpg) + 252 (Ene — M — Cy5) (41)

Case 3: Let us now discuss the relativistic limit of the energy eigenvalues and wavefunctions of our solutions. If we take
C,=0,H=0,k -1 and put S(r) =V (r) = Z(r), the nonrelativistic limit of energy equation 31 for MRsDF

potential and wave function 32 under the following appropriate transformations M + E,, —>;—” and M — E,, =

21

—E,; becomes

2uC | 4uD 1 1\2 2uC  2uD , 2uD,
a?h? 2L(H1)_aznz+a2h§b+(nz+n+2)+(2n+1)\/(HE) _azhz_a2h2+a2hzebz
Eu =~ _ —+1) (42)
T _ZuC_ZuD 2uDe, o
(2n+1)+zJ(l+z) -+

and the associated wave functions F,,.(s) = R,,;(s) are
Rut(s) = Nous 21— )" 20V (1 - 2), (43)

. |2uEy _ 1\2  2uc _ 2uD | 2uD, .,
where U = 2 / e Tl+1) and V = 2\/(1 + 2) perv it et red ) (44)

Case4:If D, =0 ineg. (42), we obtain the energy equation of Manning-Rosen potential in the non-relativistic limit

+(n2+n+%)+(2n+1) (H%)z_g—hcz_;fhl)z
R —1(0+1) (45)

1
(2n+1)+2 (l+;) S T T

2uc
aZhZ

a?h? 21(1+1)—

En=-— 2

Case5: If C = D =0 ineq. (42), we obtain the energy equation of the shifted Deng-Fan potential in the non-relativistic limit

- 2
2p2 | 200+ +2222p 1+ (n2+n+2)+(2n+1) / 141)" 426D}
En[ - _ a“h aZh? ( 2) ( 2) aZnh? _ l(l + 1) (46)

2 2
H (2n+1)+2 (l+§) +i’;ﬁ§b2

5. Conclusion

In this work, using the parametric generalization of the NU method, we have obtained approximately energy
eigenvalues and the corresponding wave functions of the Dirac equation for the Manning-Rosen plus shifted Deng-Fan
potential including a Coulomb-like tensor potential with arbitrary spin—orbit coupling quantum number k. The
corresponding unnormalized eigen functions are evaluated in terms of Jacobi polynomials. Interestingly, the
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Klein-Gordon and Dirac equation with the arbitrary angular momentum values for this potential can be solved by this
method. The resulting eigen energy equations can be used to study the spectroscopy of some selected diatomic atoms
and molecules.
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