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Abstract

In this paper, we will be considering a case of the subject of imperfection or deficiency in the inventory process of
a single commodity which has many components. For example, the deterioration of items in the stock is one
component; another component is the quality of the items received in an inventory order. This has been
investigated by many like Yano and Lee (1995) and silver (1976), where the imperfection of the order was due to
defectiveness of items and shortages on the supply side with the amount of imperfection as a discrete random
variable. We shall consider only the case of shortages of supply, but allow for continuous random variables by
taking the proportion of shortages relative to the order quantity. A mathematical model is developed where an
analytic expression for the economic order quantity is obtained. Special cases for the distribution of the proportion
will be presented, along with numerical examples and comparisons to the classical model without shortages.
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1. Introduction and Background

The main assumption of the Economics Order Quantity (EOQ) model is that the order quantity is free of defects.
However, the production environment has proven the inaccuracy of this assumption. As a result, many
researchers have developed models that deal with imperfect quality or defective items.

The subject of imperfect quality of inventory orders has been investigated by many researchers. Silver (1976)
considered both defective items and shortages on the supply side. Rosenblatt and Lee (1986) proposed a model
that contains defective production after a random variable time point, Yano and Lee (1995) considered defective
items in the order where it was assumed to be a random variable and review the work done on the random yield
model. Cardenas-Barron (2000) corrected the optimal order quantity expression and Goyal and Cardenas-Barron
(2002) proposed a near approximation for order quantity. Papachristos and Konstantaras (2006) studied the issue
of non-shortages in model with proportional imperfect quality, when the proportion of the imperfects is a random
variable. Salameh and Jaber (2000) developed a model of defective items where these are identified immediately
at a cost that is added to the components of the total inventory cost. For them imperfect quality items can be sold
as a single batch by the end of the screening procedure. A flow in their model was corrected by Maddah and
Jaber (2007). They analyzed the effect of screening speed and variability of the supply process on the order
quantity, and showed that the order quantity is larger than that of the classical EOQ model when the variability of
the yield rate is practically low.

These models considered the imperfection in the ordered lot a discrete random variable with either a Poisson or
Binomial distribution.

Jaggi and Mittal (2010) investigated the effect of deterioration on the retailer’s economic order quantity when the
items are of imperfect quality. They assumed the screening rate to be more than the demand rate. This enabled
the retailer to fulfill the demand out of the perfect quality products along with the screening process. They found
that in the case of highly deteriorating products the retailer should order more frequently to reduce his loss due to
deterioration. When the defective items increase and profits decrease, the retailer needs to take corrective
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measures in order to get good quality products or change his source of supply.

Chang and Ho (2010) applied the renewal reward theorem to calculate the expected profit per unit time
associated with Konstantaras et al model (2007). A simpler expression of the profit function was obtained using
AGMI theorem to determine the optimal inventory policy. They showed that a larger total profit per unit time
can be realized as the value of demand or the inspection rate increases. The cost of sending acceptable items to
the working inventory income will decrease either the holding cost or the expected defective rate.

Gani and Maheswari (2010) proposed a fuzzy model of an inventory problem with imperfect items where
backorders are allowed. The demand, holding cost, ordering cost, shortage cost and defective rate were taken as
fuzzy triangular numbers. The Graded Mean Integration defuzzification method was used to find the total profit
per unit time and derive the optimal order quantity to maximize total profit. They showed that the economic
order quantity and backorder quantity and total profit increased when demand increases if all the costs and
defective rate remain the same. They showed that economic production quantity, shortage quantity and total
profit increase when the percentage of imperfect quality alone changes.

Wee, Wang and Yang (2012) investigated an EPQ model with imperfect quality items, shortage backordering and
screening constraint. They showed that the rate to fulfil the backorders is dependent on the screening rate. If
production and screening are synchronized, they demonstrated that the optimal production time is always greater
than the optimal time to eliminate backorders.

In our model, we will consider that the supplier has a screening process of his own and sends good items.
However, due to random reasons, there could be some shortages or less quantity than originally ordered. The
situation we are considering is not far from reality for many reasons: increase in demand for the item, break-
down of the production machine in the factory, releases of new edition of the item where the production of the
old one stops.

To allow for easier analysis, and more interesting cases about the distribution of shortages, we shall introduce a
variable & = g where “x” is the amount of shortage and “q” the quantity ordered, and consider “o” to be a
continuous random variable.

A mathematical model is developed and an analytic expression for the economic order quantity is obtained. Also
special distributions along with numerical examples and comparisons will be presented.

2. Research Methodology

We shall adopt the usual traditional ways of investigating the specific inventory model we are considering. First
we shall make reasonable physical and economic assumptions that are realistic and describe the model in a way
so that the corresponding mathematical model mimics the real situation and has a feasible solution. The solution
obtained shall be a unique optimal solution. After that , a variety of samples of the model are tested against
classical models that have been studied before through a series of numerical examples that clearly show the
effect of the factors of deficiency of the inventory process we considered.

3. The Mathematical Model

In order to reach a satisfactory mathematical model for the situation we have described, we shall make the
following assumptions;

1) The replenishment of the inventory stock is instantaneous. This is not to add more complications to the
model.

2) No shortages are allowed, also no backlogging.

3) The payment of the cost of the transaction or the quantity ordered is based on what is received and not
what is ordered.

4) The demand rate per unit time or the depletion rate of the on hand inventory stock is constant.

[Tt

As in most classical models used to represent the inventory stocks, a quantity “q” is ordered and depleted
according to the constant demand rate, and the replenishment of the inventory stock is made in such a way to
avoid the situation of shortages. We shall also assume that the selling price of the item during the depletion
period is constant. This makes the optimization process use the total cost per unit per unit time function instead
of the profit function. The formal function that we use as our objective function is the sum of three component
functions: The set up cost or fixed cost, the holding cost, and the procurement cost which is the cost of the
inventory quantity received.

In deterministic models, the objective function which is the total cost per unit per unit time is minimized to find
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the economic order quantity (EOQ). Some models yield an analytic expression for such a quantity, other models,
with more complex conditions, demand numerical solutions and a theoretical proof of the existence and
uniqueness of the optimizing order quantity.

Our model is not deterministic due to the randomness of the quantity supplied; the objective function is from a
population of functions with a probability distribution induced by the distribution of the parameter o. The
question is what to optimize?

Many researchers, who tackled nondeterministic inventory models before, chose to minimize the expected
objective function due to the fact that the joint distribution of the random parameters in the model induces a
probability distribution on a class of objective functions. However Maddah and Nasr pointed out that according
to Ross, this is a birth renewal process and what should be minimized is the expected total cost divided by the
expected inventory period. We will adopt this procedure in our paper.

We shall also start by considering that the model is described by an initial value problem that is: a first order
differential equation with the initial value representing the quantity ordered .We will then proceed to find an
analytic expression for the objective function suggested by Ross that is : the expected total cost function divided
by the expected inventory period. We will derive a formula for the economic order quantity that we call 4. After
that we shall consider five different distributions for the parameter o, and consider several numerical examples
by setting a specific distribution of the family. We will make a comparison of our model to the classical
inventory model

*q: The quantity ordered;

*x: The random variable representing the amount of the shortage in the order;
*c¢:  Purchasing cost / unit;

*h: Holding cost / unit / unit time;

*k: Setup cost/ order;

*d:  Demand rate / unit time.

[7Pet)

An order of size “q” is placed. But due to random factors on the supply side (q — x) is received where x is a
random variable. To simplify matters, let X = , and consider o to be continuous random variable with a
support on [0,1]. In real life cases, the suppgrt is (0,8), where f < 0.15. It should be noted that the cost of the
missing X units will not be held, and the payment is only for the (q — x) units received.

time

Let d(t) be the inventory level in time. d satisfies the (IVP):

dd

i —D andd(o) =q—x = (1—x)q
d(t)=-Dt+(1-a) q
The order cycle “T” is a random variable obtained by setting d(t)=0
T=(1-0) q/ D
The holding cost is:

(1=?)q

D
H(@) = f [~Dt + (1-c)qldt]
0

th (1-x)q
=h (= —-+1-qtl, °
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h(1— «x)2g?
Y
The total cost is:
h(1—x)2q?
2D

According to the theorem of Ross, this is a renewal process, so to get optimal order quantity we should minimize

C(@) =K+c(1—x)qg+

the function: g9(q) = E (EC( (Ttl)))

K +Cq E(1—%) + 12 5(1-w0?)

q _
D E(1-x)
_ 2
_ _ Dk +CD+th((1 )?)
E(1-%)q 2E(1-x)
> dg _ _ -DK hE ((1-)?)
dq E (1-x)q? 2E (1-x)
- —o)2
> g, nEY)
dq q 2
2 _ DK
> T = W@

. 2 DK
> D= |7z -

q,is the optimal order quantity for our model.

Note that ifc = 0, the formula reduces to q; = /% being the order quantity without shortages.

Now E((1-x)?) =1—-2E (x) + E (x?)

=1-2p+ p?®+o?
With p and o2 being the mean and variance ofe.
Some special cares for the distribution ofex.
4. Proof of the Uniqueness of the Optimal Quantity
We shall employ the convexity principle for the uniqueness of the minimizer of our objective function.
The second order derivative of the function is:
d’g =2 DK> 0, for all ¢>0
d® ¢
This implies that the function “g” is convex, and since it is continuous, then the uniqueness of the optimizer
follows.
Case 1: « is uniformly distributed over (a, b) with

0<a<b<l

2 —n)2 2 2
In this case, E ((1-x)?) =1— Z(az+b) + (a+2b) + (blg) =1—a-b+ L;ab
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Numerical examplel:
Let h=$0.1K=3$100 K=§$100 D=5
And (a, h) = (0, 0.05)

2
E((1- x)?) =1 - 0.05 + @ = 0.95416

_ |paoms

qC = 01 = units
. _ Jpaoms
9% = |0o5a16 ~ ~ o WS

The classical order quantity is:

Our order quantity is:

Numerical example 2:
Let h=$0.05  k=$200 D=6

The classical order quantity is:
g =219

Our order quantity is:

g, =224

Case 2:
o has a triangular symmetric distribution with base (0. b), b £ 1
The Probability Density Function (PDF) of a is:

10 <x<?
b 2
-4 x 4 b
= 22 <
P(x) ={ — +b,2_oc<b
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E((l1-x)?)=1-bh+ 7 p2
24

Numerical example 3:
Leth=$0.1 K=$ 500D =5 and bb =0.05
E((1- x)?) = 0.9507

The classical order quantity is: q; = ’% = 223.6

Our model order quantity is: q, = /021((50% = 229.3

Numerical example 4:

Let h=0.05 K=500 D=5
The classical order quantity is: 4 =316
Our model order quantity is: g, =324

Case 3

o has a normal distribution with w = 0.05 and 6* = 0.01 E((1— «<)?) = 0.9095
Numerical example 5:

h=$0.1K=500D=10

0.05-
The classical order quantity is:

qc = 316;

Our model order quantity is: g, = 331;
Numerical example 6:

h=0.05 K=500 D=10

The classical order quantity is: q; = 447;
Our model order quantity is: g, = 466;
Case 4:

a has the pdf=f(a)={ 2 a, 0< a<1 0, otherwise
E((1-0)*) =1 -2 E (0) + E(a")

E(x)= I2a2da= 20 \10 =

(SR}

S E(l-ap=1-241.1
3 6

1
2
7:h=$ 0.1, k=-$500, D=5

Numerical example

q*=223
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q*o= 547
Numerical example 8 h=$ 0.1, k=-400, D=7
q*=236
q*o=1579

Case 5: o has the slanted triangular distribution between 0 and b, in this case the pdf is f(a)
—-|-2a
b
0, otherwise

+2b,0<a <b

3
bl 202 20 2% &2|b :_2b +b=é
E(a)=| +—= da= +— 2 3
o »2 b 2 blo 3b
E( .2 b _2053 20[2 —a* 2 |b- _ﬁ ﬁ—ﬁ
a)=l=a 0’=7+*H 273 6
ol b b w2 3 o

2
b} 2b b

EQ- =1- 222
= { a)) Tt

Let h=0.1

2
= E(l-a) =1—@+@ =0.953

Numerical example 9: h=$ 0.1, k=-600, D=8

q*=310;

q*o=317;

Numerical example 10: h=$ 0.2, k=-600, D=10

q*=1223;

q*o=229;

It is obvious that there is a difference between the classical quantity ordered and the one due to shortages, and
the difference becomes larger for larger quantities ordered or when the support of the probability distribution pdf

the shortages proportion increases. Definitely this should be reflected as a saving in the overall cost of carrying
the inventory of the item.

5. Conclusion

Mathematical models that treat imperfect quality of inventory orders considered that the imperfection of the order
was due to defectiveness of items and shortages on the supply side with the amount of imperfection as a discrete
random variable.

In our model we have considered five possible distributions for the parameter “a”. Most of them are realistic or
close to the real market conditions. The numerical examples showed a difference between ordering under the
situation of shortages on the supply ride and the classical inventory model. These differences are to become
larger as the order quantity increases in size. This implies that for large quantity orders there is a substantial
difference between the total cost/unit time according to the classical model and the total/unit time for the
supply-shortages model. It is worthy to remark that if the shortage parameter “o” has some empirical distribution,
constructed from actual market condition, the essential factor in our formula E ((1-a)?) can be easily obtained
from the histogram and substituted into the formula.

Our model considered the case of shortages of supply due to random reasons but allow for continuous random
variables. Our mathematical model shows that the economic order quantity obtained is quite different than those
in the classical order quantity with a better rate of accuracy. This reflects on the total cost for carrying inventory
stocks for a long period of time. However we have to mention that in the case of the end of the conditions that
promote the shortages, one should go back to the appropriate inventory model that well fits the situation. May be
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future models will consider further more realistic additions to the condition of supply shortages.
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