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Abstract

According to the uncertainty of insurance accident, in this article, we introduce the importance of insurance and the
application of probability statistics in the insurance, briefly describe several parameter models about life distribution (i.e.
life models), discuses the establishment and use of the life table, and statistically analyze the profit and loss and insured
amount in life insurance. The result could possess certain directional meanings and reference function for practical
works.
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1. Introduction

The probability statistics is applied abroad to insurance, including accrual and discount, survival model and life table,
statistical analysis of survival and death insurance and statistical analysis of premium and compensation.

Insurance is a bargain which related to right and obligation between insurer and insurance applicant. This bargain
regulates in general that the insurance applicant must pay the insurer certain amount premium, and the insurer promise
to pay the insured amount when the conventional insurance accident occurs. The insurance categories are quite
abundance, because of the different standards, insurance can divides into property insurance, liability insurance and life
insurance. The first and second insurance are called non-life insurance, the third is called life insurance.

The calculation of life insurance premium is a complicated question. Firstly, the compositions of premium are
determined by many factors. The insurance amount used to pay for the premium simply is called natural premium. But
the insurer adopts from insurance applicant is not only the natural premium, but also various fees that each operation
produces and various possible risks. Moreover, as the main body of economic, the venture insurance agent should
consider certain profits. All those composes gross premium. The gross premium can be calculated based on natural
premium. That is, calculates the natural premium according to the equivalence equation firstly, and then adds the
necessary risks, fees, profits and other factors. And the calculation of gross premium can also be calculated by using the
equivalence equation based on the conservative fees interest rate and weighted coefficient of death rate.

The distinct characteristic of insurance is the uncertainty happening of the insurance accident, such as people’s life,
traffic accident and contretemps. This characteristic also determines the important role of probability statistics in
insurance categories setting, insurance operation expanding and other aspects. So, if you want to be an enviable actuary,
you must be on top of statistics.

2. Survival model

Among the categories of insurance, life insurance is a traditional and also important insurance. Life insurance relates to
people’s life characteristic, therefore, it is necessary to research people’s characteristic and survival model.

2.1 Remaining Lifetime

Supposing T(x)is the insurer’s remaining lifetime, apparently, it is a non-negative continuous random variable.
Marking the £.(0) is the distribution density function of 7(x) , and its distribution function is

F.(t)=P{T(x)<t}= £ 7.(t)dt - By all appearances, when x=0, 7(0)denotes the remaining lifetime of neonatal infant, and
F,(r)denotes the distribution function of neonatal infant’s remaining lifetime.

2.2 Common marks

At present, international actuarial science uses the traditional mark (Zhang, 2003, P.139-183), where 4 denotes the
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probability of X yeas old life’s death rate in t years, p denotes the probability of X yeas old life’s survival until ¢
years later, 4 denotes the probability of the x yeas old life’s survival in x+s years and death rate in ¢ years

after that, p denotes the X yeas old life’s condition probability of the death rate on the condition of its x+ s age.
And then, there are

D,q=F.0): p,=1-F.0),
2),,q=PEHT COSs+i= 1,97 G

1-F (s+1),

(3)¢PM =P{T (xX)>s+¢|T(x)>s}= = F.(s)

FG+0-F (),

) g =P(T CO<s+1|T(x)>s) = =

If r=1, falways is omitted, shortening as q.» P, ands‘qx , etc.

2.3 Expectation of Remaining lifetime

0
If supposing e, is the expectation of insurant’s remaining lifetime when he is X yeas old, then it can be easily proved,

0
ex=[tf.(di=[ (=F.n)dt=[,p,di
2.4 Death intensity

Define the X yeas old life’s death intensity (Zhang, 2003, P.139-183) as ,, _ £ __d, (g ). We can
X+t X
1-F.(1) dt
see that, the death probability of x yeas old life in the section of (7,7 + dr ) can be expressed as follows,

P{AT (x)<t+dt}=,pu,.d, - Therefore, the expectation of x yeas old life’s remaining lifetime can also calculates
. 0

like €x = thlpx/’lxﬂdt :

The death intensity can also be defined as U, = —iln P> implement the integral of this formula, we can get

X+t dt t x

that p —exp{ - j: U, ds -1t is obvious that the death intensity of x yeas old life’s remaining time and the distribution
function of it are defined exclusively by each other.

3. Several parameter models about life distribution

3.1 Life model of De Moivre (1724)

Life model of De Moivre considers that there is a maximal age @, and the remaining lifetime 7(x)of X yeas old life

in the section of (0, - x) obeys the equality distribution , i.e. r ()= 1 0<t< w— x> SO we can get the distribution
x w—x >

function F.(f)= 0<t<w—x»and the death intensity is 4., = 1 O<t<w—x-

w—x T w—-x—t
3.2 Life model of Gompertz (1825) (Zou, 2005)

This model considers that the death intensity increasing is exponential increase, that is,
u,,, =BC*, t>0, B>0, C >1.By comparing with Life model of De Moivre, life model of Gompertz reflects the

course of life preferably, and throws off the maximum age assumption. The calculation becomes easy. The distribution

function of life model of Gompertz is i (t)=l—exp{— _B_ e"(C’—l)}- In 1860, Makeham extended the model of
! InC

Gompertz. He supposed that the death intensity was u  =A+BC*, t>0, 4>0, B>0,C>1, and then the

distribution function was Fx(t)=1—exp{— Af— ic ex(Cr_l)}. If ¢ =1, the death intensity of Gompertz’s and

Makeham’s life model are constant. Then the distribution function of 7(x)is exponential distribution function.
Although it is simple with math, it can not reflect the life-span of people.

3.3 Life model of Weibull (Zou, 2005)

In 1939, Weibull put forward that the death intensity of people was not exponential increase, but increase with power?,
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that is/uw =K(x+1)", K>0, n>0. And the distribution function of it iSF(t)=l—exp{— K [Ge+)™ _xn]}, The
* n+1

above-mentioned life model is very helpful.
3.4 Application instance of life model
Example 1: Supposed that the death of people aggregate obeys the model of Makeham, we get the data,
1, =0.003, 1., =0.004, 1, =0.006,then calculate to get, ¢, -
Solution, According to the model of death and the known data, establish the following system of equations,
fy = A+ BC® =0.003,
sy = A+ BC™ =0.004,
Uy = A+ BCY =0.006,

1

Solving the above system of equations, we can get 4 =0.002, B=0.00025,C =21, and then the death intensity

X+t

i - 210 th 0.00025 . hat  foll t
iS4, =00024000025-27 then g ()= —expl—0.0020— 200025 syl what  follows  nex
In21°

10

%?25@]0(26 _1) =0.0268"

0 =FA0=1 -eXp{-O.OOZIO-
In2'°

3.5 Integral remaining lifetime

Definition K (x) =[T(x)] is integral years which x yeas old people will live through, sometimes called remaining

lifetime. The probability distribution of integral random variable

is p{k(x) = k}: Pk <T()&k+1} =, p.q,... (k=01,2,A ,). The expectation of K(x)is called the X yeas old people’s

expect integral remaining lifetime, sign ase . Then, _ N kP{K(x) =k} = N k.p.-q. > e = N PIK(x)> k)= N P
X ; ; k£ x x+k X ; ; k x

The advantage of using the integral remaining lifetime of X yeas old people is that it predigests the remaining lifetime
of x yeas old people, and it is convenient to the calculation of expectation of remaining lifetime.

Making S(x) =T(x)- K(x) S(x)is the fraction part of the years which x yeas old people has lived. It is easy to see that
S(x) 1is a continuous random variable on the integral of (0,1). Assuming that K(x)and S(x) are independent, then the
conditional ~distribution of §(x) do not depend on K(x) when the value of K(x) is given,

and prg(x) <u | K(x) = kY = 2« Lk .

x+k

Presupposes above formula equal to F/(x), H(u)is a certain function which has nothing to do withk . There with,
Wdow = H)q, ., -k =1,2,A .Supposing H(u)=u, that is , S(x)is a homogeneous distribution in the integral of (0,1),

0
then, —, 4 % Var(T(x)) = Var(K (x)) + % .

Because that the distribution of K(x)all depends on g ., therefore, can structure all kinds of table by means of g . The

common life table of insurance is table ofq , .

4. The composition and application of life table

Through the research on the distribution function of life, that is a random variable, the probability density function and
expectation, the probability of certain people’s death in certain time or in instantaneous can be expressed as
survivorship function and some special symbols. That is to say, we can estimate the life state of insurant in optional age.
In practice, we often use the life to stand for this. The survivorship function and life table are connected with each other,
and the survivorship function can be calculated through life table. Life table are summary table which be established
according to the statistic data of each age’s death in certain time.

4.1 Aufbau principle of life table

On the basis of principle of larger number, the survival probability of each age people can be calculated by observed
data (estimating frequency by frequency). The common symbols include, new-born life number is /y, x is the age, and ®
is the utmost age.
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4.2 Characteristics of life table
The Aufbau principle of life table is simple, and is not determined by the total distribution (non-parameter method). The
survival expectation number of /[, new-born life will live to age X is 4= /lys(x), the death expectation number

of lo new-born life will die between the age of x and x+n is (d; Especially, when n=1, mark as ,dy = L -Ix= Lngodx =

-ly+1= ly'gx. The sum of years which lo new-born life live through on the integral of x and x+n is L= [ 1dy and the

o

X

total number of the individual’s remaining life, which can live to age x, is T,= f 1,dy> then can get,"_ T, .

4.3 Application instance of life table

Example 2: The known value is; —10000( _L) ,please calculate the following values, (1) dsp,20p30,30930,10/d30, (2) the
! 100

death probability of 20 years old people in the integral of 50 to 55, (3) the average life of the people.

Solution: (1) d30:130-131:100, 201)3021570 :5/7,
130

30930= 10 =leo =3/7  1030= s =L =1/70,

130 130

(2) 3055920= £50 —ss. sy —1lss =1/16,
ls

r(l—@)dx 50-

4.4 Aufbau prmczple of selection-ultimate life table (as seen in Table 1)

The health of new employees which get through the fresh physical examination excels the health of old employees
which got through the physical examination at a long time ago. The force of selection will disappear with time.

4.5 The application of selection-ultimate life table

The application of life table and the result of calculation expresses as the table 2.
4.6 The assumption about fraction age

4.6.1 Survival situation in life table

Using background, life table provide the distribution of integral age, but sometime we need to analysis the survival
situation, so we select the distribution of certain age based on the two data border upon, and estimate the survival
situation of fraction age.

4.6.2 Basic principles and common method (interpolation method)

Basic principles and common method (interpolation method) include

(1) Assumption of the equality distribution (linear interpolation), s(x+t)= (1-t)s(x)+ts(x+1), 0<t<1,
(2) Assumption of the death force (geometrical interpolation), s(x+t)= s(x)"' s(x+1), 0<t<I,

(3) Assumption of Balduccl (harmonious interpolation), 1=t L 0<t<l.
s(x+1)  s(x) s(x+1)

age, 0.5q30,5.25950,130.5.

Solution, under the three assumptions,

(1) Because _by =ty 1 $O,¢" = p = 9,
930 L 70 Ps 70
0.sBoypp 0-5q0=_1 ,
- 140
05030 CF 1-630:] _ 9,
T 70
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05930 Balducci & = L :

Py +0.5¢g;,, 139

(2) 5.25950=593015Ps0°0.259ss

Because 5q55=0.1, 5ps0=0.9, qss= | ,

45
80, 525050 UDD 0.1+0.9-0.256 1 =0.105,
- 45
s25qs0 CF 0.140.9- (1- 44" ) =0.1050422,
525050 Balducci 0-170.9 0.25  =0.1050847.
44 +0.25
G)wosypp 90 = 1,
1-0.5¢g,, 69.5
H30.5 Q p:—ln(pw):—ln@,
- 70
H305 Balducei 930 _ 1

Dy +0.5¢,, 69.5
5. The insurance profit and loss analysis based on central limit theorem
5.1 The central limit theorem and its meaning

The central limit theorem points out that if one random variable is induced by numerous random factors, and every
successive change has few functions, so it could deduce that the random variable which describes the random
phenomena obeys the normal school. So to require the sum of random variables in certain area, we should only
standardize it and approximately computes it by the normal school. The central limit theorem has directional meaning
for the insurance industry, and through it, we can estimate and predict the profit and loss of one insurance company, and
the law of larger numbers is the based to establish the modern insurance industry. The following example expatiates on
the important function and concrete application of the law of larger numbers and the central limit theorem in the
insurance industry.

5.2 Example analysis and solution

Example 4: Suppose that there are 10000 people take part in the insurance in one insurance company, and every one
pays premium of 12 Yuan to the company every year, and everyone’s death probability in one year is 0.006, and his
family numbers could draw 1000 Yuan from the insurance company when he dies, then answer the questions, (1) how
big the loss probability of the insurance company is? , and (2) how big the probability that the profit of the insurance
company in one year is not less than 4000 Yuan?

Solution, Supposing that the number of the death in 10000 people in one yearis X, so X~ B(n, p), n=10', p=0.006,

g=1-p, and the year income of the insurance company is 12x10000 —1000.X.

(1) If the insurance company loses money in business, so 12x10000—1000X <0, and X >120. From the central limit

theorem, pro g1 pl X = J1207mpl g 120-10000x0.006 ;47 76931y~ 0
Jnpg  fnpg 710000 0.006 % 0.994

So the insurance company would not loss money in business.

(2) If the year profit of the insurance company is not less than 40000 Yuan, so 12x10000—1000X >40000 and
X <£80.

X - - - ‘
Ple<so)= p) X =P 80Zmp(_ g 80-10000x0.006 4 59) . 995
Jpg  \Jnpg V10000 0.006% 0.994

So the probability that the year profit of the insurance company is not less than 40000 Yuan is 0.995.

5.3 Result analysis and discussion

Through analysis and solution of the example, we could clearly understand why so many insurance companies come
into existence, because the loss probability of insurance company almost is zero, and why insurance type is better for
the insurance company in so many insurance types pushed by the insurance companies at present, and we could feel that
“the probability statistics is surrounding us”, and its application is very extensive.
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6. Statistical analysis of insured amount in life insurance

The death insurance is the insurance type taking human death as the insurance standard, and if the insurant dies in the
time limit of contract, the insurer should pay insured amount to the insurant, and if the insurant live after the time limit
of contract, the insurer needs not pay the insured amount. Therefore, the confirmation of insured amount depends on the
time limit of contract and the probability character of insurant’s reminding life, and it also should consider many factors
such as the profit of insurance company, the gross income and payout.

According to different payment times of insured amount, the payment method of insured amount can be divided into
two sorts, i.e. paying in the late of the year when the insurant dies, and paying when the insurant dies. First, we
introduce the first sort.

Supposing that the contract regulates that after the insurant insures his life when he is X years old, if he dies in the
future » years, the insurer should pay the insured amount of one money unit to the insurant in the year he dies, and if
the insurant could live after x+» years, the insurer would pay nothing. Suppose p(k) denotes the insured amount
paid in the k ’thyear, y(k) denots the discount factor in the & ’th year. So,

b(k) = {1’ 0<K(x)<n, and the present value of the insured amount is noted as Z, (K(x))> SO
0, K(x)>n, h

VRO 0<K(x)<n,

_ k) _
Z, ,(K(x)) = b(K(x)p"™ = {07 K(x)>n.

The expectation and the variance of the present insured amount value respectively are

n—1 n-l1

A, (0)=E[Z, (K] =D v Pk <Kx) <k+1}=> v p -q.,

k=0 k=0

n—1
and yo,1z7 (K())= EZ2, (K@) - A2(m) = Y., Py 4™ = 42 ()

k=0
Note, If n in the above formula is equal to the limit age ®, the insurance is the death insurance for life, and the present

w—x-1

expectation value of the insured amount is 4 (@) =EZ, (K= 3 e G
X xX,0 x Ix+

k=0

In the death insurance for life, the payment of the insured amount is the late of the death year, so under the hypothesis
that the insured amount is one money unit and the interest is the constant, the following relationship could come into
existence.

A(@)=vq, +vp, - A, (®)
7. Conclusions

Empirical study indicated that through almost 20 years’ development, the actuarial mathematics had gradually
developed to be a professional subject from a sort of special computation method, and its application range was
gradually expanding, and it had certain directional meanings and better referenced function for the practical work of
insurance. Because of the length, in the article, we only introduce few most basic and simple contents about insurance,
and the study and application about the integration of insurance, probability statistics and actuarial mathematics should
be further discussed by us.
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Table 1. Selection-ultimate life table

Average
Survival Death Survival years remaining
Death Sum of
Age area . Number at the number in the age life at the
proportion . remaining life beginni
beginning of the term in the term area eginning
of the term
X-X+t rqt x1 xds tlx Tx ex
0-1 .00463 100000 463 273 7287758 73.88
1-7 .00246 99537 745 1635 7387485 74.22
7-28 .00139 99292 138 5708 7385850 74.38
0-1 .01260 10000 1260 96973 7387758 73.88
1-2 .00093 98740 92 98694 7288785 73.82
2-3 .00065 98648 64 98617 7190091 72.89

Table 2. Use and computation of selection-ultimate life table

qlx] qIx+1] | q[x+2] | q[x+3] | q[x+4] | q[x+5] | x+5

70 .0175 | .0249 | .0313 | .0388 | .0474 | .0545 |75

71 .0191 | .0272 | .0342 | .0424 | .0518 | .0596 | 76

72 .0209 | .0297 | .0374 | .0463 | .0566 | .0652 | 77

73 .0228 | .0324 | .0409 | .0507 | .0620 | .0714 | 78

74 .0249 | .0354 | .0447 | .0554 | .0678 | .0781 | 79

75 .0273 | .0387 | .0489 | .0607 | .0742 | .0855 | 80

76 .0298 | .0424 | .0535 | .0664 | .0812 | .0936 | 81

77 .0326 | .0464 | .0586 | .0727 | .0889 | .1024 | 82

Table 3. Function comparison analysis of life table under three hypotheses

function even distribution constant death force Bellucci
tgx tgx 1-e-nt 1_(;;—51,’)%
P
tpx 1-tgx e-nt g,
Y4 y4q
yaxtt =T I-e-nt ==
qx 4
pxtt 1-q, H 1-(1-t)-q,
Pxd:
fr(t) qx -e-ntu =-a.
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