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Abstract 
The economic feasibility of apartment building complexes is mainly done by using one of the economic analysis 
methods: present worth, future worth, annual worth, rate of return, or benefit-cost ratio. The cash-flow used is 
based on the assumption that a certain fraction of the apartments will be sold during the construction period, and 
the rest equally sold annually over a certain period of time. This model may work sometimes, but its estimated 
profitability is inaccurate. The actual cash-flow to be used is stochastic. In this paper, we shall use a cash-flow 
with random separation time between successive sales of apartments after the construction period. We shall find 
a compact form of the expected present worth, and determine a range for the annual discount rate so that the 
project is profitable. 
Keywords: stochastic cash-flow, discount rate, present worth, random variable, probability distribution, moment 
generating function 
1. Background and Introduction 
A financial investment in a project is random or under risk if at least one of its parameters is a random variable 
with a known probability distribution. 
In reality, most of real-life investments are random with stochastic cash-flows. Deterministic cash-flows are used 
when the variances of the concerned random variables are too small so it can be neglected and the variable is 
represented by its expected value or mean. 
The economic worth of apartment building complexes is usually based on a deterministic cash-flow consisting of 
a construction period with corresponding annual costs plus a heavy initial cost. Some of the apartments are 
assumed to be sold annually after construction within a certain time period at a given price. 
In reality, the time between the sale of an apartment and the next one is unpredictable so it is a random variable. 
This promotes the use of a stochastic cash-flow for the given model. 
In this paper, we will consider the separation times between successive sales after construction as our random 
variable, and the construction costs as equally distributed over the construction period. 
In the analysis that we use, the concept of moment generating functions of random variable will prove to be a 
powerful tool that leads to a closed form of the expected present worth and  the rest of analysis methods except 
for the rate of return.  
2. Literature Review 
The most important resource for a real estate investment is cash flow. Many real estate investments fail due to a 
lack of liquidity for supporting their daily activities than because of inadequate management of other resources. 
Stochastic processes, which imitate the uncertain trend of target variables over time are used to carry out 
dynamic modelling of the outcome of investments in conditions of uncertainty (Simon, 2002). The main 
concerns of the modelling of the outcome of investments in conditions of uncertainty have focused on capital 
costs, the probability of credit default and income flows. Stochastic modelling of rental income have been made 
by Hughes (1995) and De Wit and van Dijk (2003). Stochastic processes modelling the development of real 



emr.ccsenet.org Engineering Management Research Vol. 8 No. 1; 2019 

45 
 

estate loans values were made by Kau et al. (2006). Stochastic processes modelling the discount factor were used 
by Schwartz (1997) and Downs (2000) and Sing optimized the timing of a real estate development under 
uncertainty (Sing, 2000). 
In most of the research, the uncertainties were applied at a single point in time not the interdependence of trends 
of costs over time. Pfnür and Armonat (2001) investigated the uncertainty of the cash flow trend in an empirical 
survey of European investment managers. The purpose was to find how much in a ten-year forecast forecasted 
cash flow items differed on average from actual figures. The standard deviation of the cash flow items in the 
financial plan for the property was also asked for. For all those surveyed, the average difference makes up 40 
percent of the total costs of a property, which is quite considerable. Decision makers tended to overestimate 
rather than underestimate their own forecasting abilities.  
The aim of achieving positive NPV through the decisions to buy and sell real estate is a strategic decision in such 
investments. The assumptions of the use of the NPV rule is that stock market is fundamentally efficient, the only 
risk is systematic risk and the firm’s goal is to maximize shareholder wealth. This maximization of shareholder 
wealth can be achieved by investing in all projects that have positive NPV when the cash flows associated with 
the projects are discounted and summed using the appropriate cost of capital. Only positive NPV contribute to 
added value to the firm. 
The value of the firm is equal to the sum of the values of capital projects/business within it (Myers, 1984). This 
rule applies to any property investment undertaken by the firm. The NPV decision rule is used to allocate capital 
budgeting and serves as the basis for the valuation of a property investment or development project. The project 
is accepted when its NPV is zero or positive. The project is rejected when the NPV is negative (Clark et al., 
1989).  
The efficient market hypothesis stipulates that all assets are valued according to their expected cash flows. Thus, 
the value of real estate to a particular firm depends upon the cash flow produced by the asset at its current use 
and in a well-functioning market, the present value of a project is equal to its market value. The capital 
budgeting theory stipulates that a project’s NPV is the present value of its future cash inflows, subtracted from 
the present value of the project’s expected cash outflows (costs). Both the cash inflows and outflows are 
discounted at a rate that reflects the systematic risk of these expected future cash flows, the positive NPVs 
arising from property development or property investment represent an increase in the value of the firm (Brealey 
& Myers, 2000). 
Investments in underpriced properties will increase the value of the company by the amount of the NPV earned 
(Brown & Matysiak, 2000). 
The sale of a property is only desired if the net sale profits exceed the present value of the net future cash flows 
generated from the property from the seller’s perspective. On the other hand, from the buyer’s perspective the 
purchase makes economic sense only if the purchase has a positive NPV value. The price of the property usually 
is contingent upon whether the property may have alternative uses, it could be used more efficiently and the 
amount of buyers interested to buy the property. 
The internal rate of return provided by the acquired property with a positive NPV should be greater than that 
required for their level of risk. Investing in an underpriced property will increase the value of the company by 
the amount of the NPV earned. 
In an efficient capital market, the NPV is rapidly reflected into the stock prices of the firm. Geographical focus 
of the property investments, positive information conveyed by project specific private debt and positive signal 
when acquisitions are financed by equity of financial institutions (Campbell et al., 2003). 
Asymmetric valuations change the worth of the property for different investors. The main reasons for 
asymmetric valuations arise from differences in risk preferences; discount rates; marginal tax rates; and 
production capabilities. An investment appraisal determines the worth of the property. This will establish 
whether a new investment should be purchased and the price to pay for it. The price established could be less 
than the asking price indicating that the investor/purchaser’s individual circumstances are more suited to the 
property. The differences in price levels are due to different investment objectives and strategy, financial and tax 
status, portfolio issues, required rate of return, etc. The worth of a property to a specific investor will reflect the 
investor’s specific requirements like the holding period, internal rate of return, cost of capital etc. 
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3. Definitions of Technical Symbols 
P: Initial cost 
B: Price of an apartment 
N: Number of apartments 
i: Annual discount rate 
PW: Net present worth 
AW: Net annual worth 
B/c: Benefit-cost ratio 
M (t): Moment generating function 
T: Separation time between successive sales 
N (µ, σ2): Normal distribution 
Exp (a): Exponential distribution with parameter “a” 
G (α, β): Gamma distribution with parameters α and β 
4. The Mathematical Model 
• The initial investment at time 0 is P 
• The construction period lasts “J” years 
• A certain fraction “α” of the apartments will be sold during construction 
• The down payment on the apartment sold during construction is “D” 
The construction of the project starts with an initial cost “P”. It lasts a period of “J” years. The construction cost 
during the “J” years is equally distributed on annual basis with a value “C”. 
A number αN= K apartments will be sold during the construction period. A down payment “D” is received on 
every apartment sold. The sum of the down payments will be equally split over the years of construction. Those 
apartments sold during construction will be delivered exactly at the end of construction, and the rest of the cost 
will be paid by purchasers in full. The apartments that remain after construction will be sold, but the time 
between the successive sales is a random variable with a given probability distribution. 
The following is to be noted: 
• The number of apartments sold during construction is K, and those to be sold after construction is N-K = L. 

• The positive cash-flow for the first “J” years is (௄஽௃ ) every year. And the positive cashflow to be received 

at year “J” is: K (B-D). 
We define the following random variables: 
T1: time from year “J” to the first apartment sold. 
T2: time between the first and second sales. 
TL: Time between the last two apartments sold. 
We shall assume that T1, T2,…, TL are (i i d) 
The model is represented by the following stochastic cash-flow: 
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The profitable range is (0, 22%) 
4) A = 4, T = Exp (5) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ(1 + 0.2𝑖)ିଶଵ − 1(1 + 0.2𝑖)ିଵ − 1 − 1቉ − 2 > 0 

The profitable range is (0, 19.5%) 
 
5.2 Four Examples When T Is Normally Distributed 
1) A = 1, T = N (0.05, 0.01) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ𝑒(ିଵ.଴ହ௜ା଴.ଵ଴ହ௜మ) − 1𝑒(ି଴.଴ହ௜ା଴.଴଴ହ௜మ) − 1 − 1቉ − 2 > 0 

The profitable range is (0, 29%) 
2) A = 2, T = N(0.1, 0.01) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ𝑒(ିଶ.ଵ௜ା଴.ଵ଴ହ௜మ) − 1𝑒(ି଴.ଵ௜ା଴.଴଴ହ௜మ) − 1 − 1቉ − 2 > 0 

The profitable range is (0, 24%) 
3) A= 3, T = N (0.15,0.01) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ𝑒(ିଷ.ଵହ௜ା଴.ଵ଴ହ௜మ) − 1𝑒(ି଴.ଵହ௜ା଴.଴଴ହ௜మ) − 1 − 1቉ − 2 > 0 

The profitable range is (0, 23%) 
 
4) A = 4, T = N (0.2, 0.01) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ𝑒(ିସ.ଶ௜ା଴.ଵ଴ହ௜మ) − 1𝑒(ି଴.ଶ௜ା଴.଴଴ହ௜మ) − 1 − 1቉ − 2 > 0 

The profitable range is (0, 18%) 
5.3 Four Examples When T Has a Gamma Distribution and the Average Times Are Doubled 
1) A = 2, T = G (1.1, 0.9) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ(1 + 0.09𝑖)ିଶଷ − 1(1 + 0.09𝑖)ିଵ − 1 − 1቉ − 2 > 0 

The profitable range is (0, 30%) 
2) A = 4, T = G(1.1, 0.18) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ(1 + 0.18𝑖)ିଶଷ − 1(1 + 0.18𝑖)ିଵ − 1 − 1቉ − 2 > 0 

The profitable range is (0, 24%) 
3) A = 6, T = G (1.1, 0.27) 
Inequality 1 becomes: 
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0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ(1 + 0.27𝑖)ିଶଷ − 1(1 + 0.27𝑖)ିଵ − 1 − 1቉ − 2 > 0 

The profitable range is (0, 18%) 
4) A = 8, T = G(1.1, 0.36) 
Inequality 1 becomes: 0.5𝑒ିଶ௜ − 2.5𝑒ି௜ + 0.4𝑒ିଶ௜ ቈ(1 + 0.36𝑖)ିଶଷ − 1(1 + 0.36𝑖)ିଵ − 1 − 1቉ − 2 > 0 

The profitable range is (0, 13%) 
6. Conclusion 
When numerical examples were applied on the three main distributions used mainly for waiting times, the 
profitable range varied as follows: 
For the exponential distribution, the lowest profitable range was (0, 19.5%) and the highest range was (0, 33%). 
For the normal distribution, it ranged from (0, 18%) to (0, 29%) and for the general gamma distribution, the 
range of profitability varied between (0, 13%) and (0, 30%). One can see that as average waiting time increased, 
the profitability range decreased no matter the shape of the distribution. However, for same average waiting time, 
for instance when A was set at 4, the general gamma distribution gave the highest profitability range of (0,24%) 
compared to a (0,19.5%) for exponential and (0, 18%) in normal distribution. 
In this paper, the model gave a range for the discount rate for the investors so that the project is profitable.  
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