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Abstract

It is proved that the linear space constructed by power base is a banach space under 2-norm by using
approximation method. For the Bézier curve--the elements in banach space, the linear combination of the
low-order S power base is used to approximate optimal the high-order Bernstein base function. The original
Bézier curve is instituted by the linear combination of low-order S power base and the optimal approximation
element of the original Bézier curve is obtained.
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1. Introduction

Approximating the high-order polynomial curves and curved surfaces with the low-order ones plays an
important role in data compression, data transmission, and data exchange, etc., in geometric modeling tasks.
Generally, it is also an important research topic in Computer Aided Design (CAD). In recent years, the research
on Bézier curve approximation with degree reduction attracts lots of attention. Current algorithms for Bézier
Curve degree reduction can be summarized into two categories. The first category is based on the base function
conversion. For instance in reference (L Z. Lu, and G Z Wang 2008) propose to utilize the Chebyshev
Polynomials for base function conversion. In reference (Sanchez-Reyes J 1997), Sanchez-Reyes uses the S
power base to accurately represent the Bernstein base function. Farouki proposes the degree reduction algorithm
based on the Legendre Polynomials in reference (Rida T Farould 2000). The second category can be summarized
as the geometric approximation algorithms with the control vertexes. In this category, reference (Forrest A R
1972) is based on the interpolation algorithm; S M. Hu proposes an approximation algorithm with the degree
reduction; Reference (Sunwoo H and Lee N 2004) is based on the generalized matrix reduction technique. In
reference (Jiuping. Cheng 1997), Cheng constructs the novel control vertexes based on the convex combinations
of the classic control vertexes. Based on the Sanchez-Reyes’s work, we further propose a degree reduction
method with the optimal approximation. This method is built on the Bernstein base function and the properties of
S power base.

2. The Theoretical Problem

In the normed space, the goal of approximation theory research includes two aspects: approximating a function
in certain function space with the functions from its subspace, and constructing the optimal
approximation according to the given criteria.

Definition 2.1 Suppose M is a fixed non-empty subspace in the normed space X , for any *€ X , the
distance between ¥ and M is defined as:

p==d(x,M)=inf|x—y]
Suppose the y, € M satisfies

= yall=p

then is called as the optimal approximation of xin s .
0
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Proposition 2.2 Suppose K is a number field, the set is a linear space in the K.

{02} (e[0,1))

It is easy to prove that the Proposition 2.2 is true.

Definition 2.3 Ssuppose is the linear space in the number filed K, we define the

x={o, J_rt'}f’:() (te[0,1])
function

”.": X > R in X, where

el =, e dn">

Proposition 2.4 ( X, "o”) is the linear normed space in the number field K.

Therefore, the linea space X is the banach space space.

Theorem 2.5 Suppose M is a finite dimensional subspace in the normed space X , then for eachxe X,

there exists an optimal approximation of x in M .

Theorem 2.6 Suppose X is a strictly convex normed space, the subspace M — X, then the maximum

number of the optimal approximation of any xe X is 1.

3. Bézier Curve Approximation with Degree Reduction
How to get a low-order curve which satisfied the condition to approximate the given Bézier curve?

Definition 3.1 (Sanchez-Reyes J 1997) given an integer p >1, we define the following base function as the
P-order S Power base function:

[$0-0s05) st -0.s1) | s=(-nreefol]

According to the above definition, if7 > 2 p . then

-0 S0 osr] sefol)

Form the proposition 2.2 and proposition 2.3, Bézier curve is a curve in normed space. And from theorem 2.5
and theorem 2.6, there is no more than one optimal approximation element for each element in the subspace of
normed space.

Suppose 4, () is a n-order Bézier curve, whose control vertexes are p, (i =0,1,---, n)

A ()= Z pB'(1) te[0]].

Where B (t)=C't'(1-1)"", A (t)is the m-order optimal approximating function of the # -order Bézier
curve 4 (¢) . For each Bernstein base function, we reduce its degree and find its approximation in the following
way:

Suppose 7 is odd and the reduced degree is odd,
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2

n p-1
min 200 _ (ais"(1-0)+bjs't)—cls”
(O
p_l . . .
1- (a,’{sk(l—t)+b,’cskt)—c’ps” 20
s.t. =0
o ) )
(a,’{sk(l —1) +b,’{skt)—c;s” 20
k=0
i=0,1,---,n

Suppose 7 is odd and the reduced degree is even,

2

Bn ) p-1

i k=0

(as* (1-1)+Dbjs"t)

n—1

s

M

as*(1-1)+b's"t)=0
(o is'1)

k=0
s.t.
pl )
(ais"(1=1)+bs't) 20
k=0
i=0,1n

Suppose 7 is even and the reduced degree is odd,

2

” ) & ik ik
min ( (A-t)+bs t)
;' k=0
p-l )
1->"(ais* (1-1)+b;s*t) 20
k=0
S.t.
-l ]
(ais"(1=1)+bs"1) 20
k=0
i=0,1--n

Suppose 7 is even and the reduced degree is even,

n)pl 2

(aps"(1-1)+bjs't)—cls”

,' k=0
1
1- (aks (1—t)+b,iskt)—c;sp >0

]

=

s.t.

<
- o

(a,isk 1-n+ b,iskt) —c,s" 20
k=

i=0,1,n

=}

The two inequalities in the constraint condition restrict the best approximating function fall within the range of

the Bernstein base function with no coefficient. Because the optimal approximating function of B'(1-1) is
i

>

- , and the optimal approximating function of i\ 1S
( ik ik Bi (t )
a,s't+bs (l—t))

0

>~
Il
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S (a,f_isk (1-+ b,:'_iskt) .
0

S

=~
Il

We can infer that

3 (g5t +bjs"(1-0)) =§( s (1-0)+b"'s't).

0 k=0

B

=~
Il

According to the coefficient comparison, we get

i n—i 7. a—i (1) We have to satisfy the equality between the value of the Bernstein base function with
a, =b/",b,=a”".

no coefficient and the value of the optimal approximating function, on the vertexes in the domain of definition:

B0 _B8,1 _ B (1) _ 5,09

al=b"=1, =p'=a"=0
a o T Ta o
Bi (O) — Bn—i(l) =a[i) =b())1—i =0, Bi (1) — ani(o) =b(z) =a())1—i =0 (2)
o o

1<i<n-1

Where ; ;;and —i 1n-idenote the coefficients of the optimal approximating functions of _. o,
a.b " @b pHmA apP & B'(t) B (1)

n n—i
c - C

i

respectively. According to (1) and (2), we can get , 4 1 optimal approximating functions by computing the

coefficients, i.e.,

i i
a,,b;
i

p

OSiSL%J,ISkSp .

4. Approximation Error Estimation and Numerical Examples

i i
a,,b,,c

Suppose _jor the error between the n-order Bézier curve and the curve after degree

'n>2p n>2p

reduction
can be computed as

p-

n 1
e(t)=Y p,[B'()=C' D (a,s" (1-1)+b;s"1)
i=0 k=0

or e(t)=ig

p-1
B()-C' Y s 1=)+s")-Ce).
k=0

Suppose A,(1) is a 9-order Bézier curve whose control vertexes is p(i=0,1,9)’ and 5-order (Figurel.) ,

7-order (Figure2.) optimal approximations are illustrated in the following figures.
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Figure 1. 5-order optimal approximations curve

SuE 4

x® axis

Figure 2. 7-order optimal approximations curve

In the two figures, 9-order Bézier curve is denoted by solid line; 5-order optimal approximations curve and
7-order optimal approximations curve are denoted by dashed line. The control vertexes are

25}, 13,9%[6 12, [ 12}, [11, 9L, [13, 4}, [15,2], [17, 2}, [19, 4}, [2, 10]

Respectively.The 9-order Bézier curve function A4,(1) and the optimal approximating curve functionsfi o and
t
5

~ are illustrated in the followings.

L(t
o (x0T [20-1 427610 + 2167 (1=1)" + 6726 (1—1)° +1386¢* (1 1) +16382°(1-1)* +1260¢°(1-1)’ +612¢7 (1—1)° +171* 1~ 1)+ 22|
o(1) = =
Ly ] [50-1) +81(1—1)" +432¢7 (1—1)” +10087 (1-1)° +11341* (1= 1)’ + 5041 (1= 1)* +168(° (1= 1)’ +72¢7 (1-1)* +361° (1- 1) +10¢°
~ a
o [T s gy #2004 677 o+ 10998 o 361t 1o+ 8928 sy 2B gy
()= x| _ 34 221 221 442
X
y(t) 1001 , 601 16384 , 5221 4424 239247 ,
-0 5 r(1-1)"+5t+ tlf 717 t1t+ £-1) - 1-t
_34() -0+ -0~ -9 ()4862()
T
PN 2+20t+%l (1-1t) +3481(1 ty %t a1- t)—ﬁl(l 1)
A= X0 _ 143
S
»(t) 4626 8574 6454 ; 4646
=0 5+5t——— (-t tltf—tlt—tlt
VIR )+ (A==~ rd=-n+ (-0

From the figure, it is intuitive to see that our method produces satisfying curve approximation.
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Table 1. Error estimation

Curves and
Error x 3 7 1 13 16.5 19
Estimation
9-order Bézier 744946352 10.0089303 7.46491162 548441430 3.65111650 5.17081556
curve 7 6 9 1 7 5
>-order optimal 745059689 9.96598573  7.50847341  5.53232209 3.59573110  5.18348135
approximations ), 3 0 2 0 7 9
curve
7-order optimal 7.44640955 10.0093470  7.46266645 5.48451677 3.64999189  5.17487785
appl'Oleathl’lS y2 2 6 7 9 4 9
curve

i 0.00113336  0.04294463 0.04356178 0.04790778 0.05538540 0.01266579
Error YA 6 0 3 9 0 4
estimation i (5).00305397 0.00041670 (2).00224517 2.00010247 (3).001 12461 2.00406229

5. Conclution

This paper proposes an intuitive and effective method for n-order Bézier curve approximation. Experiments
manifest that our method could get the optimal low-order approximations for the Bézier curves. In the further
work, we will further take the non-negativity of the optimal approximating function into consideration, improve
the precision of the low-order approximation, and improve the function approximation scale and the constraint
condition.

Acknowledgments

This work is supported by the National Science Fund of China (NSFC11561052) and the Inner Mongolia Natural
Science Foundation of China (NMDGP1415).

References

Cheng, J. P. (1997). Degree reduction of Bézier curves and algorithm of error calculation. Journal of An Hui
Industrial College, 16, 55-58.

Forrest, A. R. (1972). Interactive interpolation and approximation by Bézier polynomials. The Computer Journal,
pp.71-79 .

Hu, S. M., Sun, J. G, Jin, T. G., & Wang, G. Z. (1998). Approximate degree reduction of Bézier curves.
Tsinghua Science and Technology, 3, 997-1000.

Lu, L. Z., & Wang, G. Z. (2008). Application of Chebyshev II-Bernstein basis transformations to degree
reduction of Bézier curves. Journal of Computational and Applied Mathematics, 221, 52-65.

Rida, T. F. (2000). Legendre-bernstein basis transformations. Journal of Computational and Applied
Mathematics, 119, 145-160.

Sanchez-Reyes, J. (1997). The symmetric analogue of the polynomial power basis. ACM Transactions on
Graphics, 16,319-357.

Sunwoo, H., & Lee, N. (2004). A unified matrix representation for degree reduction of Bézier curves. Computer
Aided Geometric Design, 21, 151-164.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution
license (http://creativecommons.org/licenses/by/4.0/).

72




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


