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Abstract

The concept of logic proposition induced functions is proposed in the present paper, then the concept of relative truth
degree of propositions with respect to a logic theory I' is introduced by means of infinite product of evenly distributed
probability spaces and integrated semantics respectively w.r.t. discrete and continuous situations, and a graded
approximate reasoning theory is established. Next, theory of consistency degrees of finite logic theories is also proposed.
Finally, the simple application of graded fuzzy logic in fuzzy inference is given by examples.

Keywords: Logic proposition induced functions, Truth degree of propositions, Approximate reasoning, Consistency
degree of finite logic theories

1. Preliminaries

Let S={p,,p,,-} beacountableset,and 0 be a special element not contained in S, and F(S) be the free algebra
of type (&,v,n,—>) generated by {0}, where &,v,A,— are binary operations respectively, i.e.,

(i) ScF(S),0eF(S)
() If 4,Be F(S),then4& B, AvB,ArB, and 4— Be F(S)
(iii) Elements of F(S) can be obtained by (i)and (ii) in a finite step of calculus.

Members of § are called atomic propositions or atomic formulas (briefly, atoms), that of F(S§) are propositions or

formulas or wffs. 0 is called contradiction. Moreover, in what follows —4= A4 — 0. For classical two valued
propositional logic system L , the following are axiom schemes.

(L) 4—(B— A)
L2) (A5 (B->C)>(A>B)>(4->0)
(L3) (w4—>—-B)—>(B— A)

The deduction rule is modus ponens (MP), i.e., from 4 — B and 4,B follows. The following theorem holds in L (Ref
A.G. Hamilton.( 1979)):

Theorem 1 In classical propositional logic system L , suppose that I = F(S),4,Be F(S).and T'U{4}| B,then
I'|- 4 — B,and vice versa. In L , wehave 4vB=—4—>B,A&B=AAB

=—(=4v—B).

In the fuzzy prepositional logic system L" the following are axiom schemes
(LD A—>(B—> AAB)

(L2) (=4—>—B)—>(B— A)

(L3) (A>(B->C)—>(B—>(4—0))

(L4) (B>C)>(A—>B)>(4-0))

(L's) A———A
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(L'6) A—>AvB

() AvB—>Bv4

L8 (A5 C)A(B—C)—>(AvB—C)

(L9 (AAB—>C)—>(A—>C)v(B—O)

(L'10) (A— B)v((A— B) > —A4V B)

where Av B =—(((4— (4 —> B)) —> A) > —((4— B) = B)), AA B=—(—Av —B) . The deduction rule in L" is also MP,
and we have the following

Theorem 2  Suppose that T'c F(S),4,BeF(S), T'U{4}} B, then TI'- 4> > B, and vice versa, where
A2 = A& A= —(A - —A). In L we have AAB=—(—Av—B) )

A&B=—(A—>-B),  ad  AvB=—~((A—>(4—>B)—>B)>B)>—~(4>B)>B)  (see Ref
G.J.Wang( 2003),S.M.Wang, etc(2003)).

2. Truth degrees of propositions in . and L’
Let 4=A(p,,--,p,) bea formulain F(s), then A induced a function A(x,,---,x,):¥" —V, where y ={0,1} or

v =[0,1]",as follows: the value of A(x,,---,x,) can calculated in ¥ by connecting X;,---,X, with the operators

&v,A,— and — in the same way as A is obtained by connecting p, ..., p, Wwith the logic connectives &,v,A,—
and — respectively. For example, if 4=(p, > p,) > —p; v p,> then A(x;,x,,x3,%,) =(x;, > x,) > (1-x;) vx,.In
case v =1{0,1},4(0,0,1,0) = 050 —>(1-)v0=0->0=1, and in case v =[0,1],
4(0.8,0.3,0.9,02)= (08—>03)—>(1-09)v02 =03-02=07  where — is the R, -implication
operator, p — 4 s {L“ 2b ( see Ref G.J.Wang.(2003,1998) ).

0 (l1-a)vb,a>b

In the following Z(xl Xy, X ) VSV will be called the proposition A induced function.

Since F(S) is the free algebra generated by SU{0} and for every valuation v:F(S)— V,v(0)=0 holds, hence v
is determined by v|S, ie., Vv is determined by (v(p,),v(p,),-)eV*. Let u be the infinite product of evenly
distributed probability measure on y ={0,1},and € be the set consisting of all valuations of F(S),then there is a

one-one correspondence between Q and {0,}* . In fact, assume that v(p)=v, (k=1,2,..) .then
;:(vl,vz,...)e[O,l]”.

Conversely, assume that ;:(Vl,vz,m)e[O, 11> , then there exists an unique veQ , such
that v(p,)=v,,(k=1,2,..).hence ¢:Q — {0,1}” is a bijection, where p(v) =v.

Let ¢:Q—>{0,}° be the bijection, then v4eF(S), define [4] and (4) as follows
respectively: [A]:{\:e X|V6Q,V(A):1}J(A): u([A]),z(4) is called the truth degree of A . It is clear that
0<7(4)<1

Incase V =[0,1],V4 e F(S)’CaHT(A):JAZ(xls"'axn)dW:E”'ﬁZ(xu”'axn)dxl cedx,

integrated truth degree of A, where A=[01]" and dw=dx,---dx, Whenever A= A(p,,---,p,). Specifically, we

can define integrated truth degree of 4 with respect to diverse implication operators. In reference P.H ajek(1998),
you can the following definition:

Definition 1 Suppose that A(p,,---, p,) isa formula inL",define
T(4) = I 1-~-.[IZ(x1,---, x,)dx, - dbx, » thenz, (4) is called integrated truth degree of A with respect to implication
0 0 n n

operator R.

Example 1 ()= J'O' ydx = %

(pvq)= J‘Ol _[; (xvy)dxdy = J.; .[;dedy +'[01 jl ydxdy = §+§ %
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(pAg)= JOI .E (x Ay)dxdy = I; Ij ydxdy +J‘Ol j: xdxdy = %
(p A—p) =Iol(x/\(l—x)dxzL}(l—x)dx+Exdx=%

1 el 1pl 1 n
T(pl/\”./\pn):'[0J.XlxldXdy+.'.+J-0J;”xndXdy:m7r(plV.“Vpn):m

o(p—>p)= J‘O' L' (1-x+ y)dxdy +J'0' .[: dxdy = %+% - % , where — is Lukasiewicz

implication operator R, (a,b)=(—-a+b)Al,a,be[0,1]-
Example 2  Suppose that A=p, > (—p, > 6), let - be R, implication  operator, then

7(A) = J‘ (x, = x,)dx,dx, = J‘ (x — y)dxdy - Divide[0,1]* into 3 parts as follows
(0.1 0.7

A ={|ee ) el0. 1 [ < v} A, = {000 €[0IF [y <1 -y <) A= (e ) el01F [y <x<1- ]
Then[0,1]" =A, UA, UA,,and A A,,A, are
disjoint from each
mmnd@:Ihﬁ@+I«Pw%u&h@+j«hw%umh@:l+Iﬂ%@+]ﬂ—ﬂw@cl+l+l:i'
! { I 2} 4 2 8 8 4

3. Graded approximate reasoning theory

Suppose that 7 ={0,1},I" is a finite theory in £, ie., I' is a finite subset of F(S), say, I'={4,, -, 4,}, and
B e F(S).

Definition 2 Define (T} B) = 7(4, —» (4, —»---(4, — B)---)), call (|- B) truth degree of B relative to I of
the fact that ' implies B in L, simply, the truth degree |- B.

Theorem 3 T |- B holdsifand only if #(I'}- B)=1.

Proof Assume that |- B holds, then it follows from the deduction theorem of L that
(4 > (4, (4, — B)---))is a theorem, hence it follows from Definition 1 that (" - B)=1 . Conversely, assume
that7(I' |- B) =1, we can provel |- B similarly.

Theorem 3 told us from I' can imply B, then I' implies B is a tautology, i.c., its truth degree equals 1 in L .

Example3If I'={p - ¢,—~q—r}, and B=—p, thens(T'|- B)=(r(p = ¢) >
(—g > r) > —p)) = 3 , in fact, there are 8 possible (p,q,r)in {0,1}® and only 2 of them, i.e., (1,1,0)and (1,1,1) imply
4

that (p — ¢) > ((=p = r) - —p) equals 0.

Suppose that y =[0,1] and ' ={4,,---,4,}, and B are finite theory and a formula in L" respectively, and L* is
complete ( Ref D.W.Pei,etc(2002))

Definition 3 Define ('L B) = ¢(4} — (47 —---(4> > B)---)), and callz(I"'|- B) truth degree of the fact that I’
implies B in L.

It is similar with theorem 3, for integrated truth degrees of formulas, we have:

Theorem 4 If |- B holds, then ¢(I'|- B)=1. Conversely, if ('}~ B)=1, then E =4} - (45 —---(4} - B)--)

is an almost tautology, i.e., the induced function E of E equals 1 almost every where in [0,1]”, assume E contains

>

m atomic propositions.

Proof Assume that T'|- B holds, then it follows from Theorem 2 that

E =A%} - (4% —---(4%> - B)---) is a theorem of L", hence it follows from Definition 2 that ~(I"}- B) =1.Conversely,
assume that (T |- B)=1, then it follows from the definition of integrated truth degree of £ that the integral of E
equals 1, hence the function E equals 1 almost everywhere in [0,1]".

Theorem 4 means the theory of truth degrees of propositions is uniform with deduction theorem of finite theories inL".
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This fact is significant, it can be used to discuss deduction theorem by truth theory, and to propose a theory of
consistency degrees of finite theories in L"in section 5, except that the concept of truth degrees of formulas in two
valued logic has to be substituted by the concept of integrated truth degrees of formulas.

Example 4 If T'={p},B=—¢, then it follows from the basic properties of R, -implication operator that,
(T} B)=j]j](x®x—>(1—y))dxdy:2 ,where ®:[0,17 —[0,1] is a #-norm such that (® —) is a residuated
oo 24

a,a>—

a®a=

pair,(see Ref G.J.Wang,etc(2003)),that is, ; g 5, — {a Ab,a+b>1 , and hence
0,a+b<1

0,a<

= |-

In [9] a pseudo-metric was defined on F(S) in L as follows:

p(A4,B)= J';...Llp(xl,. X)) _E(xl’. ~~,x”)|dxl --dx,, Where X,,-++, X, are the atoms simultaneously appeared in 4 and B,
and p(4,B) even A4 and B can contain different atoms , can use extensions 4 and B"instead of A4 and
B correspondingly , such that 4"and B"contain one and the same group of atoms. e.g., if 4= p ,B= p, then let

A =(p,vp, = pvVp,)—=>p,B =(pvp, —>pVp,)—>p,>weseethat 4" 4,B" [ B.

Definition 5 Let 4, Be F(S),&,(4,B) = J'A R(A,B) A R(B, Aydw 1s called R - integral similar degree between 4 and B,
where gy = dx, - dx, andA =[0,1]", R is implication operator. If £(4,B) = I,then4and B is R -integral similar .
Such, we have p(4,B)=1 _L (A= BYA(B— A)dw=1- £,(4,B) - Furthermore, by the concept of truth degrees of
formulae of F(S), inL", a pseudo-metric can be defined as follows: p(A4,B)=1-7(4—> B)A7(B —> A),4,Be F(S).

4. Consistency degrees of finite theories

It is well known that a theory T (i.e., a set of wffs) is consistent if the contradiction 0 is not a conclusion of T,
ie,I' 0 does not hold, otherwise TI" is inconsistent. Hence we see that

if TR 0 is (fully) true, then T is (fully) inconsistent.

Suppose that we can in certain way measure the truth degree, say,a,of “I'l- 07, then it is natural to call ¢ the

inconsistency degree of I', and the consistency degree of TI'can then be defined to be 1 —¢ . In this sub-section we
propose the concept of consistency degrees of finite theories in accordance with this idea.

Definition 6 Suppose that ['={4,...,4}is a finite theory inL, let T} 0= 4 —> (4, —(--(4, —0)---)), and
define £(I) =1-(I' = 0)=1-7(4, = (4, — (-+(4, = 0)--))) »

then &(I') is called the consistency degree of I'.

Example 5 (1) Suppose that p is an atomic formula, then
= 1 1 = 1 1
Ep)=1-1(p > D) =1-7(-p) = 1= 3= &(p) =1-2(=p > D) =1-r(p) =1 -2 = >

(ii) Since 7((p — g) — q) = %’ ((p—q)— (g —0) = % , hence it follows that

s and £({p—>g.q)=1-r(p> @) > (> 0) = - The consistency

a—

E(p = 4.4 >0 =1-2((p > q) > )=
degreeof T'={p,q} in L is
(;(r)=1—r(r—>6)=1—r(p—>(q—>6))=j;j;(x—>(y—>0))dxdy=1—%=%,Where—> is
R, implication.

Based on theorem 2, we can propose a theory of consistency degrees of finite theories in L'by truth degrees of
formulas.

Definition 7 Suppose that " = {4,,---,4,} be a finite theory in L, let
['-0=4— (4, — (4 — 0)---), and define
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EM)=1-7(T} 0)=1-7(4 = (4] > --- (4> > 0)---)), then &) is called the consistency degree of T.

Example 6 The consistency degree of T'={pgq in L is 1-z(p>°-(¢>—>0)) , Since
2 > o= 2 _ 3 hence 1

(" > (¢* >0 =[ [ (¥ > (> 0)dvdy =2 hence ) = .

5. The simple application of graded fuzzy logic

We can use the ideas of graded fuzzy logic to discuss the simple application of the triple / method in graded fuzzy logic.
Suppose that 4, B, 4"are different propositions of F(S), the following deduction rule is called generalized modus

ponens (briefly, GMP),(Ref P.H ajek(1998)):
A — B
A M
B’
Zadeh first investigated GMP-like problem where 4,4* and B,B* were supposed to be fuzzy

subsets A(x), 4"(x)and B(y),B*(y) on universes X and Y respectively, and the Compositional Rule of Inference

(briefly, CRI) was proposed and the conclusion B"can be calculated by the following formula(Ref G.J.Wang.
(2003,2005))

B'(y)=sup{4"(x) AR, (A(x), B()|xe X},ye¥ @
where R is Zadeh’s implication operator such that
R,(a,b)=(—-a)v(anb),a,be[0,1] (3)

Professor Wang proposed Triple 7 method and it’s generated form ¢ — triple 7 method to improve the CRI method ,
where conclusion B* is the smallest fuzzy subset of Y satisfying the condition that

(Ax) > B(y) > (A (x) > B (y)=lxeX,yeY “)
where —> is any implication operator having an adjoint ¢-norm (i.e.,a ®b <¢ if and only if
a<b—c), and B can then be computed by the formula :

B'(y)=sup{d’(x)®(A(x) > B(y))|xe X},ye¥ )
and for considering ¢ restriction
(Ax) > B(y) > A x)> B ()za,xeX,yeY (6)
then B’can then be computed by the formula
B () =sup{d' (x)®(A(x) > B(y))|xe X} ra,yeY (7

(4) and (6) also mean the truth of formula(4(x) — B(y)) > (4"(x) = B*(y))equals 1 and over thanc , (5)and (7)
are R -triple/ and R — ¢ - triple I algorithm respectively.

ExampleSLet X =Y =[0,1],4,4" € F(X)B,B" eF(Y),A(x):—erl,B(y):l—y,
4

A(x)=1-x,a _3 , let — be R, implication, using Eq.(5), compute B*(y)zi , and using Eq.(7), compute
9 4

BDM=1; 5
77y
Conversely, for it’s dual forms FMT,that is
A - B
B ®)
e

A’ can then be computed by the formula
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A (y)=inf{B"(x)v (4A(x) > B(y))|xe X},yeY, 9)
and for considering ¢ restriction , then A"can then be computed by the formula
A (y)=inf{B"(x) v (A(x) > B(y)|xe X}va'yeY, (10)

A— B (9)and (10) are g -triple/ and R — ¢ - triple 7 MT algorithm respectively.

Example 6 Let X =Y =0, 1], 4, 4 € F(X)B,B" € F(Y), A(x) ==L B(») =1y
4

3
Ly<= . .. . .
B(y)= Y 4 o= E, let —»be R, implication, using Eq.(9), compute 4*(x) =inf & =1, and using Eq.(10), compute
SO
-, > —
477y

A"(x)zinf@va':lvg:l-

Remark From example 5,we can see if, A(x) = x+1 ,B(y)=1-yand 4"(x) =1-x, the minimum B*(y) is given by
4

example 5 such that Eq.(5) holds, moreover, form example 6, if 4, B, B*do not vary, let 4" =1 ,then by Eq.(5), B"is same
as before. It means by Eq.(5),correspondence (4, B, 4") - B* is more to one.
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