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Abstract

In many areas of natural science non-stationary problems on internal wave motion arise. For example, such prob-
lems appear in aerophysics, geophysics, oceanology, in theory of rotating fluid, and at design and construction of
mining constructions (Gabov & Sveshnikov, 1990). It is a complicated mathematical problem to obtain accurate
analytical solutions for such problems. In such cases a natural apparatus for study of internal wave motion pro-
cesses is in numerical methods. In this work, the schemes of the finite element method with high accuracy in space
and time for solution of a mixed boundary problem for internal wave equation for stratified fluid are proposed and
studied. The schemes constructed have specific advantages compared to the other schemes: a scheme with high or-
der of accuracy (more than two); besides the solution itself one finds along which that its derivative (velocity) with
the same accuracy; at use of interpolation representation of the solution one can obtain, if needed, the solution and
its derivative for an arbitrary instant; since the schemes are two-layer ones, one can use variable step without loss
of accuracy; the scheme is conventionally stable and requires 4 times more arithmetical operations compared to
ordinary ones, though this scheme makes it possible to choose larger time steps to get given accuracy. Besides that,
evaluations of accuracy of the schemes for the problem under consideration are obtained. By means of dispersion
analysis comparison to known schemes is carried out.
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1. Problem Statement
Let us consider a problem (Gabov & Sveshnikov, 1990)

2
(Liu—B%u) + Lou = f(x,1), (x,t) € Or ={x € Q, 1€ (0,T]},

ar
0 0
u= 0’ X € rl, a_Z = 0’ X € FZa te [0, T]s M(.X, O) = l/t()(x), a_l/:(x’ 0) = Ml(.x). (1)
Here Liu = Au = 377’1 + %, Lyu = wiAu = wg%; wy - Viisild-Brunt frequency; Q = {x = (x1,x2) : 0 < x, <
1 2 1

ly, a =1,2}, Ty U, =T = 0Q; B - parameter that characterizes stratification of fluid.

Let us identify as generalized solution of the problem (1) the function u(x, ¢) that at each ¢ € (0, T'] belongs to space

H = Vi/ é(Q), has a derivative ‘?;Té‘ € W21 (Q) and almost everywhere for all the ¢ € (0, T] obeys the relationships
Yi(x) € H :

d*u(t du
a(CD )+ antuto), 0) = GO0, w0) = wo, W40 =w, v € @
Here ay(u(t),9) = [(2 22 + 2090 _ 2249) dx, ar(u(t),9) = wf [ 24 2% dx. Let us denote as [ul,, = Va,(u, u),
Q Q

m = 1,2, the energetic semi-norms in H that correspond to bilinear forms a,,(u, ©). The energetic space Hy,, gen-

erated by a semi-norm [u|, , is equivalent to space H = W é(Q), SO estimations ¢ ||u||% < a(u,u) < C ||u||f and
0 < a(u,u) <Cy IIuII% are valid. Here c;, C;, C; - positive constants that depend on 8, wy.

88



wWWwWw.ccsenet.org/cis Computer and Information Science Vol. 5, No. 5; 2012

The existence, continuity, and uniqueness of the solution of this problem are discussed in (Gabov & Sveshnikov,
1990).

2. Discretization by Space and Time

Let us perform discretization of the problem by spatial variables by means of the finite element method. Let
H;, c H is a set of elements of the type ), = Z a;pi(x). Here {¢; = go,(x)} _, is a basis of piecewise-polynomial
functions that are polynomials of power k at each finite element (Quarteroni & Valli, 1994).

Let us bring into correspondence with (2) a semi-discrete problem for ¢ € [0, T] :

(dzuh(t)
a

e 19/,) + az (up, 9) = (f(©),9n), up(0) = ug 1, ;th 0) = urp, YOy € Hy. 3)

To the problem (3) a Cauchy problem corresponds:

d*uy(t)

D
dr?

d
+ Aup(t) = fiu(0), un(0) = ug, %m):m. )

N N
Operators D, A act from Hj, to Hy,. To those rigidity matrices D = (al(cpi, <pj))ij:1 and A = (a2(<p,~, “Dj))ij:1 corre-
spond. Here 1y = u;(0) - interpolant of initial value of the solution u;(0) = Ph’uo(x), and Py, - projectiofl operator
Ph :H— Hh.

Let us approximate the problem (4) with a two-parameter difference scheme obtained by the finite element method
in time (Moskal’kov, 1980; Moskalkov & Utebaev, 2005):

/\ /\

2
Y+
(- —A)yTy #4220 =g D) 2 - - =, 5)

y0 = up, )')0 =u. (6)

1
.. A . 7 ) noon
Hereitisdenoted: y = y" = y(t,,),y =y, y=y" = %(t,,), n=0,1,..,y",y" € H,. Then, ¢, = f S +79(E)dE,

0
k=1,2,& = (t=1,)/7, %1 (&) = 1, 926) = 5105 () + 205£), 957(€) = 7 (€ = 1/2), 076) = 7 (& - 3¢/2 + £/2),
s1 = 1808 — 40, s, = 168083 — 280c.

The solution looks like a Hermite polynomial that interpolates y", y**!, ", y**! at interval ¢ € (t,, t,41) :

n _n n+1 «n+1

y(t) = y ‘p()()(t) + yngpiil()(t) + y ‘p()l(t) + y 9011(I)7t € (tl’w Z‘}’l+1)’ n= 0’ 1’ ceey (7)

where ¢, (t) = 283 —3£2 41, @) = 3¢ - 283, o = (& - 282 + &), @ = (&3 — €%). For t € [0, T] - this
is a Hermite spline of 3-d power (Declu, 1976).

3. Theorems on Accuracy

Let us formulate the result on stability and accuracy of the scheme (5), (6) (Moskal’kov, 1980).

Theorem 1. If A* = A > 0,D* =D > 0and

a—-B=1/12, D-61°A > D, 0 < e < 1, § = max{a,B,1/12,0}, (8)

solution y(¢?) of the scheme (5), (6) converges to solution of the problem (4) u(f) € C°[0, T'] and evaluation

llen(2) = yOlly + i () = 5D, < M7

is valid.

The proof is based on bringing the two-layer vector scheme (5), (6) to a three-layer one, separately for the solution
y and its derivative y. Condition (8) for values of parameters @ = 1/8, 8 = 1/24, and thus § = 1/8, leads to such a
restriction of step in time: 7 < 2 V2/[wy(1 = &)] - condition of stability of the scheme.
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To evaluate accuracy of the scheme one has to estimate the error z = u;, — u. With use of the method of such esti-
mation in the theory of difference schemes (Samarskii, 1977) and the theory of finite element method (Quarteroni
& Valli, 1994) we formulate the following result.

Theorem 2. Let conditions of the theorem 1 are satisfied. Then the solution for the scheme (5), (6) converges to a
smooth enough solution of the problem (1), and estimation

lluCx, 1) = y(x, Ol + llieCe, £) = $Cx, Dl < MR + 1)
is valid. With application of a special technology for evaluation of accuracy by space and time, one can decrease re-
quirements for smoothness of the solution u(x, r). Following statement takes place (Moskalkov & Utebaev, 2011a).

Theorem 3. Let conditions of the theorem 1 are satisfied. Then for such a solution for the scheme (5), (6)
approximating the solution of the problem (1) that u(x,?), %(x, ) € C(0,TI; Wé‘”(Q) nw é(Q)), %(x, 1 €
C { [0,T]; WZZ(Q) } , following evaluation of accuracy is valid:

0
1) = e lly < M A max || 2= e

t
+ f lluCx, I, , dr’ |+
k+1 0

t
+T3f
0

At choosing at each finite element, by space of polynomial, of degree not lower than the third one, we have the
third order of accuracy by both steps A, 7.

4
LTI

2
" dry ¥t e[0,T], M = M(T,3,w}) > 0.

2

4. Analysis of Dispersion of Difference Schemes

The Equation (1) relates to equations with strong dispersion. Dispersion equation for solutions of harmonic type

u = expli(wt + kix; + kyxy)], i = -1,

w = zwoky [ \JK? + K3 + 2. 9)

Phase velocity depends on the components of the wave vector K= (k1,k2) :

gives the following frequency value

v =w/ K+ k2 = zwok/ \/(kf + kg)2 +B2 (k2 + K3)

and is evidence of decrease of phase velocity of harmonics with increase of k,, k,. For uneven solutions of the

equation, harmonics with higher values of components of the wave vector K= (k1, kp) make a substantial input to
solution of the problem (1). Let us consider how harmonics are transferred in numerical solution. To simplify the
study, let us consider a uniform test equation:

ii + w’u = 0. (10)

Here frequency w corresponds to (9). Accurate solution (10):
u(t) = aj cos wt + ay sin wt. (11

Constant parameters a;, a from (11) are determined by initial conditions.

We look for the solution for difference Equations (5) (¢; = ¢, = 0) that correspond to (9) in form y = y"
Yq', y = 3" = Yq" with amplitudes Y and Y. At satisfaction of stability condition 7> < 1/(mw?), m =
max {a, 3,7y, 0} > 0 we have

y=y"=b;cos ftn + b, sin ftn,
T T

where ¢ = 2arcsin[§ \/(1 - B2/ ((1 —a)(1 - yz2) + &(1 —ﬁzz))

.Herey =1/12,z = wt.
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Difference for the accurate and approximate solutions one can characterize by value dw = ¢/7Tw - relative error of
frequency of oscillations @ = ¢/t for the difference Equation (5). At dw closer to 1, more accurate approximate
solution is.

Let us expand dw in series by powers of z° :
dw=1+rz+n+ 0,

ri=@+y--1/6)/2, rn=E-6ay+1/40)/12+(@+y—-B—-1/6) 7.

With minimization of |r;| and |r,|, one can improve quality of approximate solution. For all the schemes considered
further we require satisfaction of the condition r; = 0. Hence

a+y=8+1/6.

At that 6w = 1 + Rw*t* + 0(w®7%), r» = (B — 6ary + 1/40) /12. In this case one can say of coincidence of velocity
of propagation of harmonics of differential equation and difference scheme with accuracy up to values of fourth
order by step 7. It is obvious that at that estimation of error of the solution of Equation (4) z = u(f) — y(t) = O(t*)
takes place.

Examples of schemes with fourth order of accuracy are the schemes (5), (6) with parameters:
()y =1/12, @ = 1/8, 8 = 1/24 and stability condition 7> < 8/w?;

)y =1/12, @ = 1/10, 8 = 1/60 and stability condition 72 < 10/w?. Let us give one more example of a scheme
with sixth order of accuracy (r, = 0) from this class;

(3) v = 0.302705, & = 0.197295, 8 = 1/3. Stability condition 7> < 3/w?. Let us compare those to the known
Numerov’s scheme of the 4-th order of accuracy (Bakhvalov, Zhidkov, & Kobelkov, 1987). For the problem (4) it
looks like

(D +T°A/12)ys + Ay = . (12)

As applied to the Equation (10) this leads to
(1 + 70/ 12)(" =2y + Y/ + Py = 0.
For solution of type y" = ¢" we have a characteristic equation

@ =21 —p/2)g+1=0, u=w?*7/(1 + *7?/12). (13)

For u < 4 the roots (13) are: g2 = cos ¢ + i sin¢, where cos ¢ = 1 — /2. Hence ¢ = 2 arcsin ,/%/(1 + %).

At expansion by powers z = Tw, we have ¢ = z(1 + z* + 0(2%)), i.e.
Sw = 1+ Rw*t* + 0(wW’7%), 7, = 7/1152 = 0.00608.

So, the Numerov’s scheme has for the test equation the same order of accuracy. Let us compare coefficients at
major term of the error - w*t*. For instance, for the scheme (5) at y = 1/12, « = 1/8, B = 1/24, we have
ry = (B—6ay+1/40)/12 = 0.00035. So, the error for the Numerov’s scheme is 7, /r, ~ 17 times higher compared
to that for the scheme (5), (6). Besides that, stability condition u < 4 leads to restriction for the step by time
12 < 6/w? that is more rigid compared to the schemes named above.

Even worse is accuracy of a common scheme with second order of accuracy (Samarskii, 1977)

Dyqi + Ay = ¢. (14)
Since for it dw = 1 + r1z% + O(z*), where r; = 1/12 = 0.083333.
5. Conclusion

Thus, this paper presents a method of high accuracy solution of boundary value problem for the equation of internal
waves of a stratified fluid. The estimates of precision of the method with sufficient smoothness of the solution of the
differential problem. On the basis of analysis of variance shows the benefits of the scheme (5), (6) over the known
schemes, in particular, the Numerov scheme (12) and second-order accuracy scheme (14). Using the interpolation
representation of the solution (6), if necessary, to obtain a solution and its derivative at any point in time. Numerical
implementation of the scheme (5), (6) given in (Moskalkov & Utebaev, 2011b).

91



wWWwWw.ccsenet.org/cis Computer and Information Science Vol. 5, No. 5; 2012

References
Bakhvalov, N. S., Zhidkov, N. P., & Kobelkov, G. M. (1987). Numerical Methods. Moscow: Nauka.
Declu, J. (1976). Finite Element Method. Moscow: Mir.

Gabov, S. A., & Sveshnikov, A. G. (1990). Linear Problems in the Theory of Non Steady State Internal Waves.
Moscow: Nauka.

Moskal’kov, M. N. (1980). Scheme of the High Accuracy Finite Element Method for Solving Non Steady State
Second Order Equations. Differential Equations, 16(7), 1283-1292.

Moskalkov, M. N., & Utebaev, D. (2005). Investigation of Difference Schemes of Finite Element Method for
Second Order Unsteady State Equations. Journal Computation Applied Mathematics, 92(1), 70-76.

Moskalkov, M. N., & Utebaev, D. (2011a). Convergence of the Finite Element Scheme for the Equation of Internal
Waves. Cybernetics and Systems Analysis, 47(3), 459-465. http://dx.doi.org/10.1007/s10559-011-9327-1

Moskalkov, M. N., & Utebaev, D. (2011b). Comparison of Methods for Solving the Internal Wave Propaga-
tion Problem in a Weakly Stratified Fluid. Mathematical Models and Computer Simulations, 3(2), 264-271.
http://dx.doi.org/10.1134/S2070048211020086

Quarteroni, A., & Valli, A. (1994). Numerical Approximation of Partial Differential Equations. Berlin: Springer-
Verlag.

Samarskii, A. A. (1977). Theory of Difference Schemes. Moscow: Nauka.

92



