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Abstract

A unique hyperbolic geometry paradigm requires altering the Relativistic principle that absolute velocity is unmeasurable.
There is no absolute velocity, but in the case where a constant velocity is made from a half-angle velocity, a variable
velocity is the same as (absolute) acceleration. Relativity is based on local Lorentz geometry. Our mathematical geometry
constructs circle and hyperbola vectors with hyperbolic terms in an original formulation of complex numbers. We use
a point on a hyperbola as a frame of reference. A theory is given that time and our velocity are inversely related. The
physical laws of motion by Galileo, Newton and Einstein are forged using the half-angle velocity to electromagnetic
velocity. The field of kinetic, potential and gravitational force accelerations is established. An experiment exemplifies
the math from the Earth’s frame of reference. We discover a possible dark energy and gravitational accelerations and a
geometry of gravitational collapse.
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1. Introduction

Conventional trigonometry defines coordinates on a circle as:

sin@ = cosd = tan @ =

6]

=INNI=

cscl = secl = cotfd =

IS N I
~lR %<

where r = (x* + y*)!/2, of which we will call angle 6. = tan™' 2. H.S.M. Coxeter, ER.S. (1907-2003), explains (Coxeter,
1998, pp. 238, 277, 295, 306) how in a right triangle ABC parallel lines BA = ¢ = oo and CA meet in infinity (Coxeter,
1978) with the angle of parallelism ZABC geodesic B = 6, = tan™! % as follows:

tana = tanccos B cos A = cosasin B tanb = sinatan B
tanh @ = tanh co cos B cos0 = coshasin B tanh b = sinhatan B
tanha = 1 cos B 1 = coshasinB 1 =sinhatan B
tanha = cos B secha = sin B sinha = cotB.

Let us beforehand consider the Fig. 1(a) angle ¢ lying on a spherical circle with a horizontal hyperbola x> — y> = 1.

(Chrystal, 1931, pp. 312-313) We say tany = sinha = sinhsinh™'y = y because tan 2% = 12—2:%?2 = 12_::::2“52 =

2sinh 5 cosh § = sinh27. But rather than saying tany = tanha, we have tan %z// = tanh %a. Now, Coxeter’s (Coxeter,
1989, pp. 92-94, 267, 291, 315, 372, 376-377) angle of parallelism B = 6, = tan™! )l( in Fig. 1(b) displays the classical
vertical hyperbola y> — x> = 1 coordinates (Martin, 1972, pp. 318-319, 414—434) partially used (Bolyai, 1987, p. 207) by
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Figure 1: (a) Above, horizontal, and (b) below, vertical hyperbola and circle coordinate angles, as defined in hyperbolic
trigonometry. Reproduced with kind permission from Spec in Sci and Tech 21, 214, 219 (1999) Russell Eskew Copyright
1999 Springer, Springer Science and Business Media

Nikolai Ivanovic Lobachevskii (1792-1856) (Lobachevskii, 1840, p. 41) as shown below:

x = cot® = sinhsinh™' x = k(sinh™' cot I1(x)) = k(sinh~! sinh %) =cscha 2)
1

= = tan@= cschsinh™' x = k(sinh™ tan TI(x)) = k(sinh™" csch %) = sinha
X

g cos§= tanhsinh™! x = k(sinh_1 cosll(x))= k(sinh_1 tanh %) =secha
y

y = csc = cosh sinh™ x = k(sinh™! csc IT(x))= k(sinh’1 cosh %) = cotha
1

— =sin@ = sechsinh™! x = k(sinh™! sin I1(x)) = k(sinh™' sech %) = tanha
y

Y sec @ = cothsinh™! x = k(sinh™! sec I1(x)) = k(sinh~! coth %) = cosha,
X

when sinh™! x = ln% =gand @ = In }—f: (see page 27). The hyperbolic functions defined by Johann Heinrich Lam-

bert (1728-1777) stem from sinhx = (e* — ¢™¥)/2. By sinh™'sinh x = In(sinh x + +/(sinh x)2 + 1) = x, we also have
sinhsinh™ x = sinha = (¢S ¥ — ¢=sinh™' %) /2 = x = cot 0. We have coshsinh™ x = cosha = (¢St ¥ 4 ¢=sinh ™'y 2 =y =
Va2 + 1 = csc§ as well. George Martin (Coxeter, 1998, pp. 300-302) creates the distance scale k = 2 for any concentric
horocircles of distance x in the Bolyai-Lobachevskii plane (Coxeter, 1989, p. 301). The angle of parallelism (Eskew,
1999, 2011) ZABC is of Lobachevskii’s § = 2tan~! e@ = 2tan~' ¢~ 5" % = tan~! L and of Martin’s critical function
I(x) = 2tan~! e™/* = 2 tan~! =GN @/k = 2 tan=! ¢~W/(¥/@) We do not have B = 6 = TI(a). (Coxeter, 1998, p. 312)

A point (x,y) on the vertical hyperbola y*> — x> = 1 is understood as an inertial frame of reference, or observer. Within
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electromagnetic velocity (Misner, Thorne, & Wheeler, 1970, pp. 20, 67) tanf = tanha = 8 = v/c, when a first observer
(Schutz, 2009, pp. 1-2). sees a Galilean velocity # = v/ + v and a second observer sees v/ = ¥ — v his velocity relative
to the first is a constant v = tan %0 = tanh %a = 1/(x +y). A Galilean velocity ¥ = v/ + v = 1 = xu is made from an

o . . 2tan6/2 2tanh /2
Einsteinian velocity u = 1 = tan# = (tanh@)(cosh@) = sinha = B/(1 — %)"/?, because tan 2§ = =22 é)/z =3 t:ﬂhza (i a =
v/d-vH =2 sinh 7 cosh 5 = sinh 25. We also have relative velocities v/ =¥ —v =1 - m andu’' =u-v= % - #y

Absolute acceleration dv /d0, a.k.a. kinetic energy, relative acceleration dv/da, a.k.a. potential energy, and frame acceler-
ation dv/dt, a.k.a. gravity are made from a half-angle velocity v = tan %9 = tanh %a = 1/(x+y) = 1/t distance/time, where
0 <v < 1. Time can have an analytic quantity 7 = 5™ ¥ = x+(x>+1)!1/2 = x+y seconds, which we are saying is about an
event point P(¢). Our math utilizes the complex plane rather than the spacetime diagram (Taylor & Wheeler, 1966, pp. 1—
58). We advocate stating vt = [1/(x+y)][x+y] = 1 distance and acceleration dfame = dv/dt = %t’l =2 = —[1/(x+y)]2
distance/time2 when, say, the Earth’s gravitational acceleration is g = —=9.81 m/ s,

2. Complex numbers
2.1 Vectors

Now we will show how hyperbolic coordinates make the vectors of complex numbers. By Eq. (1) the point on a circle
is (x¢,y.) = (rcosf.,rsinf,). Let (x,y) be a frame of reference point on the vertical hyperbola. Then the hyperbola or
circle vectors can be made of the hyperbola’s x and y rather than the circle’s x, and y,.

Proof. If a circle vector z; = re® = r(cos6), + isinfy) = r(f + ii) where (x,y) is on the Eq. (2) vertical hyperbola

—11

y* - x> =1and 6, = tan then we can write:

. 1
71 = re'™ = r(cos O, + isinfy) = r(f +i-)
y oy

2 2 1/2
21l = ((cos 6 + (sin @) =((§) +(§)] -1

= ((escOy)* — (cotOp)H'* = =DV =1,

rather than a Eq. (1) polar coordinate re. Any point with 0 < ), < 7 on the complex plane can be reached at re® and
translated into the frame of reference (x, y). If a hyperbolic vector z, = cot 6, + icsc O, = x + iy where (x,y) is on the Eq.
(2) vertical hyperbola y? — x*> = 1 then we denote our unconventional complex number (Marsden, 1999, pp. 3, 7, 12, 16)
thusly:

72 =(a,b)=a+ib=cot, +icscl, =x+1iy
12| = ((a + ib)(a — ib))"/? = (a® + b*)'/?
= ((esc By + (cot G * = (3 + D)2,

when lengths r = ((rcos 6,)* + (rsin8,)?)'/? and |z,| are different. Equation (1) uses a circular angle 6. = tan™! V‘ , but

-1 1
cota Uniting conventlonal
-1 Y

(Palka, 1991, pp. 5-15) with our unconventional complex numbers, we obtain x = rcos 6, = rcos tan = = cotb, and
y = (x* + D2 = csc6,. So we have a vector-valued function f(z) = f(x,y) = f(cotf,csc8) = u(x,y) + iv(x,) for a
Df(x,y). Note that sin 6, and cos 6, have a range of [—1, 1]. But cot §;, has a range of (—o0, o), with similar csc 6;,. We do
not have re®® = |z]e®), (Marsden, 1999, p. 27). m]

—1 ,—sinh~'x

hyperbolic trigonometry Eq. (2) employs an angle 6, = 2tan™' e = tan % = tan~

-1 1 n

Example: When 6. = tan™' ); = tan™! % = tan BT e the polar coordinate re® of length r = ((rcos6.)* +

(rsin6, )2)1/2 (B3 x ()2 + (3 % 1)2)1/2 = 3 goes through the pomt( > 2) to the point (x.,y.) = (3 X i, 3x 2) When
6, = tan”' 1 = tan™! m, the circle vector is z; = re’® = r(cos 6 + isin6y) = s+ z;) =3(3 x %)/((3 X %)2

DY) +i(1/((B % %2 +1)1/2). The hyperbolic vector z, = x+iy = rcos 8, +i((rcos 6,.)> + 1)/> = cot @), +i csc 6, of length
lzal = (2 + )2 = ((cot6)® + (esc B)D)'? = (B x L)% + (3 x )2 + 1)!/2)%)!/2 = 3.8078 goes to the point (x,y) =
(x, (x% + DY?) = (rcos 6., (rcos 6,)* + 1)1/2) = (cot 8, csc8,) = (cottan™ (1/(3 x ‘5)) (cottan™'(1/((3 x %))2 +1)172).

We have x = rcosd, = cotf, = 3 x X2, Table 1 uses x = "/2. When n = 1,2,3... starting at m = n, we obtain

= % 1(cos ) for the real counterpart of e™/2 = cos "Z + jsin X

2 .
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2.2 Applying velocity in complex numbers

Given a half-angle velocity v = tan 36 = tanh J& = — and any two complex numbers z = a + ib and u = x + iy where
y

(x,Y) is on the hyperbola y? — x*> = 1, if u*> = z then by taking the square roots of negative numbers (Marsden, 1999, pp.
3,7, 12, 16) we acquire:
W =a+ib

= (x+iy)(x +iy) = (2 =y + 2xy
1 1 1 1
= ((sinhIn =)? = (cosh In =)?) + i2(sinh In —)(cosh In —)
v v v v
= ((cot Gh)2 — (csc 6;,)2) + i2(cot 8y,)(csc )

1 1 1
= —1+i2(sinhIn —)(coshln —) = —1 + isinh 21n —.
v % v

We also have (Ahlfors, 1970, pp. 3-13) the double-angle in z = a + ib and circular vector w = re’ = r(cos ), + isin6y)
for w? = z = r2(cos 26, + i sin 26;,), shown as:

o (1]
[1]2 = [(;) + (;) ] = [(cos eh)z + (sin 9]1)2]2

[ -G FRIR -t

= [y’ = X1 = [(csc 6,)° - (cot6,)"T
@+ b =[y* + x*1* = [11> + 2xy)* = [-1]° + (2 cot 6, csc 6))*
@+ )2 =y + ¥ = [(—a + (@ + PHV?))2] + [(a + (@® + b)V?)/2],
where a = —1 and b = 2xy = 2cotfcscf = sinh21n ‘l The equation u? = z solves to £((x®)"/% + i(y2)1/2) = ((a+ (@ +
bHY2) 212 1 i((—a + (a* + b*)'/?)/2)!/?, depending on +b. We have z!/? = (x*)!/2 + 0i if and only if z = (x*) + 0i > 0.

We have 7!/ = 0 + (y2)'/?i if and only if z = —((—x)?> + 1) + 0i < 0. The two z'/? coincide if and only if z = 0 + 0i. Use
X = cotby, y = csc 6y, rather than x = rcos 6., y = rsin6..

The vertical hyperbola vector has a power of:
. . 1.,
7' = (x+iy)" = (cot@ + icscf)" = (sinhIn " + icoshln ;) .

The logarithmic, exponential, and nth root functions appear as:

Inz = Inlz| + 0 = In(y?> + x*)'% + 0

= In((csc 0)* + (cot0)»)/? + i

1 1
= In((cosh In =)? + (sinhIn =)»)/? + i6;

v v
= otbgicset = oC00(cog5 csc B + i sin csc 6)

2
sinhln 1 e

bl 1 | 1
= etinhIny gicoshlng — o (coscoshln — +isincoshln —) = IeZI| 7|;
v 1% e«

z i 2 2N1/2y,
Zl/n — e(ln«.)/n — e(lnlzlﬂﬁ)/n — e(ln(Q +x5)12)+i0) /n

— e(ln(y2+x2)l/2)/nei9/n — (y2 + x2)1/2nei(8+27rk)/n;

; Z
7= elnz — elnlzlelé) = || =

Iz
= |zl = (y* + x})*(cos  + i sin 6)
=Ine* = In|e’| + iarg(e®) = Ine* + iy

=x+iy=cotf+icsch,

where 0 = 2 tan~! ¢=$i0h"'x = tan~! )lc with0 <0< %.k=0,1,....,n— 1.
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Table 1. Values of a few coordinates at some points (x, y) on y> — x> = 1.

X t=1/v 6 =TI(x) k
cotd  x+ Va2 +1 2tan~! v x/a
0 1.0 /2 = 1.5707 0

& 2414213562  n/4=0.7853  1.134592657
eMr 9723795265  0.204960468  2.11488971
er 4630298215  0.043187049  6.033754226
/2 2226400485  0.008983049  20.59321402
P 1070984245  0.001867441  76.75832388
72 5151.942712  0.000388203  301.3843059
e 24783.29566  0.000080700  1224.722226
e7/2 119219.483  0.000016776  5099.765758
e 5735026263 0.000003487  21626.07401
Q72 2758821.412  0.000000725  93012.91224
& 13271248 0.000000151  404583.825
12 63841038.32  0.000000031 1776134.25
&0 307105870.8  0.000000007  7857302.779
e372 1477325845  0.000000001  34985338.41
e 7106642561  2.81x 10710 156642344.9
ePm2 341 %1010 585x 1071 704725077.5
P 1.64 x 10! 1.21x 1077 3183871713
72 791 x 101! 2.52x 10712 1.44 x 1010
& 3.80x 102 525x 10713 6.56 x 1010
972 183 x 1013 1.09x 10713 2.99x 10!
el0m 8.80 x 10!3 2.27 x 10714 1.37 x 10'2
22 423 %104 472x 1071 6.28 x 1012
ellr 203x10%  981x107'  2.89x10"3
B2 980x 10" 2.04x1071° 1.33 x 10
el 471x 10  424x10717  6.14x 10"
B2 226%x107 881x10718 28310
o3 1.09 x 10'8 1.83x 10718 1.31 x 106
22 524 % 10'8 3.80x 10719 6.08 x 1010
el 252%x 10" 7.92x1072  2.82x10"7
P2 121 %102 1.64 x 10720 1.31 x 1018
el 5.84 x 1020 3.42 %1072 6.11 x 108
Sz 281 x 102! 7.11 x 10722 2.84 x 10"
elom 1.35 x 1022 1.47 x 10722 1.32x 10%
eBT2 650x 1022 3.07x1073 619 x 102
el 3.12 x 10?3 6.39 x 1072 2.89 x 102!
&2 150 x 10+ 1.32 x 1072 1.35 x 1022
e 257x10%*  7.77x107% 1.62 x 1032

00 200 0 ©0

m nm
x=cot), = rcosf, = ™% 1= — cos” (cos —)
n m

time=r=1/v=x+ >+ 1" = x+y seconds
1

X
= si h_] :—:1 —
a = Sin X X Ilv

1
/ABC =6, =2tan"' ¢™* = cos™! I tan ' -
y X

= [I(x) = 2tan~" ek = 2 tan™! e~/ ¥/@
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Table 2. Velocity and field of accelerations.

velocity v
1/time

kinetic energy
Qabsolute = dv/df

potential energy
Grelative = dv/da

-gravity
—dfrm =V

1.0
0.414213562
0.102840503
0.021596881
0.004491555
0.001867443
0.000194102
0.000040350
0.000008388
0.000001744
0.000000362
0.000000151
0.000000016
0.000000003
6.76 x 10710
1.40 x 10710
2.92x 1071
6.08 x 10712
1.26 x 10712
2.62x 10713
5.46 x 10714
1.13x 10714
2.36x 1071
4.90 x 10716
1.02 x 10716
2.12x 10777
4.40x 10718
9.16 x 10719
1.90 x 10719
3.96 x 10720
8.23 x 1072!
1.71 x 10721
3.55 x 10722
7.39 % 1073
1.53x 1073
3.19 x 1072
6.64x 1075
3.88x 107%
0

1.0
0.5 + 0.08578643
0.5 + 0.00528808
0.5 + 0.00023321
0.5 + 0.00001008
0.5 + 0.00000174
0.5 + 0.00000001
0.5+ (8 x1071%)
0.5+ (3 x 10711
0.5+ (1 x1071%)
0.5+ (6% 1074
0.5+ (1 x1071%)
0.5+ (1 x10710)
0.5+ (5 x10718)
0.5+ 2 x10719)
0.5+ (9% 10721
0.5+ (4 x1072%)
0.5+ (1x10723)
0.5+ (7 x 107%)
0.5+ (3 x 10726)
0.5+ (1 x10727)
0.5+ (6% 107%)
0.5+ (2 x 10739
0.5+ (1x 10731
0.5+ (5x10733)
0.5+ (2 x1073%)
0.5 + (9 x 10739)
0.5+ (4 x10737)
0.5+ (1 x10738)
0.5+ (7 x 10749)
0.5+ (3 x 1074
0.5+ (1 x107%%)
0.5+ (6 x 107%)
0.5+ (2x107%)
0.5+ (1 x 10746)
0.5+ (5 x 107%%)
0.5+ (2 x107%)
0.5+ (7 x 10779)
0.5

0
0.5 — 0.08578643
0.5 — 0.00528808
0.5 - 0.00023321
0.5 — 0.00001008
0.5 — 0.00000174
0.5 — 0.00000001
0.5-(8x10710)
0.5-(3x 10711
0.5-(1x1071%)
0.5 - (6x 1074
0.5-(1x1071%)
0.5-(1x1071%)
0.5- (5% 1071%)
0.5-(2x10719)
0.5- (9% 1072
0.5 - (4x1072%)
0.5-(1x10723)
0.5 (7x107%)
0.5 - (3 x107%)
0.5-(1x10727)
0.5 - (6x107%)
0.5 - (2x10739)
0.5-(1x1073h)
0.5-(5x10733)
0.5-(2x1073%)
0.5 — (9 x 1073%)
0.5 - (4 x10737)
0.5-(1x10738)
0.5 — (7 x 10749)
0.5-(3x 1074
0.5-(1x107%%)
0.5 - (6x107*)
0.5-(2x107™%)
0.5—(1x107%%)
0.5 - (5x107%%)
0.5-(2x107%)
0.5 - (7% 10779
0.5

1.0
0.1715728
0.0105761
0.0004664
0.0000201
0.0000034
3x1078
2% 1077
7x 1071
3x 10712
1x10713
2x 10714
2x 10710
1x10717
4%x1071°
1x10720
8 x 10722
3x10723
1x10724
6x10720
2x107%7
1x10728
5x10730
2x1073!
1x10732
4%x10734
1x1073
8 x 10737
3x10738
1x107%
6x 10741
2% 10742
1x10™4
5%x107%
2% 10746
1x107%7
4%107%
1x107%
0

kinetic absoluteaccel = aapsolue =

potential relativeaccel = dreative =

gravity frameaccel = dfame = —

velocity = v = tan

26

1 1 1 1
—H:tanhiaz( )—

2 X +y) time
dv 1 v 1
— ==+ ==
de 2 2/ time?
dv (1 V2 1
dae ~\2 2 /time2
d
Vo_ 2 - ! )
dt time?
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3. Discussion

3.1 Accelerated frames of reference

Choosing an arbitrary frame of reference point, say (x,y) = (5, V26), can quantify physical laws of motion. Consider
Isaac Newton’s (1642—1727) second law of motion,

M
F:ma:mngm—z,
’

about a force F that for gravitation force is exerted on a particle of mass m by one of large mass M, producing an
acceleration a at a distance r (as opposed to |z;|) on a gravitational field g, computed using the gravitational constant G. It
applies to the addition of velocities equation (Gleeson, 2010) of Galileo Galilei (1564—1642):

1
v=v+v=1l=xu=x@ +-v)=xu'+v, 3)
x

(i.e., a moving particle’s velocity with respect to a fixed reference frame). The quantities are the (Jackson, 1999, pp.
531-532) “Einsteinian velocity”:

1 ) 2v 1
u=—=tanf = sinha = s =u + -, 4

x 1-v x
the “relative velocity” v/ =9 —v =1 — E = xu’, (i.e., the particle’s Velocny with respect to a moving reference frame),
and a constant “transport velocity” v made from a half-angle velocity v = x—ﬂ = tan 9 = tanh 3 5@, (i.e., the velocity of the

moving reference frame). Like Newton’s first law, we say that a body moving at a constant velocny by an inertial observer
is unaffected by the replacement of ¥ by one observer and of v’ by a second observer whose velocity relative to the first is
V.

Albert Einstein (1879—1955) described a high-energy Eq. (3) with Eq. (5):

u +v
1+uwv/ct

®)

Like Einstein (Lorentz, 1923, pp. 41, 46, 50) we hold when v = XL = | distance/time is ¢ = 299792458 meters/second,

-
that upon the photon &’ = u — 1v = 1 — 1y = ¢, we have (Einstein, 1957, pp. 26-30) u = u’ + 1v = 1 = ¢. If w’ has the

magnitude c, then so does u, regardless of v. (Eskew, 2016).

Galileo showed that different freely falling bodies experience exactly the same acceleration at a given point in space. Table

2 shows that at the highest inverse velocity and time, 1/v = t = oo, we have (French, 1971, Chapter 12) accelerations

_ s _1 - _ —dv _dv _ dv
a=a =5whena=a —agame =95 = 3 -5

Let v = tan 6, = tanhtanh™'v = tanh § In 1 = tanh i = 1/(x +y) = 1/t distance/time be the half-angle velocity
(Anderson, 2005, Chapter 3, p. 124) to ,8 tan 9 tanh @ = v/c. Then the field of accelerations is shown as:

dv_dv_dv
Ao  doa dt

DERE R

’
a=a — dframe

aCCelabsolute = accelrelative - accelframe~
The accelerating, noninertial frame of reference becomes:

Fog = Fo = Firame

Proof. The half-angle velocity is v = tan %0 = tanhtanh™'v = tanh 5 1 In = 1*‘ = tanh %a/ = 1/(x +y) = 1/t distance/time.
With the calculus notation u the accelerations are the derivatives resultlng 1n trigonometry and algebra:
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2

@:d—vﬁ:itan—@zitanu:(seczu)d—u:lseczlf):l—i-v—
dg dtdé do 2 de ae 2 2 2 2

2
%z%j—;=%tanh%az%tanhuz(sechzu)j—;=%sech2%a=%—%
dv dvda d | r
dt ~ dadt  dr (1jv?
d_azd_aﬂzilnl+(l/t):ld_u:(l—(l/t))( 2(1/£%) ): 2
dt dvdt dt 1-(/t) wudt 1+ 1/0)\(1 = (1/6)? -1
do dodv d . _, d . u
Ezaazasm sechlntzasm u:m

—((sechInf)(tanhIn)1/t 2

41 = (sechIn?)? 7+l

]

This occurrence means that the field a = @’ — dgame 1S equivalent to an acceleration of the coordinate frame at that event
point (Dainton, 2001, p. 263) in space P(f) = P(%) = 1/(e??) = 1/[(1 +v)/(1 = v)]"/? = P(x + y). As the gravitational
fictitious force moving reference frame rolls down from an inertial agame = dv/dt = —v* = =1/(1/v)> = =1/00?> = 0 rlz to
Gframe = =2 = —1/(1/v)? = =1/1% = —1 %, the particle relative to the moving reference frame declines from the potential
relative = dv/da = (1/2 —v*/2) =1/2 tlz to 0, and the fixed observer sees the particle’s kinetic real force acceleration rise
from @apsoree = dv/d6 = (1/2 + v?/2) = 1/2 %, of a rest frame velocity v = 0 1 t0 aupsore = (1/2+1?/2) = 1 %, fora
light velocity of v = 1 % Tables 1 and 2 illustrate our coordinates.

3.2 Half-angle velocity and absolute acceleration

By Galilean Invariance there is no experiment that can be performed that can measure the velocity of a moving observer
(Gleeson, 2010). However we can measure u = (2v)/(1 — v?) with the half-angle velocity v = tan %Oh = tanh %a =
1/(x +y) = 1/t of a moving observer. We can detect the presence of accelerations and measure the relative velocity
vV =9—v=1-1/(x+Yy) = xu’ between two bodies because constant velocity made from half-angle velocity measures
the Galilean velocity V=V +v=1=xu = x(u' + )lcv).

Proof. Velocity can only be measured in relation to some specified point of rest, therefore, it is said, absolute velocity
does not exist. Equation (4) Einsteinian velocity u = 1/x = tan# = sinha = 2v)/(1 —V?) = u’ + %v is measured with
a constant v = ﬁ made from a half-angle velocity where 0 < v < 1 is one-dimensional and measurable. In Einstein’s
Special Relativity the velocity of light ¥ = v = 1 is invariant; as we said about Eq. (5), Einsteinian velocity is absolute
motionu = 1/x = 1/0 = 0o =cand v’ = u— iv = ¢. Absolute acceleration | % = %tan %9 = %sec2 %9 = % + %] =

dg —
dv _

2 . . . 2 2
L _ v b= 4yl = —vz] is variable velocity § + & = (3 = %) — (=?). o

dv _ d ly=1 2l =L _ v f_
[da_datanhza—zsech S =5 2] [

To quote Einstein’s (1911) principle (Lorentz, 1923, p. 100) of the local equivalence between a “gravitational field” and
an acceleration:

“We arrive at a very satisfactory interpretation of this law of experience, if we assume that the systems K and
K’ are physically exactly equivalent, that is, if we assume that we may just as well regard the system K as
being in a space free from gravitational fields, if we then regard K as uniformly accelerated. This assumption
of exact physical equivalence makes it impossible for us to speak of the absolute acceleration of the system
of reference, just as the usual theory of relativity forbids us to talk of the absolute velocity of a system; and it
makes the equal falling of all bodies in a gravitational field seem a matter of course.”

Newton argued that there is an absolute acceleration (Schutz, 2009, pp. 1-2). The accepted theory of gravity is Einstein’s
theory of General Relativity (Einstein, 1950). The Einstein field equation is G+Ag = 8aT, where T is the Riemann
stress-energy tensor and A is the cosmological constant (Misner, Thorne, & Wheeler, 1970, pp. 410, 707). We will
conclude that Relativity is based on local Lorentz geometry. This essay, however, can express half-angle velocity and
absolute acceleration because of our unique projective geometry Eq. (2) which does not include Riemannian geometry
nor topology (Coxeter, 1989, p. 230). We conjecture an accelerated coordinate frame of a half-angle velocity v = tan %9;, =
tanh %a/ = 1/t for a field of accelerations. The vector z, = x + iy = cot 6, + i csc 6, is basic science.
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3.3 An experiment

When 1 distance/time is 299792458 meters/second = c, the speed of light, we advocate stating a fictitious force ac-
celeration dfame = dv/dt = %t‘l = —1/(1/v)®> = —=v* = —[1/(x + y)]* distance/time*> when, say, the Earth’s grav-
itational acceleration is g = (—1%)(299792458) = —299792458/30570323 = —9.80665 m/s> at x = 2764.521704.
(Use (x +y)> = 30570323 and y* = x> + 1.) Let (x,y) = (x, Vx2 + 1) = (2764.521704,2764.521885) be the frame
of reference of the Earth. Earth’s orbital velocity is 29.8 km/s. We say the slice of time is t = 1/v = x+y =
2764.521704 + 2764.521885 = 5529.043588 seconds. The Earth’s particle wave is moving at a half-angle veloci-
tyv = 1/(x+y) = 1/t = 1/(2764.521704 + 2764.521885) = 1/5529.043588 distance/time = 54221.3953 meter-
s/second. As the Earth passes a fixed observer, the observer sees the particle’s Galilean velocity at ¥ = v +v = 1 =
299792458 meters/second. A particle on Earth moves forward at a relative velocity v/ = v —v = 1 - 1/(x +y) =
1 —1/5529.043588 = 0.999819137 distance/time = 299738236.6 meters/second. The Earth’s particle real force absolute
acceleration iS dapsolute = % + % distance/time? = (% + %)(299792458) = 149896233.9 m/s>. The relative acceleration

1S Grelative = % - %distance/time2 = (% - "—22)(299792458) = 149896224.1 m/s>. The field of accelerations becomes

149896233.9 = 149896224.1 — (=9.80665) m/s>.
4. Conclusion

This work contends that there is an underlying theory of v within velocity 8 = tanf = tanha = v/c for a Galilean
velocity # = 1/ — v = 1. A slice of time can have an analytic quantity = 5™ * = x + (32 + 1)!/2 = x + y seconds.
We are claiming a half-angle velocity v = tan %9 = tanh %af = 1/(x + y) = 1/t distance/time. We advocate stating
vt = [1/(x+y)][x+y] = 1 distance and a particle’s absolute acceleration aupsore = dv/d6 = 1/2 + v2/)2 distance/time2 for
a field of accelerations. All of the coordinates in Fig. 1(b) move together. The angle of parallelism 6, graphs both the circle
and the y? — x> = 1 vertical hyperbola in hyperbolic terms. The complex plane point (x,y) makes the hyperbolic angle
g, = 2tan~! ¢~ S0 ¥ = (an-! L, rather than the circular 6, = tan™' %. Our circular vector z; = re’® = r(cos 6, + isin6,) =
((rcos6,)? + (rsin§,)%)!/? (f + z%) and hyperbolic vector z, = rcos 6, + i((rcos 0.)* + D2 = cot@), + icsc ), = x + iy
are made with the hyperbola’s x and y, rather than the circle’s x. and y,. The hyperbolic modulus is |z2| = (x> + y*)!/? =
((cot8,)% + (csc6,)?)!/2. Any point with 0 < 6, < 7 on the complex plane can be reached at re' and translated into
the frame of reference (x,y). We have x = ¢"/2 with 7 = o cos™!(cos “2) starting from m = n as the real counterpart to
complex numbers ¢"/? = cos X + isin .

In the local Lorentz frame of reference every particle moves in a straight line with uniform velocity 8. In hyperbolic
geometry the “straight line” is due to the angle of parallelism geodesic 6, or I1(x). The Lorentz frame of reference
(“inertial frame of reference”) is rectified as 8 = v/c = tanf = tanh @ by Galilean velocity ¥ = v/ + v = xu = 1 with
Einsteinian velocity # = 1 = tan6, = (tanha)(cosha) = sinhe = B/(1 - fH)'? = 2v)/(1 —=v*) = u’ + 1y, relative
velocities v = ¥ —v = 1 - 1/(x+y) = xw' and ' = u—v = 1 - %, and vector velocity % = 1/(1 - g2 =
% = i = secH, = cosha = vy. Event points in space (Misner, Thorne, & Wheeler, 1970, pp. 20, 49-50) happen
P(t) = P(%) =1/ = 1/[(1 +v)/(1 = v)]'? = P(x + y). We have 7 is proper time and s is proper distance with time
dilation At and length contraction s’ thusly:

1
T:At—:(y—x)f At:‘r)fzfzy—x
Y y v
1 1 -
s = VAt = y-x s =s—=vr= (y x)()_c).
xX+Yy Y Xty 'y

Hyperbolic geometry has (cos 6)? + (sin6)? = (x/y)> + (1/y)> = 1 with x = cot and y = csc 6. Local Lorentz geometry
holds the interval —72 = s2 = (AB)?> = —(cos6)?> = (AC)? + (BC)? = (CZ)* + (BC)? = —1% + (sin6)? = —(AQ)(AP) =
(sin@+1)(sin 6—1) = —771 between vector events B—A (or AB). A light ray calculated from events PB to events BQ lies with
B off and with ACZ = APQZ on the particle’s world line P(t). Vectors zp = x + iy are alternately made with ¢t = ‘l =XxX+y
than spacetime events P(1) = P( %). We may have Lorentzian B - A = P(t) — P(0) = P(cos §) — P(0) = P(1) — P(0) at one
second but hyperbolic P(f) = P(x + y) = P(0 + 1) events happen on the complex plane. Combining hyperbolic geometry,
distance scale k and local Lorentz geometry might be called pregeometry, gravitational collapse (Misner, Thorne, &
Wheeler, 1970, p. 1203). We assert that half-angle velocity and absolute acceleration exist in mathematics and are
measurable. A particle’s real force acceleration is dapsorute = (1/2 +12/2)(299792458) m/s? with a gravitational fictitious
force acceleration g = (—1?)(299792458) m/s?. Can this expanding real force be dark energy?

Joshua Frieman, director of the Dark Energy Survey, Frieman (2015) describes the particle, with my brackets, as follows:

“Dark energy takes the form of a so far undetected [‘quintessence’] particle that could be a distant cousin
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of the recently discovered Higgs boson ...a particle acting like a ball rolling down a hill at each point in
space. The rolling ball carries both kinetic energy (because of its motion) [like our absolute acceleration]
and potential energy (because of the height of the hill it is rolling down) [like our relative acceleration]; the
higher an object is, the greater its potential energy is. As it rolls down, its potential energy declines, and its
kinetic energy rises . ... If the quintessence particle is extremely light, ... then it would be rolling very slowly
today, with relatively little kinetic versus potential energy. In that case, its effect on cosmic expansion would
be similar but not identical to that of vacuum energy and would lead to acceleration [of the universe].”

If dark energy (Riess & Livio, 2016) aypsolute = Z_; = 1/2 +v?*/2 = 1/2 is undetected due to the energy of the vacuum
(General Relativity’s cosmological constant A), (Misner, Thorne, & Wheeler, 1970, pp. 410, 707). then we have the

kinetic versus potential energy dgame = % =2 =0=1/2-1/2atv =0, with a total energy dgame = —1 = 0—1 and

a dark energy of 1 at v = 1. General Relativity is a theory determined by relative acceleration ayejaive = j—; =1/2 -v*/2.

The Einstein field equation is G+Ag = 81T, where T is the Riemann stress-energy tensor. Equation (2) is a projective
geometry, which does not include Riemannian geometry, nor topology (Coxeter, 1989). With Riess and Livio (2016) we
alternatively hypothesize dark energy may be an energy field that pervades the universe, imbuing every point in space
P() = P(1) = 1/(e*?) = 1/[(1 + v)/(1 = v)]'/* = P(x + y) with a property dapsotue = % = 1/2 + v?/2 that counteracts the
pull of gravity g = —2.
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