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Abstract

We prove that all the Faulhaber coefficients of a sum of odd power of elements of an arithmetic progression may
simply be calculated from only one of them which is easily calculable from two Bernoulli polynomials as so as
from power sums of integers. This gives two simple formulae for calculating them. As for sums related to even
powers, they may be calculated simply from those related to the nearest odd one’s.
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1. Introduction

The problem of showing the sum of m"” power of integers, denoted in this work by S, (1), as a polynomial
function of » has fascinated mathematicians from the antiquity until nowadays as we can see for examples in a
master thesis of Coen (1996), in Beery (2010), etc.

As for the problem of expressing S, (n) as a sum of powers of S, (), Johann Faulhaber (1631) is certainly the
most celebrated for his conjecture saying that a sum of odd power of integers are homogeneous polynomials in
sum of them, appeared in a booklet entitled Academia Algebree published in 1631, rediscovered surprisingly only
in 1981 by Edwards (1986) at Cambridge university. After Faulhaber, Jacobi (1834) proved thatS (7)) may be
calculated from §,(n) and S,(n) . Long years passed until Edwards (1986) showed recently how to obtain the

coefficients of powers of S,(n) in S,,,,(n), called hereinafter Faulhaber coefficients, by matrix inversion, based

on another proof given by Tits (1923). Ultimately Truth (1993) explored a computation-based approach by
which Faulhaber may well have discovered such results, and solves a 360-year-old riddle that Faulhaber
presented to his readers. Truth also showed that Faulhaber coefficients can moreover be generalized to non
integer exponents.

More generally, about the problem of representing sums of m” power of the elements of an arithmetic
progressionz ,z+1,...,z+n—1whenmis odd, denoted herein by S,,,,(z,n) , in term of polynomial in #» we have

the formulae of Dattoli, Cesarano, Lorenzutta (2002) and of Do (Do T.S.2017b). As for the Faulhaber problem
of representing S,, ., (z,n) as homogeneous polynomial in S, (z,7) , we notice the very recent publication of Chen,

Fu, Zhang (2009). These authors utilized the Dattoli, Cesarano, Lorenzutta formula that links S,,,,(z,7) to the
Bernoulli polynomials B, (z+n), the addition theorem for Bernoulli polynomials and the
property B,,.;(1/2)=01in order to prove the Faulhaber conjecture concerningsS,,, (z,n). The formula

illustrated it may be utilized to calculate the coefficients of powers of S,(z,n), i.e. the Faulhaber coefficients.
Nevertheless we see that the practical calculations are cumbersome.

Continuing the researches on Faulhaber conjecture on power sums on arithmetic progressions we propose in this
work firstly to improve by simplification the quoted proof given by Chen, Yang and Zhang; secondly to obtain a
simple method for calculating the Faulhaber coefficients related to sums of odd powers of integers S,,.,(n);
thirdly to obtain those related to power sums on arithmetic progressions S,,,,(z,#n) and S,, (z,n) .

It is found that all the Faulhaber coefficients of S,,,(z,n) may simply be calculated from one of them which is
equal to B,,,,(z)B,”'(z) as so as from S,,,,(z) . This gives rise to two simple formulae for calculating S,,,,(z,7) .
As for sums related to even powers S,, (z,7) , we will see that they may be calculated simply from S§,,,,(z) .
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2. Faulhaber Formula for Sums of Powers on Arithmetic Progressions

2.1 In a Recent Paper (Do, 2017b) on Sums of Powers of Elements of an Arithmetic Progression
S (z,n)y=z"+(z+)"+..+(z+(n-1)" (1)

we have proven by utilizing translation operators the property

e —1

e’ —1

S, (z,n) = z" 2

from which one get easily an exponential generating function. Comparison of it with the generating function of
Bernoulli polynomials leads to the formula

k
where in the right hand side the undefined symbol B* (z) is to be replaced with the Bernoulli polynomial B, (z) .

w41
(m+1)S, (z,n) = z[ ]Bm,m (2)n* = (B(z)+n)"" = B" () 3)

From (3) and the symbolic relation
B,(z)=(B+z) “4)
we get
(B(z)+n)"" =(B+z)+n)"" =(B+(z+n))""
which proves directly the formula of Dattoli, Cesarano, Lorenzutta (2002)
(m+1S, (z,n)=(B+z+n)""—(B+z)""' =B, (z+n)—B,,(2) 5)

Now from the well known propety
B' . (2)=(m+1)B, (2) (6)

we get
[/ B,(t+2)dt =——["3,B, ,(1+2)dt =—— (B, ,(n+2)~ B, ,(2)
0 m+170 m+1
which by (5) leads to the elegant formulae

S (n)= jo" B (1)t = jo" (B+1)"dt

S .(z,n)= jo” B (z+0)dt = jo (B+z+1)"dt (7)

2.2 Proof of the Faulhaber Conjecture
Following the ideas of Chen, Fu and Yang (2009) we utilize the addition formula to get the expansion

1 1 o m 1 1 1
B,(z+n)=B,(z——+n+=-)=> B, (=) (z——+n)*
,(z+n)=B,(z > 2) k_O[k] ’”’k(z)(z 2 )

which by (5) and because B, (1/2) = (27" —1)B, leads to

2mS, _(z,n) = i[zm J B, (O —Lany =B, () )
i 27
But
mttny = 2= Dyn i £ (=) =28 (zom) 4 (2 =y
2 2 2 2
so that
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m (2m 1 5 )
zmSMA(Ln):Z:(zjthhyCEXZ&(Ln)+Bl(z»j_BMAZ)

2m 1 ;
S2m—1 (Z’ O) = 0 = z . BZm—Zi (_)Bl (Z)Z _B2m (Z)
=\ 2i 2
Combining these formulae we get finally

2 o
2mS,, (z,n) = z[ 2’;) B, (%) (@S, (zm)+ B2 (2)) -B¥(2)]

and may pronounce

o The Faulhaber theorem:
“8,,._i(z,n) is a homogeneous polynomial of orderm in S, (z,n)”
together with
o The Chen, Fu and Yang theorem that we may condense into a concrete phrase:

k+1

. 2k+2 1 Y
“(2k+2)8,,,,(z,n) s equal to Z iy Byiiaa; (E)(ZS1 (z,n)+ B (2))
J

J=1

without terms independent with respect ton ”

We note that as B, , (%) # 0, we don’t have the property (8) forS,, (z,n) .

For example, fork =2 , from

(6 1 2 j_l 2 _1_5 2 2 2 3
EIZJRJA?61+Q(Q)—E6Qﬂ+&(ﬂ)12@ﬂ+&(@)+Qﬂ+&(ﬂ)

where A = §,(z,n) , we get by omitting the terms constant with respect to n

=

6S.(z,n) =84 +(122° =12z =2)A* +(z* = 2)(6z> =62z -2)A
5

)

(10)

(11

Although from (11) we may calculate S,,,,(z,n) as a homogeneous polynomial of 4, nevertheless we see that

the calculations of the coefficients of 1'= S,'(z,n) are not so simple for high values of & .

For this reason in the following paragraphs we will try to obtain a simpler method for obtaining these

coefficients, beginning with those of power sums of integers.
3. Obtaining S,, ,, (n) as Sum of Powers of S, (n)
3.1 Relations Between Coefficients of Powers of S,(n) in S,,,,(n)

From the Faulhaber conjecture now verified we may write

Sypn(n)= ak,ISI (n)+ ak’2S12 (n)+..+ ak,k+1S1k+] (n)

k+l

N5 (2 J
—Zak’j(n —-n) Vn,
Jj=1
where
= _
a,; =2 a,;

so that to obtain S, ,, (n) it suffices to calculate the Faulhaber coefficients @, ,@; ,,@; 5505 > @ 4y
This may happily be done by comparing (12) with the formula giving S,,,,(n)
from the set of Bernoulli numbers B, as followed one may find in (Bernoulli, 1713)
Y1 (2k+2 ,
Sy (=) —— n’t Vn
2k+l( ) ;Zk_‘rz( j+1j82k+l]
that we may put under the form

(12)

(13)
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z 1
Syun(2)= .[o By (Ddt = m(Bzmz (2)=By.,) (14)
or, alternatively, the Pascal formula (Beery, 2010 ) that we have put under the form

2kl
Sopsr(n) = ZP2_k]+] 4 Byn (15)
=1

where P, are elements of the inverse of the Pascal matrix

(i+1)
b= . (16)
J

which may be calculated by a simple algorithm and tabulated until 25}, (Do, 2017a).
From (14) and (15) we have the relation

m

B, ==2F
j=1

- 1 (m 1 (m+1
Pm':_ Bmf‘:_ Bmf' (17)
Yo+ Tom+1\ j+1 /
that we will extend with
- 1 (m
Pmozm O BmfozBm (18)

From the formulae (12) and (15) we get the primordial relation

K+l , =V . Al (242 .
a, (n°=n) =Y Pl .n'*"+B, n= B,,.,_.n'" 19
izz] il ) ; 2+l 2kt 1 ;2k+2( j+IJ 2k+1-j (19)

Identifying the coefficients of n*" with1< 7 <k+1land of n”*',2r <k in both sides of (19) we get the key
recursion formulae that are utilizable for obtaining the Faulhaber coefficients as explained hereafter.

_ r+1)_ r+i)_ _ “(r+i)_ ,1
i, t 5 Qg Tt 2i Qi Tty = z 2i A i = Pryiinn (20)
i=0
r+1)_ r+2\_ 2r+1)_ ;
- 1 Qi1 — 3 Qi pyn ~ oo™ 2941 A oppr = Pras =B 5k0 or B, 5kr (21)
3.2 Calculations of the Faulhaber Coefficients a,,,q,,,0, ,,...,0,,,4,,,,

Thank to the relations (20), (21) we have the following algorithm for calculating them in two stages.

(1) At the first stage, let
2k+1
Q2k+1 )= .
J

2

we may calculate @, ,,4q, ,,4, ;,...,4, ;.,, from the relations (20) and (21) by the well-structured matrix formula
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1

1 1
2 1
1 3

D) -

)

'§| .*QI ,SI
o=

3

_sz+|

272k +1
372k +1

1)B,,
2) Z;Zk—
(22)

=)' @k+1 j-1B

2k+2-j

(—k'=1)" 2k +1

k"B

2k+1-k'

Concretely let S be the matrix in the left side we may calculate @, ; by the formula

2k +1

Ek,j = (_)J ( j ~1

for j=1,2,...,k+1.
way.

(i) The second stage of the algorithm
successively @, ,,,,a, ;,, 5. @y 4., Dy the matrix formula

)0
SRR
SURRV

k-1

(iii) Examples:

consists

in

k=2
1
k+1 k

2(k—kn-1 2(k—k"-3 2(k-k"-5 2(k—k" -7

k-2

jB2k+2j - Sj,lak,l e Sj,j—lak,j—l

Nevertheless it is advantageous to calculate @, ; with j =k'+2,...k+1 by the following

utilizing the formula (21) to get
5/«,/«“ _Bl
Ekk 0
z. .| |o
H = (23)
Ekk*Z 0
k'+2 |—
1 ak,k’+2 0

For obtaining S, (n) until S,, (n) we utilize the matrix formula (22) to get the equations

such as
a,l | 0o | ]o
a,l |3/2)B,| |(1/4)
(...)

1 aj, 0 0
11 a,| |P (17/2)B,
21 a, 0 0
131 .| _|P"s (85/8) B,
34 1 a,, 0 0

16 5 1 @, [P 17.14.13/3)B,
4 10 6 1 a,, 0 0
110 15 7 1||a,| |P",.| | 17.13.11B,
(...)
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and the matrix formula (23) to get such as

Qg9

g g

-B

1

13 B

1 Q213 _B1
13 12 _

3 1 (TR 0
13 12 11 _

5 3 1 A 0
13 12 11 10 _
7)1s5) (3) L1 Gl | 0
13 12 11 10 9 T, 0
9 7 5 3 1

13 12 11 10 9 8 a, 0
11 9 7 5 3 1

Resolving them we get all the Faulhaber coefficients necessary for calculating the power sums on integers from

Sy (n)=57(n)
to the well known

3617 , 14468 . 4948 | 24304 |
S.(n)=———8 (n)+——S5(n)———S," () + —— 5" (n)
15 15 3 15

9376 1408 448 256,
_TS‘ (n)+TS‘ (n)—TS] (n)+TS| (n)

until the maybe waited formula

S, (n) = %BMUZ ~25B,U° + (1275324 +575B,,)U* —(175B,, +2300B,,)U°

+(525B,, +8050B,, +8855B,,)U° — (1650B,, + 27600B,, +53130B,,)U’

34526, 9185, 649 0 83w 11 1
3 6 4 6 12 26

where

U =(n’—-n)=28S,(n)

and (Coen, 1996)

10

24

(25)

(26)

27
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{Boa """ 9Bl7} = {1a_lalzoa_ia Oai90:_izozizoaﬁaoazaoa_ﬂao}
2°6 30 42 30 66 2730 6 510
_ 43867 _ 174611 _ 854513 _ 236364091 (28)
®oo798 7 330 7% 138 7 2730
By the way we notice that the preceding results hold for S, (n+1)=Y_(z+ j)**"" because
j=0
k+1 ) ) k+1 ) ) k+1 )
S+ =D"2"a, ((n+1 =(n+1)) =327 a, (0" +n) =D a, S/ (n+1)
=t J=1 =1

3. Obtaining the Faulhaber Coefficients Related to S, ,(z,n) and S, (n) from the Function B, (2)B,'(2)
3.1 Useful Properties of the Function B, ,, (2)B'(2)

(1) Lemma 1:

“( 22—z )B,(z)divides B, (z) so that the quotient B, | (2)B,'(z) is a polynomial of order 2j”  (29)

Proof: We can find in literature such as in (Do T.S. 2017b) that

1 .
sz+1 0= sz+1 (E) = sz+1 H=0, J>0 (30)
and consequently may state that z(z —1)(z —%) divides B,,,,(z) . QED

In order to calculate the quotient B,,,,(z)B,”' (2) let

By, (2)B(2)=) f, 7’ 31)
From (31) we get
By =G=)2 B2 = (B =5 B )7 4B ()

On the other hand we have
B, (z)=(B+2z)*"

so that by identification of coefficients we get the recurrence formula for calculating 3, ;

2k +1
ﬁk,o =0, .. ’:Bk,j = 2/3/@,'71 _2[ j jBZk+lj’ ) :Bk,Zk =1. (33)
It is easy to obtain J, ; by utilizing MS Excel and the tabulated values of B, in (28).
In particular 3, =-2(2k+1)B,,, B,,; =B, excepted thecase f§,,, =1, B, ,=—k.

17 17
\JBM’ /Bx,s :4ﬁ8‘3 _2[ 5 \JBIZ’

For example we need to calculate only, [, =4p, — 2( 3

17
7

17

ﬂ8,7 = 4ﬂ8,5 - 2( 13

17 17 .
JBIO P ﬂs,u = 4ﬂ8,9 _2(1 JB(» > 188,13 = 4ﬂ8,11 _2{ \JB4 5 ﬁ&lS = 4ﬁ&13 _2{15j32 in order

to get B,,(2)B,”'(z) .
(i1)) Lemma 2:
“B,., (2)B,”'(z) and B,,(z) are polynomials of order j in Z = (z"-2)” (34)

Proof: Let

11
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Z=(z"-2) (35)
we have
p>=4B*(2)=(4Z +1) (36)
’ _d dzd_ 1 i=—_1d 37)
dZ dZ dz 2B(z)dz p dz
From a recently proven recurrence formula for Bernoulli polynomials (Do, 2017b)
1 &(m
B,(2)=B/(2)B, ,(2)-— | . BB, ;(2) (38)
m 5\ J
we get in particular
4 1 &(2k+1 .
B, (2)B, " (2) =B, (2)- m 2 2jBZk+1—2j (2)B, " (2) (39)
Utilizing the identity beetween operators (Do, 2016)
[D..f(D)]=r1')
D, +a(2)= eija(:)D:eJa(Z)
_ _ 7J‘a(z) Ia(z)
(D.+a)y=f()=y=e""[""f(2) (40)
where Z denotes the Eckaert operator “multiply by the argument z”” we get the relation
(2k+1)B,,(2) = D.B,,,,(2) = D.B,(£)B, "'(2)B,;,,(2)
=(B,(2)D, +1)B,,,(2)B, (2) (41)
which transforms (39) into
o Dok Z) Byi1(2) =(B X(z)D,) 222 By (2) Z(zk"'ljﬁ _ By (2)
B() L B() =2/ )7 B
2k+1
(~(Z+~ )D a1 ( ]Bz J Zaen2)
B() 25 B,(z)
i.e. by (40)
1. _ 42 1 2k +1 _
(z +z)k 'D,(Z+ ) ;(1 ) —Ej 1( 1By B; (2)B '(2) (42)

Eq. (42) allows to calculate B,(z)B, '(z) from B,(z)B, ' (z) = (z* —z) = Z as followed
B 5 5
@ +%)3DZ(Z+1)‘2 5(2) =l( le—l( J L 5, 1

4" B(z) 2\2)6 30 6 12
B
12 B(2) _10 Z+l)2.[( 4Z+13_ 14 %)+C(Z+l)2
64 B(z) 4 (4Z+1)y 44Z+1y 4
where the constant C is so that B,(z)B,”' (z) =0 for z =0. Finally we get
B(2) _ Z(Z—l)
B,(2) 3

and see that it is a polynomial in Z . By recursion and (42) we obtain that B,,, (z)B, '(z) is a polynomial of
order k in Z . Moreover from the recurrence formula (39) we see that so is the polynomial B,, (z) . QED

12
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In order to calculate B,,,,(z)B, "'(z) in terms of Z, let us introduce the polynomial sz+1,1(z) defined by its

property

Eq. (43) is formally similar to Eq. (19) so that by identification of coefficients of z,z°,...z

B 2% o ok _
sz+1,1(Z) =B,..(2)B _](Z) = Zﬂk,jzj = ng,jzl = ng,j (22 -z)
=1 = =

formula giving ¢, ; similar to (23)

(iii) Algorithm for obtaining B, w1.1(Z)

It consists of inputting in a MS Excel sheet, denoted herein by S, the above matrix elements [

k columns; then B, ,, B, ..., B, , on the (k +1)" line; then utilizing the formula

In particular ¢, ,

;k,i = (_)iﬂk,i _z

J

=i\l —J

2k

= _ﬂm =2(2k+1)B,,, ;k,k =1and, because :Bk,zj = ﬂk,Zj—l > ;k,z = _3;k,1 .
Example withk =8 :

(43)

we get the matrix

1
1 1 é/k,l _ﬂkJ
2 1 gk,z :Bk,z
1 3 é,k,& _,Bk,3
] é,k,Zj = :Bk,zj (44)
[ 1 1 ;k,2j+1 (_)j ﬁk‘2j+1
=Jj
1 2 3 k-2 -1 R N e
0 - e el

/ j on k lines,
=7

1
1 1
2 1
1 3 1
3 4 1
S= 1 6 5
4 10 6
1 5 15 7 1
—241l 482l —622l —1244l 644 1288 —370g —741l
7 4 8 4 3 3
1 1 1
;8,1 :_S9,1 :2417>§3,2 :_3;8,1’ gs,s 2622§_248,2 5 ;8,4 2_1244Z_§8,2 _3§8,3

;8,5 = _644_3§8,3 _4418,4 5 §8,6 = 1288_;&3 _648,4 _5418,5

2
;8,7 = 3705_45&4 _IO;S,S _6;8,6 > é/&s =1

We will see later that these values permit to obtain S,,(z,n) and S, (n) .

13
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3.2 Properties of the Faulhaber Coefficients
(1) Theorem 1

“The Faulhaber coefficients are polynomials in Z ”
Proof: Let

A=S8,(z,n)=B,(z)n +%n2 =nz+S,(n) =%(n2 — pn)
k+1 k+1

Sy (z,n) = Z_:ak’j () = ZEM (z)(n* — pn)’

where as in (13)

a_k’j (z)= 2_/ak’j (2)

Association of (35) with the Dattoli, Cesarano, Lorenzutta formula (2002)

w1 (2k+1 "
Syn(z,n) = Z_( j jBZkHj (2)n”"

o Jtl
leads to the primordial relation

k+1 . 2k+1 1 2k+1 .
a (2)nt-pn) =) — B (2)n’™!

Z o, (2)(n = pn) ;}.H i P ®

2r+1

Comparison of coefficients of n in both members of the formula (49) gives

r+l1) _ r+2) ,_ 2r+1) ,.._
Tl Pl — 3 POy =T 2 +1 P o

1 (2k+1
S 2r+l 27
Similarly comparison of coefficients of n* in both sides of (49) gives

_ r+l1) ,_ r+i) o
a,,+ 2 P, ytt o i ot P74,

1 (2k+1
C2rl2r-1
In (50) and (51), a,, stands fora, ,(z) for saving places.

jB2k+12r (z) withr=0,1,...,k

JBz/szr (z) withr=1..,k+1.

From (50) we get the very important relation

B2k+1,1 (Z)

N | —

_ 1 1 _
[ (z)==——8,,,(2) == B,.,,(2)B, 1(2) =
P 2

saying that @, ,(z) is a polynomial of orderk in Z .

Afterward from (51) we get the formula

a,,(2)+ T, (2) = %(zk +1)B,, (2)

(45)

(46)

(47)

(48)

(49)

(50)

G2

(52)

(53)

which, because B,, (z) is a polynomial of order k in Z by (34), shows thata, ,(z) is a polynomial of

order(k—1)inZ .

Repeating these operations step by step we obtain thata, ,(z) is a polynomial of order (k- j+1)in Z . QED

Following this result we may denote from now on a Faulhaber coefficient by

o, ;(2)=a, ,(2(2))

14

(54
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(i1). Theorem 2
“The Faulhaber coefficients ¢, ;(Z) may be calculated from ¢/ , (Z)

by the formula

2/'—1 2./—1

@D =B 2)

j' 2k+1,1
so that the power sums on an arithmetic progression has the form

O(k’j(Z)z

k+1 k+1 2/’*1 _

Sya(zm) =2 0 (DA = ZTBMHJ”'”(Z)SI’ (z,n)
j=1 :

J=1

where by (43)

D j— & (l+j_l)' i
BZk+l,1(j 1)(Z)= Z gk,i+j—1 7! 4
i=0 :

Proof: We may write (50), (51) under the form

v + }"+l 2= +o+ r+i 2i = +o+ 2r— _ 1 D2rle
o, 2 PO, T NPT TP, = B - i (2)

r+1)_ r+2\ ,_ 2r+1Y) , _ 1 DB, ()
- [24 - (04 —. , = z
1 k,r+1 3 p k,r+2 2}"+1 ,0 k,2r+1 (21”+1)'/) z 2k+1

where ¢, , stands for &, , () for saving places.

Derivation with respect to Z the equation (57) gives

— r+i-l 2i-2 = r+i 2i = 2r =
DZ (ak,r +..+ IO ak,r+i71 + 2 p ak,r+i ++p ak,Zr)

2i-2 i
-~ pvp (2)
(27')'p z 2k+1
With the hypothesis
a, ,.(2)=0+ 1)’1&’“. (2) Vj=12,..,2r-1
and the property
- dp* d . d@lzZ+1) d ; -
D.p¥ = 2j — 2y = 47p%2

we may write instead of (59)

_ r+l)_ r+i-1y} , , o o A
(r+he,,., +4 5 &+t P+, 5i 4ip™"a,
1

2i-2

r=2 — r = _1 r
+o+4rpT A, v pral, =WDZZ By (2)
In the above formula the coefficient of &, ,,,(Z) is

r+i=1\) , , . r+i) L, r+i) L.,
4+ 4ip™" =Q2r+1 '
(21'—2 ]p (r+d) (21'] S A PR

(55)

(56)

(57

(58)

(59)

(60)

ak r+i

(61)

(62)

On the other hand multiplying (58) by (27 +1) then comparing the result with (61) and taking account on (62) we

get the relation
', (Z2)=02r+ 1)§k,2r+1 (2)

saying that the hypothesis (60) is right for Vj =1,2,...,2r
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Differentiation with respect to Z the equation (58) and utilization of the preceding argumentations lead to the

conclusion
&’k_j (2)=0U+ l)ﬁk.jﬂ(z) Vjz1.
Examples:
o k=1
1B, (Z) 1 _ 1_ 1
= =—7Z, a,(z)=—a' (z2)=—
11( )= ZB(Z) b 1,2( ) b 1,1( ) 4

S, (z,n) = Z(Xu AV =ZA+ A
=
o k=2

7, 2)=1B@ L 1, & o=-tz-Y, a.zn=1L
LD =550 2% 3D BaD=3@-0), &@=33

Sy(z,m) = (Z? —%zyu(zz_%w +§ pe

(ii1). Theorem 3

“The power sums of integers may be calculated from B, w11 (Z) by

the formula
k+1 2,/'—1 _ . ) k+1 2./—1 )
Syen(n) = ZTszﬂ,l(ﬁ )(0)S1j (n) = ZT ;k,j—lslj (n)”
Jj=2 . j=2

Proof: From (43) we get

Ezkﬂ,l(jil)(o) = (j_l)!é/k,j—l

so that formula (56) is reduced to (64). QED

For example we may calculate S,, (n) by the formula

Si;(n) = é/K,IS12 (n) +§ 4:;,2*913 (n) +% gx,3S13 (n) +§ ;;,4S14 (n) +% gx,ssls (n)

4:65 (n>+ §X7S<)+128 S (n)

with ¢, given herein before.

From (64) we see that the power sums on integers may be written under the vectorial form

Sy (n)= éézk++1,1§1 ()

where we define

s

§2k+1,15{§k,0:0 gk,l é/k,z ;m gk,4 ;k,S é/k,é }

4 8
34 5 6 77

— | —
SR}

S, m={Sm S m) S'm S S'm Sm Sm ..}

and adopt a whynot generalized scalar product between three vectors.

For example
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(65)

(66)

(67)

(68)
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B, (Z) =§Z—22 +7°

S, (n) = %SI *(n) —%Sﬁ (n)+28,"(n)

4. Obtaining the Power Sums S,, ., (z,#) From S,, ,, (n)
4.1 Theorem 4
“All the Faulhaber coeficients &, ;(Z) may successively be calculated by

the formula

— . z — —
,,(2)=(j+D|, & ,.(2)dZ +a,,(0) (69)
beginning from the last of them whichis &, ,,,(Z)= L
g g Kkl e+
Proof: By integrating both members of the formula coming from (60)

ﬁ'k‘j(z) = (j+l)§k,j+l(Z) Vjz1

and taking the right constant of integration. =~ QED
4.2 Theorem 5
“ The ;" Faulhaber coefficient in a sum of powers on an arithmetic progression

. 27 . . . .
is equal to - times the j” derivative of the corresponding sum of powers of integers expressed in term of

J!
the argument Z= z(z —1) instead of U= n(n—1).“ (70)
Proof: According to (64), by integrating £ times the constant coefficient @, ,,, with respect to Z we
will get @, ,(Z) of which

k
o the term containing Z* is (k +1) '@, 4 o =(k+ 1)57,“,”12"

o)

. z’ .
o the term containing Z7 is (j+1)!a, ., —= (J+Da, .2’
J!

that is to say

o, (Z2)= Zk:(j +0a, .2’ (71)

This relation is to be compared with the relation coming from (52)

Q| (2)= sz+1,1 (2)= Z gk,/Zj
=

Introducing the function

k k
Syn(Z2)=8,,,(2) = Zak,jﬂ (Z2 _Z)j+1 = ak,jJrleH (72)

7=0 =0
we have curiously by comparing (71), (72) the important relation

_ 4 1
o 2)=S 2k+1 (2)= EBZkH,l (2) (73)
which because

_ _, 1_ .. 1.
% (Z)=-« k,j—l(Z)z"'=Fak,1U 1)(Z)=7S2k+l(”(2) (74)

17
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gives rise to the ultimate formula linking S,, ,,(z,#) with S,,,,(n)

k+1

Syn(z,n) = Z S2k+1(/)(Z)S/(Z n)

or under symbolical (umbral) form

S, (z,m) = exp28,, " (2)S,(z,n) -1 QED
For examples

n(n 1.,

o sm==D ):§3(2)=Ss(z)=§zz

S,(z, n)——( 7y A+t ( Loy =224 22

o From (25) we have

3617 Z* 14468 Z° 4948 Z* 24304 7°
T 53 -t Py
15 2 15 2 3 2 15 2

SH(Z) =

9376 Z°% 140877 448 7 256 Z°

=+ ===
9 2° 3 2 3 2° 9 2°

5. Obtaining S,, (z,n) from S,, ,,(z,n)
5.1 Theorem 6:

“ The sums of even powers on arithmetic progressions may be calculated from the formula

Qk+1)S,, (z,n)=28",,, (Z)n+(Q2n+2z— 1)2 Szm‘f“)(Z)/lf »
Jj=1 ]

Proof: From literature for example in (Do T.S. 2017b) we know that S '(z,n)=mS,_ (z,n)
This formula and (37), (75) and the fact that
2
n
=S,'(z,n) = (B,(z)n +?)‘ =nB '(z)=n
give rise to the formula
k+l1
(2k+1)S,,(z,n)=S";,,(z,n) = Z S2k+1(j) (Z)nj A" +2_ZB (Z)S2k+1(j+l) (2)A
which clearly leads to the formula (78). QED
5.2 Examples

2

o $,(2)=8,(2)=5(z)= ZT

3S,(z,n)=Zn+(2z+2n— 1) ( )"ﬂ, Zn+Q2z+2n-1A

. 1 1
o S2)=-—=7"+-7"
()= 2+

55,(z,n) = S'(z,n) = (2 —%Z)n +(Q2z+2n-1)((2Z —%)/H 21%)

6. Remarks and Conclusions

In a precedent work (Do T. S. 2017b) we have proven thank to translation operators the property

nD, 1

S, (zm)=z"+(+D)"+..+(z+n-1)" =—; 1 '
e —

18
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z m

z
D,
e —

and the formula linking it with the Bernoulli polynomials B, (z) =

m+l

m+1 ]
(m+DS, (z,n)= Z{ j a2 = (BE)+ )" =B (2).

This formula contains the Dattoli, Cesarano, Lorenzutta (2002) formula which we may put under the form

Sua(zm) = [ B, (z+0dt:= [ (B+z+1)"dt

In the present work we firstly resume the theorem of Chen, Fu, Zhang (2009) proving the Faulhaber conjecture
from the preceding formula; secondly compare the Faulhaber formula on power sums of integers with the Pascal
formula (Do, 2017a)

k+1 2k+1

— 2 i —1 j+1
Szk+1(")=zak,i(” _”)lzzp2k+1jnj+ +Bopin

i=1 j=1
for obtaining the formula giving the Faulhaber coefficients, for examples in S, (n), S,5(n).

Thirdly we compare the conjectured Faulhaber formula on powers sums S,,,,(z,n) with the Dattoli, Cesarano,
Lorenzutta formula

kel 1 (2k+1 n
S, (z,m) = Za,”(z)S (z, n)—z ( ; jBZkﬂj(Z)n./l

0 J+1

and obtain two equations for calculatmg the set of Faulhaber coefficients a; ;(z) . Managing these equations ,
firstly we prove that the function B,,, (z)B,"'(z)is a polynomial inZ =z(z—1) easily calculable , denoted
herein by E’2k+11(2)' secondly that all the Faulhaber coefficients a; ;(z)are also polynomials inZ , denoted
consequently by &, ;(Z); thirstly that all the ¢, ;(Z) are calculable by derivation from the first of them which is
equal to B, w1 (Z). At this stage we get the F aulhaber expansion

A+1

Syp(zom) = z vzk+1,1(i_1)(Z)S1j (z,n)

Afterward we introduce the functions Sz,Hl (Z)=S2k+1(z) from the power sums on integers S,,, (n) and
arrive to obtain another form of Faulhaber expansion

k+1

Syen(z,n) = z Szkﬂ(j)(z)sj(z n)

which leads to
2k+1)S,,(z,n) = 28 i (ZIn+(2n+2z - l)z Sz,m(’“)(Z)/i’

By comparing these two forms of Faulhaber expansion we get the beautlful formulae

A 7Z -
285,,(Z)= Io sz+1,1(t)dt

n(n— ) 1(}1)

28, (n) = I By (0)dt _J. By (t)dt

On behalf of the results obtained recently by Edwards (1986), Knuth (1993), Chen, Fu, and Zhang (2009) and
the results obtained in this work, we may claim that the Faulhaber problem on power sums are now quasi if not
fully resolved.

A bemol subsists however because herein the proof for B, ., (z)B,'(z) to be a polynomial in Z seems
cumbersome. Subsists also the challenge of extending the results of this work to sums of real power on
arithmetic progressions as preconized Knuth (1993) for power sums of integers.

The author dedicate this work to his adorable wife for the vietnamese scented tea she silently offered him from
time to time during the long days he performed this work.
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