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Abstract

A new definition of the inverse operator of any operator which applies a space of differentiable functions onto
itself is proposed and a formula changing the operator f(A4)g(B) where AB—BA =1 into a sum of operators

1 . . . .

o OB Py is proved. Thank to this relation between operators some formulae in integral calculus are found,
a new and rapid method for resolutions of differential equations teached in universities is exposed in details. It is
- . . 1
seen to be useful also for obtaining the differential operators say exp(—Zsz) ,(D,-1)", (=)"(1-D)"",

1 B’ . . .
;m;_j) ,cos B that transform monomials into Hermite, Laguerre, associated Laguerre,
+

Gegenbauer, Chebyshev polynomials and for getting quasi all their main properties in a very concise manner. Is

24), (=

proposed also the differential representation of the Laplace transform permitting the differential calculus to

prove consicely its properties.

Keywords: Operational calculus, Inverse operators, Differential equations, Special functions, Laplace transform,
Eigenfunctions, Newton binomial.

1. Introduction

An application of a space of functions into itself is represented by an operator. In this work we will consider
operators representing linear applications of the space D of differentiable functions onto itself

A(f()+g(x) =Af (x)+ 4g(x)  f.g,Af,Age D (1.1)

A(cf (x)) = cAf (x) (1.2)

The well known operators are certainly the derivative operator D_, the Eckart “multiply by the argument x”
operator X (Eckart, 1926) and the identity operator /

D.f(x)=f'(x) Vf(x) (1.3)
Xf(x)=xf(x) Vf(x) (1.4)
Fx)=f(x)  Vf(x) (1.5)

The first remark to be notified is that 4 acts on the whole product of functions at his right
Af (x)g(x) = Af (x)g(x))

The second remark is that 40 may be different from 0 for example

e’ .[ e0=ce"
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so that in general Af is defined only within 40
Af (x) = A(f(x)+0) = Af (x)+ A0 (1.6)

Profoundly we think that (1.6) means that there is not at all determinism in a universe where the number zero
exists.

Two operators 4 and B are said equivalent if they give the same result when acting on an arbitrary function

A=B e Af (x)=Bf(x) VYf 1.7

From this definition one may define the addition and the multiplication of operators as following
C=A4A+Bo Cf(x)=Af(x)+Bf(x) Vf (1.8)
C=4B & (f(x)=(4B) f(x) = A(Bf (x)) = ABf (x) Vf 1.9)

Afterward one may define the operators 4", 4" where n, m are positive integers and series of them. An example
is the definition of D" by Riemann (Oldham & Spanier, 1974)

rv+1
iy =—LUFD e (1.10)
’ T'(v—u+1)
Two operators in general may do not commute i.e. AB may be different from BA .
In order to clarify the above assertion, let us examine the following analysis.

Because

D Xf(x) = Dxf (x) = xf (x)+ [ (x) = (XD, + 1) f(x) ¥f
we get the relation between two operators
D.X=XD +1 (1.11)

which shows that D_and X do not commute.
From now on a relation between operators will be called identity and that between two functions formula.

There exists the notion of commutator of an ordered couple of operators (4, B) defined as follows

[4,B]= AB-BA (1.12)
For example
[D.X|=DX-XD, =] (1.13)

Differential calculus consists in utilizing operators constructed from DX,/\A’ .1 to study differential and partial
differential equations, special functions and so on as we can find abundantly in literature from the time
Heaviside (1893) published his invention of operational calculus. The non exhaustive list of references is (Eckart,
1926; Wilcox, 1967; Abramovitz & Stegun, 196; Wolf, 1976; Do, 1978) and many others may be founded on the
net by searching for operational calculus, hyperdifferential operators, etc.....

In a recent work we have studied the transforms of functions and operators by exponential in linear and quadratic
operators in D_and X', named hyperdifferential operators (Do, 2015).

Considering utilizing ordinary operators in differential calculus we meet firstly a huge difficulty which consists
in the impossibility to define the inverse 4™ of an operator 4 by the identity

A" A= 447"

in the case where A has the properties
A0=0

and there exists a function /' (x) # 0 such that
AV(x)=0

because in this case we have simultaneously
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A7'0=A""AV (x) =V (x)

and
A'0=A4"40=0
which is paradoxal.

And, without 4" one can’t resolve the differential equation Ay = f(x) by writing

y=A4"1(x)

The second difficulty is the lack of an identity which would help to put any operator f(D )g(X) into a sum of
operators having the formu(X (D )in order to deplace some operator inside a product of non commutative
operators; to factorize a sum of operators such as(p + f(X))then invert it; to simplify the calculations of
F(D)g(x)h(x) = f(D,)g(X)h(x), etc...

Willing to bypass these difficulties, this work aims to propose a free of paradox definition of the inverse operator
A" of any operator 4 and to establish the fundamental identity of operational calculus

F(D)g(X) = i%g‘“m F9D)

where (D, X) is a couple operator obeying the condition (DX — XD) = I.

Afterward in order to convince readers and students about the worth of differential calculus we will apply these
propositions to obtain formulae in the field of differential and integral calculus, to study the Laplace transform,
to simplify greatly the resolution of differential equations teached in college and to get the differential operators
which transform monomials into the Hermite, Laguerre, Gegenbauer, Chebyshev polynomials. Thank to these
representative operators the main properties of these polynomials are deduced in a very concise manner.

2. The Inverse Operator of an Opertor
2.1 Definition
Given 4 and letV,(x) be one of the solutions of the differential equation
Ay =0 @.1)

Firstly we denote by 470 the general solution of the above equation

A70= ch.Vl. (x) Ve, (2.2)
The entity 47'0 is seen to be the kernel of 4
AA“ozzc,AV,.(x) =0 Ve, (2.3)
and has the particular property
A'0=A4"(c0)=cA"'0 Vc#0 24

Secondly we propose to define the inverse operator A4~ of an operaror 4 by the relation

A Af(x)= f(x)+ 470 Vf (2.5)
With respect to this definition the primitive operator I defined by
j 0=1 (2.6)

[fx0)=Fx) & DFx)=f(x) Vf 2.7)

is the inverse of D_and vice versa
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[D.f@)=r)+]0

D,[f(x)=f(x)+D,0

so that from now on we may write

For completion we remark that if we may write
D lo=[0=c

this is because 0 = c0 and not because D, is undetermined.

2.2 Properties
(i) From the definition of inverse operators (2.5) we have
A'40=A47'0
A'AAA0= A" A0+ A 0=A"447"0=247""0

and may conclude that

A0=0=A"'0=A4"0= 4"'0 may be #0

A'020=>A4"40=4"0= 40=0

A0#0=>A"'0=0 unless paradoxal with the previous assertion.

(ii) IfA™"is the inverse of 4 then A is the inverse of 4™
AH'=4
Indeed, appplying 4 on both members of (2.15) we see that
AAT (Af (x)) = A(f(x)+ A7'0) = Af (x)+ 447'0
For A0 =0 we get
AA (A (x)) = Af (x) +0 = Af (x)+ A0 Vf
For A0 # 0 we have 40 =0 and also get
AL (Af (x)) = A(f(x)+ A70) = Af (x) + A0

(ii1) A™" is the inverse of 4"
Let

A"=A"A". A7 ntimes

we will prove by recursion that 4™ is the inverse of 4" .

For this purpose suppose that
A"A" f(x)=f(x)+47"0

so that
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A" AN ()= ATATAA" f(x) = A(A" f(x)+A7'0)

=f(xX)+A47"0+4770
Remarking that
A"0=A4"(4"0+0)=4""0+47"0
we finally get
A" A ()= f()+A470 QED

By the way we notify that
A"0=A4""0+47"0=A4""0+A4"0+..+47'0

(iv) A" =A4"A" Vn=20,m=0
This is because both members are (n+m) times products of 4 .
A" =A4AT"A"Vn20,m=20

This is because both members are (n+m) times products of 47"

(v) For 40=0 we have A4™' =1
so that

A= A4 n>0,m>0
Nevertheless if 40 =0but 400

A AT g
because in this case

A4 F)=A"AT AT ()= AT () + A0 Ym=n>0
A—nA+m f(x)=A—n+mA—mA+mf(x)=A—n+mf(x)+A—n+mA—mO

=A""f(X)+ A0 Vazm=20.
With respect to the above properties we get the global formula valuable when 40 =0
AP A f(x)= A" A (f(x)+0)=4"" f(x)+ A" A0 Vp,qe Z

2.3 Inversion of a Product of Operators AB

From the definition of inverse operators (2.5) we may write
(B'A"ABf (x)= B (Bf (x)+ A4'0)= f(x)+B'0+B'47'0
Because
B'4'0=B"'(4"0+0)=B"4"0+B"'0

we may conclude that B"' 47" is the inverse of 4B
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2.17)

(2.18)

(2.19)



www.ccsenet.org/apr Applied Physics Research

Vol. 8, No. 1; 2016

(4B)'=B'4"

2.4 Transform of a Product of Operators

LetU be an operator and U™ its inverse. The transform A'by U of an operator 4 is defined by the identity

A'=UAU™
From the definition of inverse operators () we may write

UAU'UBU ™ f(x) = UA(BU ™ f(x)+ U™ 0) = UABU " f (x) + UAU 0

ie.
A'B' f(x)=A'B'(f(x)+0)=A'B' f(x)+ A'B'0=(A4B)"' f(x)+ A'0
Because
A'B'0=A4'(B'0-0)=A4'B'0-A4'0
we finally get the formula
(A4B)'f(x)=A'B'f(x)+A'B'0=A4'B"' f(x) Vf

saying that the transform of a product of operators is the product of the transformed operators.

3. The Fundamental Identity in Differential Calculus

3.1 Proofof [f(D),X]=f'(D)
In a space of functions let D and X be two operators verifying the relation

DX = XD+1
From (3.1) we may deduce the following

D"X = XD" +mD™", VYme N

(2.20)

@2.21)

(2.22)

3.1)

(3.2)

simply by the algorithm based on the remark that according to (3.1), for a product of m operators D and one
operator X , each time X is moved from right to left of a nearby D we must add D"'to the result, so that after

m such moves D" X becomes XD" plus D",

Identity (3.2) is valuable also in the case where m is a positive rational number. Indeed, letY be an operator

defined by
Y}’l = D’ﬂ
and suppose that we can find an operator A(D) which depends only in D and such that
YX = XY + A(D)

The above algorithm may be utilized and gives

Y'X = XY" +nA(D)Y""
Replace Y" with D" we have

D"X = XD" +nd(D)D""""

Comparing (3.6) with (3.2) we get

m

nA(D)D"

(n-1)

mDmfl
so that (3.5) becomes

D x=xD"+2pn”
n

From the above identity we get also
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D"XD " =x+Z D
n

XD =D x+2p (3-8)
n

Because a real number is the limit of two series of rational numbers we may assumed that (3.2) is also valuable
for m real.

From (3.2) we may conclude that if f(x) is a differentiable function

f(x)=>a,x" VmeR (3.9)

and f'(x) is its derivative function
f'=Y am™" VmeR (3.10)

we have the identity

S(D)X = Xf(D)+ f'(D)
[/(D).X]=f(D) (.11)

which when apply on a function g(x) must respect the primordial remark that
Ag(x) = Ag(x)+ A0

m

3.2 Proofof f(D)X" = Z(:’Jxm-k 9(D)

k=0

From (3.11) we deduce successively that

f(D)X? =(Xf(D)+ [ (D)X =X [(D)+2X[(D)+ ["(D)

F(D)X* = X f(D)+3X*f (D) +3Xf"(D)+ f"(D)

and so on for f(D)X*, etc... Thank to this remark we suppose that

m

S(D)X" = Z['Z)X"""f(“ (D) (3.12)

k=0

In order to prove (3.12) by recursion we utilize (3.11) to proceed

f(D)X"Hl = i(’:)){m—kf(k)(D)X = i[Zij—k (Xf(k)(D)'i' f(k+1)(D))

k=0

zi(’:)(xm“kﬂ“(D)&[k"_’l A

and get

m+1

f(D)X™ = Z(’";Jx"”” F%(D) QED (3.13)

k=0

Combining the above result and the fact that £(D)X° = X° f(D) we may conclude that (3.12) is correct.
3.3 The Fundamental Identity in Differential Calculus

Under the form (3.12) we can’t proceed further because the mixed coefficient (m—k)! doesn’t permit
summations with respect to m. In order to bypass this obstacle we make use of the relation
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m!
(m—=k)!

is the k-order derivative of x” and obtain

xm—k — m(m—l)...(m—k+1)xm_k Exm(k) (314)

where x"® i

m

f(o)x" EZ[k]X'” wf (D)Ezlj: Xm(k)f(k)(D)Ei%Xm(k)f(k)(D)

k=0

where X"*® is obtained by replacing x with the operator X in the function x"*’ .

Finally we may conclude that

“Let f(x)be any differentiable function of the argument x, g(x)any function expandable into Taylor series,
% (x)and g (x) respectively the k-order derivative with respect to x of f(x)and g(x), then

f(D)g(X)=i%g”‘)()()f”“(D) » (3.15)

3.4 Invariance of the Fundamental Identity

Inspecting the way we obtain the fundamental identity in differential calculus (3.15) we see that it is the
consequence of one and only one condition which is that the ordered couple of operators (D, X) respects the
basic identity (3.1)

[D,Xx]=1

We thus obtain an extremely important corollary saying that the fundamental identity is invariant under replacing
the couple of operators (D, X) with any other couple (4, B) respecting the condition[4,B] =1 .

From this corollary we get the twin identity of the fundamental one. Indeed by remarking that
[-X,D]=-XD+DX =1
we get
FX)ED)= Y (D))
Putting #(x) = f(—x) , we have h'(x) = — f'(—x) and

h(X)g(D) = i%g“%mh‘“(){)

i.e., because A(x) is also arbitrary as is f(x)
f(X)g(D) = Z ( (k)(D)f “x) QED (3.16)

By replacing (D, X) with (@a™ + fa,ya” + 8a) wheread— fy =1 or with (%Dx,u(f()) in (3.16) we obtain
u'(x

an infinity of identities for differential calculus.
With the replacement by (D, + u(X), X)we get for example

f(D+u(X)g(X)= i%g(“(ﬁr) FOD+u(X)g(X)

k=0

By the way we see that the Newton binomial may be put under the forms

m (m m o]
(x+a)n1 — Z akxmfk — Z_akxm(k)
k k=0 k'

k=0

=Zlak Fxm = e x” (3.17)
i k!
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3.5 The Fundamental Identity in Quantum Mechanics

Consider the couple of operators

a*zﬁ(Dx -X)
E%(Dx +)2')

which are the creation and annihilation operators in quantum mechanics.

Because

[a"a]=5 (D &]-[£.0,)=]

we get according to the invariance property of the identity (3.15)

f@ﬁﬂ@si%§WMﬂWw)

ﬂ@%ﬁEiGY%EWMVW@

(3.18a)

(3.18b)

(3.19)

(3.20)

and similar identities corresponding to the replacements of (a*,a) with couples (aa” + fa,ya” + Sa) where

oad-Py=1.
4. Applications
4.1 Calculation of primitives and derivatives
(i) Derivative of a product of two functions

Apply the fundamental identity on a function /(x) we find again the formula

S(D)g@h(x) =Y~

%H§WmﬂWQmm

that Forsyth (1888) had found by generalizing the Leibnitz formula but did not give details of calculation.

An example is
4 - 4 . 1 1 . , 1 ; 1. 4
D " sinxx" = (sinx)4+ F(cosx)24x + 5(— sinx)12x” + BT (—cosx)4x” + m(smx)x
(i) Change the primitive of uv"” into that of vu"
With f(D,)=D," = j we get from (3.15)
Iuv(") =D 'uD/v=D" (D u—nD/ u'+..+(=)"u" )
=D uv—nD"u'v+..+ (=) nuv+(=)" ju(")v

(ii1) n-order primitive of a function

Utilizing the formula
Juv' = uv—ju'v, Yv
and putting v = Iv' we get the formula

[ =ufv=[u' v, o

which leads to the identity
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fu=of

Applying the operator_" onto both members of (4.3) and reutilizing (4.3) we get

JJum@]=fu D] =[f«]

Defining

we may write

Jusaf Jul-fuf

By recursion we obtain the identity

usaf ] [

Applying this identity onto a function P(x) we get the formula

J‘n uP(x) = uJ.n P(x) —Zilj.ku'r_k+lP(x)+J.n0

(iv) Primitive of functions containing Inx

Puttingu = In x in (4.6) we get

n o A n_” k o~y pnk+l
jlnx_lnxj ;j X j

and

J‘nlnxP(x) = lnx.[nP(x)—ijkljnikﬁP(X)-i-.[nO
k=1 X

With P(x)=1 we have the formula

j"lnx=x—(lnx—(1+l+...+l))+qn_l(x)+rn_1(x)1nx
n! 2 n

-

4.3)

44

(4.5)

(4.6)

A7)

(4.8)

4.9)

allowing the calculation of the n-order primitive of Inx and from that of (x+a)™, P ™"(x), (Inx), etc....

For examples

o .[ lnx—x2

—?lnx—%xz +q,(x)+7r(x)Inx

2
_x

o lenlenxfx—jijx— lnx—§+q0 +7rInx

2

o ”lnxlnx:lnx”lnx—j%”lnx—Héjlnx—i—ql(x)+rl(x)lnx

1 2 2 3 2 7 2
=—x"In"x——x"Inx+—x"+q,(x)+7(x)Inx
> > 4 q,(x)+71(x)

4.2 Resolution of differential equations with constant coefficients

(i) Equation (D, — &) y =0

From the fundamental identity we get for all j<k
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A A 7/ ! )
(D, -a)' X' =X/ (D, -a)" 2K g (D, —a)" + ...+L(Dx -a)"’
’ ’ 1! ’ (k=)
so that
(D, —)'x'e™ =0 Vj<k
and that the solution of the differential equation
(D,-)y, =0 (4.10)
is
Y, =0, ,(x)e™ ¥V O, ,(x), polynomial order (k —1) 4.11)

For generalization consider the equation with constant coefficients

ay" +a, v+ . +ay+y=0 (4.12)

which may be written under the form

P(D)y=(a,D+ an_lDX"_l +..+aD, +a,)y

=a,(D,-0)" (D, —,)"...(D,—e,)"y=0

where ; denotes the root with multiplicity &, of the characteristic polynomial £, (x) .

Because the operators (D, — ¢, )k/ commute one another, according to (4.11) the solution of P, (D, )y =0 is

y=30, @, YO, () (4.13)

J=1

(i1) Equations with eigenfunction in second member
(A=A)" y =V (x) where AV (x) = AV (x) (4.14)
Consider an arbitrary function f(x) . By the fundamental identity (3.15) we have
ST D)X = X" " (D) + .--+%(f(’”)‘“(f”’ (D)"Y +...+%§(fm (D))"
Searching for a term which doesn’t contain f(D,) in this identity, we see that all the derivatives of order k=1,
2,...,m-1 of f"(x)contain f(x)andin (f"(x))" only the term m!(f'(x))" doesn’t contain f(x).

By these remarks we see that when applying both members of the previous identity on a function V(x)
verifying the property f(D, )V (x) = 0 we have

SHD)X"V(x)=m!(f'(D,)"V(x)
Applying the above remark for (4 — AD)" where (A— AV (x) =0 we get the important formula
(A=D)" X"V (x)=m!(4)"V(x) (4.15)
and by applying (4 — Al )" on both sides
(A=D)"* X"V (x)=0 Vk>0

These formulae lead to the proposition
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« The differential equation
(A=A)"y=V(x)

where
AV (x) = AV (x)
has as general solution
1 -1
=—xX"V(x)+(cx"" +...+¢,)V(x) Ve »
y (4D () +(¢ V(X)) Ve,

In the case where
ml(A'(D )"V (x) =,V (x)
the solution is according to (4.15)

Y= ()
am

Generalizing for the equation

(A-AD)"y= Zn:aiVi(x) where AV, (x) = AV,(x)

i=1

we see that if we can find a funtion Z o V.(x) so that

mAY Y (0= Y a0
then from (4.15) B B
(A=D1 6"3 (0) = mi(AY" Y ab, () = 3a ()
we get the solution B B B
v, =x" iom(x)

By the way we would like to highlight the formula

V(x)

= x"V(x)
(4-AD)" m!(A4")"

(4.16a)

(4.16b)

4.17)

(4.18)

(4.192)

(4.19b)

(4.20)

which is to be add to the well known formula of Cayley concerning the eigenfunction and eigenvalue of an

operator

o f(AV(x)=f(AV(x)

where f(x) is expandable in Taylor series.
(iii) Differential equations P, (D, )y = ™"
From the hereabove proposition we see that the differential equation
(D, ~@)"y=e"
corresponds to A(D, )= (D, —w) and 4'(D,) = I so that the solution is
y= i'x’”e“” +(ex" " +.+c,)e™ Ve,

m!
Generalizing for the equation
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F,(D,)y=0(D)D, -w)"y=e™
where o is the root of multiplicity m > 0 of the characteristic polynomial we see that
O(D (D, —w)" x"e™ = Q(D,)m!(1)" e™ = Q(@w)m!'e™

The general solution is then

x"e™ + (e x" " +.+¢, )e™ Ve,

1
YT nio)
(iv) Differential equations with sinusoidal functions at second member

P (D,)y = acoswx+bsin wx

(4.22a)

(4.22b)

(4.23)

If P (D,) has iw as root of multiplicity m = 0and (—iw) as root of multiplicity »n =m or vice versa we may

write
P(D,)=0(D,)D. +@")"
Because
(D +@*)" (acoswx + fsinwx) =0 Va3
we have according to (4.15) with A(D,) = (D, *+@"), A(D,) = 2D,

(D2 +@*)" X" (crcos wx + fsin wx) = m!(2D,)" (ctcos wx + B sin wrx)

P (D, ))A(”’ (axcos wx + fsinwx) = Q(D, )m!(2D,)" (e cos wx + S sin wx)
Choosing &, f so that
O(D )ym!(2D,)" (e cos wx + B sin wx) = (a cos @x + bsin wx)
which is a very easy problem because
D" (arcoswx + fsin x) = ()" @™ (cos@x + fsin wx)

we have the proposition

« The general solution of the equation

P(D,)y=0(D,)D; +@)"y=(acoswx+bsin wx)
is

y(x)=(x"+ex" " +...+¢, )(acos wx + Bsinwx) Ve,
where (& cos @wx + fsin wx) is given by the equation

O(D,)ym!(2D,)" (o cos wx + Bsin wx) = (acos wx +bsin wx)”

The above equation for finding the trial solution (& cos wx + fsin wx) is certainly

far easier to perform than the trial equation

P (D, )x" (orcos wx + Bsin wx) = (a cos @x + bsin @x)

teached in nowadays textbooks.
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For example consider the equation
P(D,)y=(D,+D*+1)(D,’ +4) y = cos2x+3sin 2x
We search &, § by identification of coefficients of cos 2x and sin 2x in
(D + D +1)3(2D,)’ (crcos 2x + fsin 2x) = cos 2x + 3sin 2x
The details of calculation are

(D, + D, +D_’)48(cxcos2x + fsin 2x) = cos 2x + 3sin 2x
((-4)’ +(-4)’ D, +(—4)' D, )48(cx cos 2x + 3 sin 2x) = cos 2x + 3sin 2x

(-1024-68D_ )(cxrcos2x + fsin2x) = 4LS (cos2x+3sin2x)

1 3
=256a-34f=——, -256f+340=——
A 192 p 192

Once ¢, f calculated, the particular solution is
y,(x) =x’(ercos 2x + Bsin 2x)

(v) Differential equations with polynomials at second member

F(D,)y=T,(x)
Consider the equation

P(D)y=(@aD " +..+aD +a)y=T,(x), ay#0
Applying D."*' on both sides we have
Rl (DX)DXm-Hy — DXmH]:” (x) — O

and see that D "*'y =0 i.e. y must be a polynomial of order m.

Now, let us introduce a polynomial Q, (D,) such that

0,(D)P(D,)=1+0+..+0+7,, D" +r

m+1""x m+2""x

we obtain immediately a particular solution y, of the equation because

0,(DHF(D)y, =y, =0, (DT, (x)

To resume we may assert that

“The particular solution of the differential equation
P(D)y=(@aD " +..+aD +a)y=T,(x), ay#0
is
¥, =0, (DT, (x)

where the coefficients g, of the polynomial O, (D, ) verify the system of algebraic equations

94, =1
q.a;, +qa,_, +..+q.a,=0, i=12,...m”
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For example for
P(D)y=(D"+5D’-2D*+4D+1)y =T, (x)

we have
gy 1=1=¢q, =1
4q9,+q, =0=q, =4
-2q,+4q,+q,=0=¢q, =18
59, —2q,+4q,+q; =0= g, =385
9o +59, —2q, +4q,+q,=0= g, =395
so that

y, =(1-4D+18D* —85D° +395D")T, (x)

The present method for obtaining

Y, =0, (DT, (x)
is convenient because O, (D, ) is easy to get and doesn’t depend on the second member 7, (x) .

(vi) Equations utilizing Heaviside function and Dirac delta function

(D* —a*)y =e™ (4.30)
Utilizing the function Dirac delta function §(x) having the special property xd(x) =0and the Heaviside step
function H(x)=0 for x<0, H(x)=1forx >0, we have
sgn(x) = H(x)—H(-x) , H'(x)=6(x) , sgn'(x)=26(x)

al

D, e = ) = g(sgn(x) +2x5(x))e’™ = asgnxe

From these formulae we get
(D, —a*)e™ = 2a6(x)e™ = 2a8(x)

1] 1]

(sz _az)e _ (sz b _g? +b2)ebm) =2b5(x)+(b2 _az)e

Combining these two formulae so that &(x) disappears we may conclude that

“The general solution of the equation

(D*—a*)y=e", azb
is
1
= (e —ge™y+(D*-a*)"0
sl )+(D* —a”)
or

1 blx| . LR}
=We M = y, ¢ coshax+c,sinhax Ve,c, (4.31)

From the above result we may resolve the equations

y

P(D})y=¢" (4.32)

b‘x‘

and, remarking that O, (—D,)Q, (D, ) is a function of D_*, some of the equations of the form Q,(D,)y =e
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(vii) Equations with arbitrary second member

(D, —a)"y = f(x)
From the fundamental identity we may factorize the sum (D, — al )
e“De ™ =D, —al
and get its inverse
(D, - al)y ' = e I e
More generally
(D, - al)y™ =e* Im e

The above identity allows us to conclude that

“The solution of the equation
(D, —a)"y = f(x)
is
y — edXDx*’ne*aXf(x) — edXJ. e*aX (f(x) + O) 2
Generalizing to equations
P(D)y=a,(D-a,XD~0,_)...D-0)y=f(x) & <a,
we have the solution

y= elluxJ'e(—anWM )XJ' J' et )Xj.e_a‘xf(x)dx

4.3 Resolution of differential equations of 1°' order

Consider the equation

y'+a(x)y = (D, +a(x))y = f(x)
By the fundamental identity (3.15) we have

DXeA()?) = eA(Y)DX +4 ’()?)e”’(f()
so that
D, +A'(X)= e'A()?)DXeA()?)

Acccording to the above formula we see that

“The solution of the equation
y*ax)y=(D, +ax)y=f(x)

is, with A(x) = j a(x),

y= e—A(x)J'eA(x)f(x)+e—A(x)J‘0 i

4.4 Solution of Second Order Differential Equations

Consider the equation
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(D, +a(x))(D, +b(x))y = f(x) (4.41)
From (4.40) we may write this equation under the form

e—A(x)DxeA(x)—B(x)DxeB(x)y — f(x)

where A(x)and B(x)are respectively primitive of a(x) and b(x) .
As consequence we get the proposition

“The general solution of the equation

(D, +a())(D, +b(x))y = f(x)
or

(D’ +(a+b)D,+ab+b")y= f(x)
is
=[O [0 (£ (x)+0) 7 (4.42)

For example, the solution of the equation
(D —tgx)(D+1tgx)y =tgx
is

_ _ coS x
y—cosxj Icosxtgx——cosx.[ —
cos” x 1—sin” x
1 1+sinx 1+sinx
y, =——cosxln —— =—cosxlIn
2 l1—sinx COS X

4.5 Resolution of Differential Equations by Differential Transformation
(i) Consider the equation
P(D,, X)y=f() (4.43)

Applying on both sides by an operator A4(D,) or A()A( ) and utilizing the identities deduced from the fundamental
one

A(D)P(D,, X)=PA+ ...+%PX("”A(“ +.. PP =0 P(X,D,) (4.44)
AX)P(D,, X)=PA+ ...+%PD“‘)A(") +.. ,B®=0", P(X,D) (4.45)
we get the transformed equation

AP(D,, X)y = Af (x) (4.46)

which may be resolved if the parameters in A are well choosen.

As examples we have

e P(D,, X) = P(D, —2aX,X)e™

¢ P(D_,X)=P(D_, X +2aD )e
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(i1) Transform of equation

P(D,X)y=e"f(x)

Applying ¢ on both sides we transform the equation

P(D,,X)y=e"f(x)

into

e “P(D,,X)y=P/(D, +a,X)e "y = f(x)

—ax

which is an equation for calculatingY =e ™y .
The above method may be applied for other forms of second member.

4.6 Differential calculus for studying Special functions

(1) The Hermite polynomials

Consider the differential equation
(D -2xD,+2n)y =0

Let Abe an operator depending only on D_we get according to (3.15)

AD}?=2xD, +2n)y=(D} -2(X +A'A™)D, +2n) Ay =0

In order to cancel terms in D> we make the choice 24' 4™ = D i.e.
' 1p2

Z=_D > A=
A 2

and get the first order equation

Ip2 Ip2

e (D2 =2XD. +2n)y =-2(xD, —n)e* * y=0
which, because (xD, —n)x" =0, has as solution

,lDZ

yr/=cne “ x"

with
1

n ' 2211

The Hermite polynomial /, (x) is a solution having the property

2n—1!!
ll( n2n ) Czn

Y2,(0)= ¢y, (=) DFx"=(-)

H,,(0)=(=)"2"2n=-D, H,,,(0)=0

so that

,lDZ
H(x)=e* (2x)"

Because according to the fundamental identity (3.15)

2

~ —il)r A —lDf o2 72
2X-D,=e* (2X)e* =-e¢"De”

we get the Rodrigues formula
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1., 1.2 12

o H,(x)= P (2x)" = e 4 (2x)" e 1= ) e Dx"e'xZ

The generating functions and the main properties of Hermite polynomials may be obtained in a concise manner
as we can see hereafter.

1x —+21x

DZ
4 2
‘e =e

n tn _
o ZH”(x); =e
n—0 .

n n sz Dyz Drz
o E H (x)H ( )t—— e te tet =g 4t
n n y I’l' - -
n—0 .

2 2
D; TN I 1 > (2xt—y)

2w a —4t2)7 e 1ar

=e

For proving the above formula we base on the followed remark and calculations

(D, —2ax)e™ =0

"' (D, =20 X)e™ = (D, —2aX — 40D )e"* ™ =0

to get

2 2 2
eﬂDx e = ce™™ /(1-4af3) (454)

and after egalization of the constants in both sides

oo

Z% =(1-4af) > =c (4.55)

n=0
The addition formula for calculating H, (x+ y)may be proved by utilizing the differential representation and
the remarks that

1 2
-—Dn2
H (ox)=e *  (2ox)"

D f(x+y)=D, f(x+y)

D"f(x+y)= DXkDy"’kf(x+y) Vk<n (4.56)

which lead to for example for o = V2, k=n/2

o H,(x+y)= 22@11 W20H, ,(2y)

k=0

By the same manner we may obtain similar formulae for 4, (x+y+...+1).

The Hermite polynomials are related to the creation and annihilation operators in quantum mechanics

1 5 1
a'=—=D,-X),a=—

72 7

Indeed from (4.53) we get the familiar formula

(D, +X)

1

o H.(x)=e¢® (2x)" =2xH (x)-2nH, (x)

which allows us to write
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X+D X+D X+D X+D

Hn+1(\/—)2 \/EXH(\/—)MHM(\/E)

and deduce by recursion the remarkable identity

o H,(a)= Z[Z]}?kz)x"'k
k=0

Derivations and m-terms recurrence relations of Hermite polynomials are easily obtained by remarking that from
the fundamental identities (3.15), (3.16)

Ip2 Ly

m, o4 4" m
D/"e =e* D,

x

A ——D? Lp2 o Lp2 D 1

2
X"et " met X"4et kX4 +i(e70" ) xmem
2 m!
As simple example we have

1.2
o D.H (x)=2ne " (2x)" =2nH, (x)

1 D}

o 2xH,(x)= 2Xe ‘1‘ (2x)" =e S (2X+D )2x)"'=H, (x)+H' (x)
je"‘z H  (x)= je"‘z 2xH (x)— j e H ' (x)= —e H (x)

o j; e H, (x)=H,(0)

o j"; e H,, (x)=H,0)+(=)""H,(0)=0 n>0

o J: e H,(x)= Jr

o je H, (x)H, (x)= j e 2xH, (x)H, (x)— j e H' (OH, (x) =—e " H, (X)H,(x)+ j e H, (X)H' (x)

- H,_(x)H, (x)+H, _,(x)H' (x)+..)+ je’xz H, , (x)H," (x)

Examining all possibilities forn > m concerning parity and remarking that I: e H (x)= %\/25 , we get the
orthogality of the Hermite polynomials

o j"; e H,(\)H, (x)=m2"Jxs5,,

From the recurrence and derivative formulae we may prove by recursion the following identities

o (Dx+2)?>"—i[;’j0 H, ()
o (D,-20y —z(>Uﬂ<X>D”

Replacing (D, X) with (\/EDX, X ) and utilizing the Hermite polynomials He, (x) defined by

2
7iDA2 _n X
He (x)=e* x"=2?%H (— (4.57)

2

we get
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o (D+X)= Z(Z]DHe ()= i%(D;’)“)Hek (%)

k=0 k=0
o n C 1 e n
o (D,-X)=X () FHek (X)(D,"H"
k=0 :
From the above identities we obtain also two identities

o fla) szki o [>Hek(X>

o fla)= Z() H (X)f(“(ZzD)

where f(x) is expandable in Taylor series.

These identities may be generalized for multi- dimensional spaces and allow the calculations of f(a*)g(x) by

f(a)g(x).
(i) The Laguerre polynomials

Consider the differential equation of Laguerre polynomials

(XD} +(1-X)D, +n)y = (XD, (D, ~1)+D_+n)y =0

(4.58)

Applying an operator A(D, ) onto both sides and utilizing the fundamental identity (3.15) we have

AX = XA+ A"
A(XD, (D, 1)+ D, +n)= (XD (D, =1)+ D, +n)A+ A'D (D, -1)
Searching for A(D,) such that 4'D_(D_ —1) contains 4 we have two choices
A=D ™and A=(D,-)™"

With the second choice we may transform the Laguerre equation into

(D, =1)" (XD (D, =)+ D, +n)y
=((XD,(D, -1)+ D, +n)—mD,)A

= (D, =m+1)D, (XD, =)D, ~1)" y =0
Remarking that
(XD, —n)x" = (XD, —n+1)D x" =0
we choice m = n and see that
(D, =D)"y=cx"

For conclusion, we may state that
“The differential equation (XD’ +(1- X)D, +2n)y =0

has as particular solution

v, =c, (D -D)"x"

If we define the Laguerre polynomial as a particular solution verifying the condition

L(0)=1
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then
n xn
L,(x)=(D, -1y = (4.61)
n!
By factorizing (D, —1) we get the Rodrigues formula and vice versa

o L(x)=e'D"e*x"/n!

From (4.61) we get the formula for calculating explicitly L, (x)

0 L= a-Dy T =Pt
n—k ' n—k_ C _\k n i
‘g() k=) n—ht _;( ) [k)k!

n

o LYM=D'L®=D} D1 ==(D,~D'L, (%)
n:

Now, let us prove the orthogonality of Laguerre polynomials.

Remarking that

eXJ.e_X =D, -1)"

and utilizing the fundamental identity (3.16) we get

m

[ L, (0 = (D=1 1,0, ="
SRR D,

(0. -)"S] O gy %(DX ~D'L, (x)

im0 k!(m—k)!
n I m(i)
:e-X(DX—DIZZk,(()’” ST Ae
- ( )k+tm amed k' m!xmfi .
=e (b %;w D otm—
J-oa x /! (—)kﬂm! k! m—i-1 _ m—i
"L L) =-3 Y A

Sk m=k) (k=i)il(m—i)!
Examining all possibilities for k, i we see that only for n=m=i=k that we have a non vanishing term and may
conclude that

m

o j: e L, (YL, (x)=—(D, -1)"x°5,, =4, QED

Utilizing the notation for confluent hypergeometric function

n

x"
oF(=1+a,x 4.62
- )= Z a+ a) n! (462)
we get from the previous formula the representation of Laguerre polynomials by an operator independent on the
parameter

xL(—) Z( )k("]x = F(=1,-D.)x" (4.63)

Under this form derivatives, recurrence relations, generating function for Laguerre polynomials are very simple
to obtain.

For the generating function we have
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o Y.X'L, (i)t" =F(=1,-D,)) x"t" =,F,(=,1,-D,)(1-xt)"
n=0 n=0

t

=(-xt)" =
Puttingxt =u ,x=1/z we get
o Y L(zu' =(1-u)le'"™
n=0

(i1) The Generalized Laguerre Polynomials

Applying the operator (1- D ) “ onto the Laguerre differential equation and remarking by the fundamental identity
that

(1-D)*X=X(1-D)*-a(-D,)"

we get the differential equation of generalized Laguerre polynomials L, * (x)

(XD +(a+1-X)D, +n)(1-D.)*y=0 (4.64)
and consequently
2 a n n+a xn
L5 (x)=(1-D,)"L,(x) =(=)"(1-D,) oy (4.65)

With the notation (a), = a(a +1)....(a + n—1) we have the explicit formulae

(+a), X

L ()= Z( 4 (+a), (n—k)k!

Le0)=(+a), /n!

In particular

. 27211 (271)' (n _ k)' x2/172k
n! 2% (2n —2k)' (n—k)'k!

( ) Z( ) 1 (2n)! K22k Z( 1

o L (x")= (—)"ﬁ(—)

L= 0 an—2it n' Sy %
_O" *D* w_ )
I’l' 4 X = 22;1 2n(x)

By similar calculation we get also

o () =-"Lm, )

n n ' 22n+1

Utilizing the notation for confluent hypergeometric function we get the formula

n

1
LA =(+a), F(=1+a,-D,) (4.66)
X n!

representing x"L,“ (1/ x) by a differential operator independent with respect to n.
From (4.65) and thank to the identity deduced from the fundamental one (3.15)

~ " (l+a A
Xm (I_Dx)nﬂz = Z ( )n (I_Dx)nﬂz—k Xm(k)
i (1+0a),,
we get a recurrence relation between x”L *(x)and the L, ,“ " (x), for example

o xL(x)=-(n+DL, " (x)+(n+a)L, " (x)

n+l
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As for derivatives we have

nfm

° DILIW= () (=D)L, (W)

With the same remarks as for Hermite polynomials we get the addition formula

o LGy =(ra-Dy Ty a-pya-pyr B

n!

=Y LWL " (y) atb=a
i=0

The generating functions are obtained consicely by (4.66)

- 1 1 = X't
o x"L % ()" = F(-,1+a,-D = F(-1+a,-t)e"
HZ:(:)(l‘l‘a) n (x) 0 1( x)nZ:(; }’[! 0 1( )

oo nn

o DXL ()t"—F( 1+, D)Z(l+a)

n=0 n=0

d n! 1
o x"L ()" = F (-1+0a,-D )(1—xt)"
;(Ha)" SO = (1= xt)

t
=F11+0,-——)1-xt)"
1—xt

Puttingxt =u ,x =1/z we get generating functions of L *(x)

o Y

n=0 (1 + a)n

(2" = F (-1+o,—uz)e"

o ZLn”(z)u" = (l—u)']'“e_E
n=0

oo

° 2

n=0 (1 to )
(iv)The Gegenbauer polynomials

L%(z)u" =

Defining the Gegenbauer polynomials by

2 |

A _ _\m n—2m
Gl W= B O o (0,020

(4.67)

and remarking that the operator X (XD, — n) vanishes x” and transforms x"~* into (=2)x""' we may prove that

o
2

2 m+l 1 n—2m-1
(nx—x"D,)C," (x) = Z ) m(ﬁ,)ﬂﬂw1 (2x)
B
Besides we have CH(x)= Z( ) 2(n 22m))' A, (2x)""

Combining these two formulae we get the recurrence relation
((1=x*)D, +nx)C, (x) = (2A=1+n)C, *(x)

By the fundamental identity (3.15) we may factorize

(1-X)D, +nk)=(1-X*)2 D (1-X%) 2
and get
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(1-x)2" D (1-x) 2CA(x) = 2A-1+n)C, *(x)

By iteration we obtain the differential equation of the Gegenbauer polynomials

(1=x*)2D,)"(1-x7) 2y, =(22), %,

Performing the change of argument
L 3
u(x)=x(1-x") 2 = D, =(1-x")2D,
(I+u*)=0-x)" " =u*(1+u*)™
we may change the equation (4.69) into

D, (1+u*)?y, =(21), ¥,

and get the solution

n 3
¥, =(4),10=x")2((1-x*)>D,) " y,
ie.

n

u

¥, = @A), +%) D, v, = @A),y (+u?) *F(D,)—

where F(x)is an arbitrary function F(x)= Zﬂxk, F,#0.

k=0
Utilizing the fundamental identity (3.15) we have

(1+u>) 2D (1+u*)? =D, +(1+u2)*lgzu =D+~

so that the above equation may be written

Y1+u?) 2= (22), y, F(D, +——) =
n! 1+u°" n!

nu
+u’
Now from (4.73) and (4.70) we see that

¥, = QA3 F D, +

(D, +—5) = (1+1%) 2D} (1-2%) 2 = (1+4?) 2D
1+u~" n! n! n!
n n—. n n— —n+k
= (1+u?) ? : = (1-x")? — : (1-x) 2
(n—k)! (n—k)!
k n—k k n
—-vy eyt Y
(n—k)! Y on!

+—
(I+u)

(4.69)

(4.70)

4.71)

(4.72)

4.73)

(4.74)

This is a remarkable formula where the acting operator in the left hand side depends on the parameter n although

the one in the right doesn’t.

Naming the operator in the right hand side by B,

k
B, =(1-x")*D}

we get

n

n k n n

> X X
¥, = Q1,0 Y F(1-x") D} == (24),5 ) FB,~
k=0 n: k=0 n:

and
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¥,(0)=@2D), 3 F,
The Gegenbauer polynomials verify the initial condition

A
sl Cl=0, ¢ = e
so that
L, = CZn (O) (_)n (ﬂ’)n sznH :0 (476)
(2/1)211 n '(2/1)2;1
ie.
2
F(x) = F,(A:24=x*) =, F, (—;1%;—%) (4.77)
2l :
C =0, 3 () i)
par k'(2A),, n!
Finally we obtain the symbolic representation of Gegenbauer polynomials
1 B> x"
CHx)=(2A4 -——)— 4.78
(x)=@2A), (= SIITS 4)n! (4.78)

where the undefined notation B* must be replaced with the well defined operator B,, .

The representation of Gegenbauer polynomials by a differential operator is easy to remember, convenient for
searching differential recurrence relations.

The generating function may also be calculated as followed where we put for simplicity F(B) =,F, (/1;2/1;—37)

(Xt ) = F(B)(1—xt)*

ic/(x)z F(B)Z(Z/l)

n=0 n=0

Fy B, (1-xt)™ =Y F,(1-x*) D*(1-xt)™*

1l
[\/jz

k=0 k=0
=Y F (1=x7) 2A),, 7 (1= xt) >4
k=0
_ ﬂ) (1-x*)e**
Xt 24 k ( k
) ;( ) o
22 (A-x) 2N-4
=(l-xt) " (I+——5) " =(1+2xt+1") (4.79)
(1=xt)
The Legendre polynomial P, (x) is a particular case of Gegenbauer polynomials corresponding to A =1/2 so that
D 2k
Px=:F—;l——x— 2yt =N (-1 X" 4.80
n( ) 0 1( ) ;( ) 4k'k' kzo( 4k'k' ( )

(v) The Chebyshev polynomials
The Chebyshev polynomials of the first kind 7, (x) are related to the Gegenbauer polynomials by the relation

1 BZ xn

T(x)—11m2—C Ay =nl,F (= ) 4.81)

so that we get a very simple representation of them
T (x)=:cosB x" (4.82)

From this formula we may deduce some generating functions of 7, (x)
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o ZT(x)—— cosB e _Z( ) —( x*) e = coshtv/x> —1 "

n=0 (Zk)'
o ZT(x)t” = cosB 1 :i—(xz—l)kD w1 _ 1—xt
= 1-xt = (2k)! Yolext 1-2xt+t
o T (x)— =: cosB ln - D*In——
; ( ) ( b= Z(Zk)' D, 1—xt
k 2 2k _ 1
™ (1=xt)

\/1 —2xt+£°

and the important properties coming trom (4.82)

] H

o ()= ;(Zz)x -)'D "x”=2(2';j(x2—1)kx"'“

B

o T,/(cost)= Z(anj(i sin @)™ cos"**@ = Re(cos @ +isinf)" = cos né
k=0

B

o T/(T,(cos®) =T, (cosmb)= Z(znkj (isinm@)** cos"*m@
k=0

=cosnm@ =T, (cosO)
o T/(T,(x)=T,,(x)

nm

Similarly the Chebyshev polynomials of the second kind U, (x) are defined by

sinB

n

U,(x)=C,'(x) = (n +1)

From this formula we get

{”] n! 2 k _n-2k
U (X) (}'l"rl)Zm(x —1) X

—
(S
[

) |
o U,((cosf)=(sinh)" () (n+D! (isin §)*'cos" %19
im0 Qk+DN(n+1-2k-1)!

=sin"'@Im(isin@ + cos§)"*' =sin”' @sin(n +1)0
and some generating functions.

Searching for relations between 7, (x) and U, (x) we utilize the fundamental identity (3.15) to get
D.(1-X*)*D* =((1-X*)' D, - 2kX(1- XD
[D,,B,,]=-2kXB,, ,D}
[ X,B, |=-2kB,, ,D,
[ XD,,B,, |= (-2kX* =2K)B,, ,D,)D,

and find
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1

o simB=(-X)y38p

x

~ sinB

1
o [D,,cosB]=X=—D?=X(1-X?) ?sinBD,

inB N A L N
o  D.cosB E:SITDXXDX = (1-X?) 2sinB XD,

. 1
o [X.cosB|=(1-%?) SlgB D, =(1- X?)?sinB

x

1
o [)?,sinBJ = —(I—f(z)2 cosB
From these identities we obtain

o U(x)= (n+1)%x" _sinB

1
D x""'=(1-x%) 2sinBx""

o DxTn (x) _n]-;kl (‘x) = n‘XUan (x)
sinB

1
A D XD, = (1-X?) 2 sinBXD, =nU,_,(x)

o DT (x)=

o xT,(0)-T,,(x)=01-x)U,(x)

o XUnfl (x) - Un (x) = _I;I (x)
4.7 The Laplace Transform

From the definition of the Laplace transform
F(x)= j: e f(t)dt

we may write at least for entire functions defined in the interval [O’ + oo]

F()= [ f-D)edt= f(-D,)~

From the above differential representation of the Laplace transform we get
1
o f(x)=x"=>Fx)=(-D,)' —=n!x""
X

1

X—a

o f(x)=e" = F(x)=e L
X

iox 1 x+iw
o f(x)=e"=F(x)= — =
x—iw x +w

The tranforms of cos wx and sin wx are deduced from the above formula.

Utilizing the notation Lf'(x) to denote the Laplace transform of f(x) we get

o Lf(@n=f(aD)~=f(-D)—=11rw=11s) x=aua>0
X au a a a
o L¥'f()=(-D)" f(-D)~=(-D) L)

o Ly'f(x)= (—Dxrlf(—DX)i =(=D)'Lf () +(=D,)"0=["Lf(t)ar

The integral limits are choosen so that the function in the left member converges at infinity.
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o Lf(x-a)=f(-D, '“’% = e f(=D, )e" %

Now, by the fundamental identity we have
Xf(=D,) = f(-D)X + " (-D,)

X"(=D)= " (D)X +f*(=D,)

(...)

X (=D)= " (D)X + [ (=D,)
Combining these n formulae we get

K7Dy =S X D)X + 10 (D,) (4.86)

k=0

Applying this identity onto the functionl we obtain the famous formula
x

O Lf(n)(x) =anf(x)—nzillxkf(nik7”(O)
Replace f(x), f(x) with If (x), f(x) and take n=1 we get the Laguerre transform ijox F@)dt

Lf () =xL f(x)=[ f(x)

x=0
1 x
o ~Lf(x)=L jo f()dt
X
Let H(x) be the Heaviside function, H(x)=0 for x <0; H(x)=1 for x >0 we have by factorizing (D, + al ) into
e p oot

ax

e

o Lf(x—a)H(x—a)= j”e**’ f(t—a)dt = f(-D, —a) j “edt = f(-D, —a)
a a x

—ax

o = f(-D,)e" “— = Lf (x)
X

From the above formula we get
L[, f(x)g(x=x)H(x=x,)dx, = [ f(x,)e ™ Lg(x)dx,
= (Lf (x)(Lg(x))
o L[ f(x)g(x—x,)dx, = (Lf (x))(Lg(x))

5. Remarks and Conclusions

Theoretically speaking, this work contributes to the development of differential calculus by a definition of the
inverse operator of an arbitrary operator, including the ones having nonvanishing kernel.

The second contribution of this work consists in proposing an identity, qualified fundamental, which changes the

.. 1 . .
operators f(A4)g(B) where AB—BA =1 into a sum of operators o g (B)f"(4). Practical applications of such

identities in many situations lead to a new approach for resolution of differential equations; for representing
many special functions as the transforms of monomials by differential operators and obtaining afterward in a
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very concise manner all main properties of these polynomials. At the end we propose an elegant differential form
for the Laplace transform and prove very concisely thank to the fundamental identity most of its properties.

The last but not least conclusion is that the matter in this work is relatively readable, self - consistent so that it is
ready for teaching to students.
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