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Abstract

In this paper, we investigate the two-vertex resistance on four Archimedean lattices. This technique is based on the
Green's function corresponding to the Laplacian matrix of the lattice. The Laplacian matrix of the resistor network
is determined by applying basic principles (Kirchhoff's and Ohm's laws) in electrical circuit analysis, and Fourier
transforms of the electric potential and current. We present some numerical results regarding the resistance
between nearby lattice vertices.

Keywords: regular resistor lattice; Green's function; two-vertex resistance; Archimedean lattices; Fourier
transform

1. Introduction

Since the well-known work by (Kirchhoff, 1847) there have been several investigations on the problem of
determining the effective resistance between any two vertices in infinite resistor networks (Venezian, 1994;
Atkinson & van Steenwijk, 1999; Jeng, 2004). One of the most approaches has been used to study this problem is
the lattice Green's function. This method was recently introduced by (Cserti, 2000) for perfect lattices and
developed by (Cserti, D"avid & Pir’oth, 2002) for perturbed lattices. More recently, Cserti, Sz'echenyi, & D avid
(2011) generalized the method in Cserti (2000) to any lattice structure that is a uniform tiling of space with
resistors. Based on the lattice Green's method numerous applications were carried out in Refs. (Owaidat, Hijjawi
& Khalifeh, 2010(2), 2012, 2014; Owaidat, 2012, 2013; Owaidat, Hijjawi, Asad, & Khalifeh, 2013; Asad, Diab,
Owaidat, Hijjawi, & Khalifeh, 2014).

The case of finite resistor networks was considered by (Wu, 2004) and extended to impedance networks in Ref.
(Tzeng & Wu, 2006). In this paper we apply the technique of Ref. (Cserti et al., 2011) to the following four
Archimedean lattices, (3°.4%), (3%.4.3.4), (3*.6) and (3.4.6.4), that have not been studied before, and obtain the
resistance between any two vertices in the networks.

The paper is arranged as follows. In section 2 we briefly review the general formulation given in Ref. (Cserti et al.,
2011)for obtaining the general formula of the effective resistance between any nodes in any lattice structure of
uniform tilings of resistors. In section 3 we apply the formulation to compute the vertex to vertex resistance in the
Archimedean lattices that mentioned above and present some numerical results regarding the resistance between
certain pairs of vertices. In section 4 we give a short conclusion and discussion.

2. Review the Formulation

In this section, elements of the methodology of the two point resistance are briefly reviewed (for more details see
Cserti et al., 2011).

Consider a resistor lattice network structure which is a periodic lattice of d-dimensional space with
N,N,,..,N , unit cells along each unit cell vectors a,,a,,...,a, . If the unit cell containing s sites (vertices)
numbered by @ = 1,2,...,s then there are sN N ,..N, vertices in the lattice. Let {r;a} denote any vertex, thus
the unit cell and the lattice site can be specified br=(/,a,,/,a,,..,/,a,) and a respectively, where
£,,0,,...,L, are any integers. Assume, without lose of generality, that each resistor has of resistance R.

Denote the electric potential and current at vertex {r;a} byl (r)and ,(r) respectively. Applying Kirchhoff's
current and Ohm's laws at site {r;«} , the currents 7 (r) in the unit cell can be written in the form:
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%Laﬁ (r,x'W 5 (r") =—=RI ,(r) (D)

where L o (r,r’) is the Laplacian matrix of the network. The potential and current at vertex {r;} can be written in
terms of their Fourier transforms:

ll'/al dk ﬂ/a dk

v,m=9 | —. [ =¥, x)e"", @)
—7z/al Zﬂ' —ﬂ/ad 2w
and
ll'/a dk zr/ad dk dor
[,n=9 | —. [ —41,(k)e" 3)

—7/ay 271' —/r/ad 2
where € is volume of unit cell and K is the reciprocal lattice vector in first Brilliuon zone. Using equations (2)
and (3), equation (1) may be written as

L(k)V (k) = -RI(k) “

where L(k)is the Fourier transform of the Laplacian matrix ( s by s matrix) and V(r),I(k)are the Fourier
transforms (column matrices) of the potential and current. The Fourier transform of the Green’s function is given by

Lk)G(k) =-I %
where I is s by s identity matrix.
From equations (4) and (5) we have
V(k) = RG(K)I(k) Q)
Now the resistance between the vertices {r;; &} and {r,; B}, is given by

V() =V 5(ry)
1

(M

R, 5(r,1y) =

The computation of the two-point resistance is now reduced to solving equation (1) or (6) for ¥ (r) with the
current distribution at any vertex is given by
I,v=¢ andr=r
I,(r)=1-1,v=pandr=r, ®)
0, otherwise

Therefore, combining equations (2), ( 6) and (8) the electrical potential distribution at arbitrary vertex of the lattice is

77,'/a dk 7r/a dk
Vo =grl | ST TG, 000

—/z'/a1 272' —ﬂ'/ad 21

ik.(r-ry) ik.(r-r,)
V-G 0" ) ©)

Substituting potential distribution given above into equation (7), the two-node resistance can be written as

zlay dk 7lay, dk
()= QR [ T [ T (6,004 4 (K) Gy h)e
Rap -T2 . -rlay 275 " _la 27 o ﬂﬂ @

-ik(ry ;) _Gﬂa(k)eik(rz—rl)) (10)

It has been pointed out in (Cserti et al.,2011) that the lattice structure can be deformed into d- dimensional
hypercubic lattice without changing the two point resistance of a resistor network. For hypercubic lattice the unit
cell vectors are orthogonal and have the same magnitude. Thus , if one makes the transformations
r,-r,=({a,l,a,, ., ,a) and ka, =6, with(} = a’ then, equation (10) becomes

A(0,6,+0,6,+..6,( ;)

jde Gaa(es 70 )_Gaﬂ(es i) ) e dd

Rap i) = e 2 4G 356,08, =G gy (8,6, ) 1T
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For two dimensional lattices the resistance between the origin {0; &} and vertex {¢,,(,; B} is

G 9’9 -G H,H)e-i(/,lﬁﬁr((zﬁz)
j{ a0 02) =G (6, 0)e d6,de, (12)

Ry, 05) =
wrre (2;:)2_,, 7|46 55(6,,6,) G 4, (6,,6,)e 4T

3. Two Dimensional Uniform Tilings (Archimedean Lattices)

Archimedean lattices are well-known in the literature. There are eleven Archimedean lattices which are uniform
tiling in two dimensions by regular polygons. The square, triangular and honeycomb lattices have been studied in
Refs. (Atkinson & Van Steenwijk, 1999; Cserti, 2000), the Kagomé and (4.8.8) lattices in (Cserti et al., 2011). In
this section, we calculate the effective resistance between two arbitrary vertices in the four Archimedean networks;
(3%.4%), (3% 4.3.4), (3*. 6) and (3. 4. 6. 4).

3.1 (33. 42) Lattice Network

pexn g
>

11" a

Figure 1.The resistor network of (33. 42) lattice

The (33. 42) network is shown in Figure 1, where the simplest unit cell contains two lattice sites labeled by & = 1, 2
and the unit cell vectors are a anda, as shown. According to Kirchhoff's and Ohm's laws, one can write the
currents at the vertices {r;1} and {r;2} as following:

V,ar)=V,(r+a,) +V1(r)_V1(r_al) +V1(r)—V2(r)+V1(r)—V2(r+al) +V1(r)_V2(r+az)
R R R
V,(r)=V,(r) +Vz(r)—Vl(r—al) +V2(r)_V1(r_az) +V2(1~)—V2(r+al) +V2(r)—V2(r—al)
R R R R R

Substituting equations (2) and (3) into (13) and (14), the Laplacian matrix of the (3°.4%) lattice, after changing
ka, =6 (i =1,2), can be written as

i6 i6)
—5+2cos6, l+e ' +e
L(elsez) = 1 -i6) i (15)
+

—i 6.
e liqe 2 —5+2cos 6,

1,(r)= (13)

1,(r) = (14)

and the lattice Green's function can be obtained from equation (5):
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1 —5+2cos 6, T )
G(6,0,)=———— -i6 -i8 (16)
detL(6,,0,){1+e '+e 2 —5+2co0s6,
where
detL(6,,6,) =24 —22cos 6, —2cos(6, —6,)—2cos &, +2cos 26, (17)

is the determinant of the Laplacian matrix. Now the equivalent resistance between any two sites can be calculated
from equation (12). As an example, the resistance between the origin {0; = 1} and the site {0; 5§ =2} (see figure
1) is given by

(4—3cosé —cosb,)d6d0,

R,(0,0) = I f (18)
-z-z12—11cos § —cos &, —cos(&, —6,) + cos 26,

The numerical calculation of this integral is R;,(0,0)=0.400648R. Numerical values for some other resistances are
displaced in Table 1.

Table 1. Numerical values of R o (¢,,2,) in units of R for a (3°.4%) lattice

The value of The value of
Raﬂ(gpgz) Raﬁ(glﬂgz) Raﬁ(gpgz) Raﬂ(glﬁgz)

in terms of R in terms of R
R11(0,0) 0 R15(0,0) 0.400648
Ry1(1,0) 0.401606 Rix(1,0) 0.340298
R11(2,0) 0.572593 R15(2,0) 0.508612
R11(0,1) 0.577461 R»(0,1) 0.417312
R11(0,2) 0.749104 R12(0,2) 0.742836
Ry1(1,1) 0.630838 Rix(1,1) 0.635586
Ry(2,1) 0.692814 R>1(-1,0) 0.340298
Ru(1,-1) 0.577461 Ry (1,0) 0.623151
R11(3,0) 0.674959 R»1(0,1) 0.778646
R11(0,-1) 0.577461 R(0,-1) 0.417312

3.2 (3°.4.3.4) network

g

:“

i i ", l
.rl
2 thwk{ l
.
Il‘ O
. %
Figure 2.The resistor network of (32. 4. 3. 4)lattice
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Figure 2 shows the(3>.4.3.4) network. The unit cell can be taken as a square containing four verticies labeled by
o =1,2,3,4 and the unit cell vectors are a, anda, as in Figure 2. Using Kirchhoff's and Ohm's laws the currents at
sites {r;o =1,2,3,4} can be written as

V,(r)=V,(r) +V1 (r)-V,(r+a)) +V1(r)_V3(r +a,) +V1 (r)=V,(r) +V1(r)_V4(r +a,)

L= (18)
R R R R R
[z(r)::Vz(r)—Vﬁ(r)4_V§(r)—iq(r-—al)+_Vé(r)—Pg(r)+_Vé(r)—Pg(r—+a2) +_Vz(r)——V4(r+a2) (19)
R R R R
[A”:Vﬂﬂ—Vﬂr—%)+VﬂU—Vﬂﬂ+Vﬂﬂ—Vﬂr—%)+VJQ—VAH+VJ0—VAr—%) 20)
R R R R
14(r)::V4(r)—Pﬂ(r)4_V4(r)—lq(r——a2)4_V4(r)—V}(r——a2)4_V4(r)—Pg(r)4_V4(r)—Lg(r-Fal) @
R R R R
As in previous subsection the Fourier transform of the Laplacian matrix reads
s Rl R Le'®
L(6.6,) = 1+e ™ -5 14’2 % )
172/ —i —i —i
T 1 -5 1+e ™
1+e_i‘92 e_“g2 1+e“91 =5

and its Green's function can be obtained from equation(5). Using equation (12) one can numerically calculate the
resistance between any two sites. As an example, the resistance between nodes {0; = 1} and {0; S = 2} is given by

R (0.0) = R }f ]f (69 —40cos 8, —20cos &, —10cos , cos 8, + cos 26,)d 6,d 0,
2 47° 7 2170 -T2 cos 6, —72cos 8, —28cos 6, cos 8, + cos 26, + cos 26,

(23)

The numerical value of this integral is R, (0,0) = 0.403775R . In Table 2, we list numerical values for some extra
resistances.

Table 2. Numerical values of R.5 (¢4,7,) in units of R for a (3%.4.3.4) lattice

Thevalueof Thevalueof

R p(01,10,) Rop(l1:43) R (01, 0,) Rop(ly:05)

intermsofR intermsofR
R11(0,0) 0 R12(0,0) 0.403775
Ry1(1,0) 0.564739 R13(0,0) 0.510759
R11(2,0) 0.730728 R34(0,0) 0.403775
R11(0,1) 0.564739 R»3(0,0) 0.403775
R11(0,2) 0.730728 R24(0,0) 0.510759
Ry (1,1) 0.651261 R14(0,0) 0.403775

3.3 (3.6) network

Figure 3 shows the (3*.6) network. The unit cell is a hexagon containing six vertices labeled by o =1,2,...,6.
Using Kirchhoff's and Ohm's laws the currents at verices {r; & = 1,2,...,6} can be written as

V,(x)=V,(r) +V] (r)=V,(r+a)) +V1(r)—V4(r+a1 +a,)
R R R
+V1 (r)=Vs(r+a, +a,) +V1(r)_V6(r)
R R

Il(l‘)=

24
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1) = Vy@) V(@) Va0 V) Va0 -V, (rta +ay)

R R R
+V2(r)_V5(l'+a2)+V2(l')—V6(r+az)
R R
1) = Vi(r)-V,(r—a)) +V3(r) —V,(r) +V3 (r)—V,(r)
R R R
+V3(r)—V5(r+a2) +V3(I‘)—V6(r—a1)
R R
IL,(r)= V4(r)—V1§:—a1 ~ ) +V4(r)_V2§:_al ~3,) +V4(1‘)1;V3(r)
+V4 (r)=Vs(r) +V4(l‘) ~Ve(r—a))
R R
[5(r)=V5(r)_V1§;_al -a,) +V5(r)—l;f(r—a2) +V5(r)—1/1';(r—a2)
RACRACNACE AT
R R
I¢(r) = V6(r)1;V1(r) +V6(r)_22(r_32) +V6(r) _1;3(1' +a,)
Ve Vy(rta) V() -Vs(r)
R R

Again the Fourier transform of the Laplacian matrix can be obtained as previously to be

s | RCRRICE OV IRICEOY .
: s . ei(9]+92) eu92 ei92
L(6,.6,) = ef_ml ! - : " e_ligl
e—l(l91+62) o (6,+65) | s . e—zel

L) it .o . s .

1 e*iez eiﬁl eigl 1 _5

Vol. 6, No. 5; 2014

(25)

(26)

27

(28)

(29)

(30)

After obtaining the Green's function from equation (5), the resistance between any two sites can be calculated
numerically from equation (12). As an example, the resistance between sites {0; =1} and {1,0; 8 =1} is given
by

R
ar’

T 7 (1724-140cos 6 —74cos 6, —212cos(6+6,)—2 cos(26,+6, )(1—cos 6 )d 6d 6,
Rll(l,O) =—7 .[ j

“rg 2517-826cos 8 —826.cos 8, —812cos(6,+6, )—-14cos(26,+6,)
—14cos(6,+26,)—-28cos G, cos 6, +cos 26, +cos(26,+26,)

=0.583973R

In Table 3, we listed some resistance values near the origin.
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Figure 3.The resistor network of (34. 6) lattice

Table 3. Numerical values of R B (¢4,7,) in units of R for a (3*.6) lattice

Thevalueof Thevalueof

R5(01,05) Ry, 05) R(01,05) Rop(ly,05)

intermsofR intermsofR
R15(0,0) 0.365993 R14(0,0) 0.520674
R13(0,0) 0.511082 R34(0,0) 0.372814
R14(0,0) 0.601145 R35(0,0) 0.520674
R15(0,0) 0.553051 R34(0,0) 0.561246
R16(0,0) 0.548426 R45(0,0) 0.365993
R13(0,0) 0.376727 R46(0,0) 0.531172
R14(0,0) 0.55308 Rs6(0,0) 0.376727
Ry5(0,0) 0.583099 Ry1(1,0) 0.583973

3.4 (3.4.6.4) Network

The (3.4.6.4) network is shown in Figure 4. Also the unit cell can be taken as a hexagon containing six lattice sites

numbered by o =1,2,...,6.

As in the previous subsections the Fourier transform of the Laplacian matrix of the (3.4.6.4) network can easily be

obtained :

L(6,,6,) =

106

4 1 ol 0 o/ (6+6))
1 -4 1 Gr0) 0
e 1 —4 1 e'%

0 o~ (6+63) 1 4 |
o1 (6+6)) 0 i 1 4

1 e 10 0 e'h 1

(€2))




www.ccsenet.org/apr Applied Physics Research Vol. 6, No. 5;2014

The resistance between two arbitrary vertices can be computed from equation (12) . For example, the resistance
between the origin {0; & = 1} and the vertex {1,0; 8 =1} is given by
(1.0)= R fjr }r 2(512—48005491—32005.62—48cost91 cosl92)(1—cosl9l)ah91a’t92
! 47° “z % [1146 - 380 cos 6, — 380 cos 6, — 380 cos(6, + 6, ) — 4 cos(26, +6,)
—4cos(6, +26,)—4cos(6, —6,) +2cos 26, +2cos 26, +2cos(26, +26,)

(32)

The numerical value of this resistance is Ry;(1,0) = 0.763555R. However, some resistance values are listed in Table 4.

3 3 3 3
2 b ~ < ~
| 4 5 6 4 5 6
—A WW _”W AW W - -””K”W ....... > W

-+-~Mi -+~~+M~L~+~~+-—

Fi 1gure 4.The resistor network of 3. 4. 6. 4) 1att1ce

Table 4. Numerical values of R o (¢,,2,) in units of R for a (3. 4. 6. 4) lattice

Thevalueof Thevalueof

Ry, 05) R (1, 05) R 5(01,05) R,5(t1,05)

intermsofR intermsofR
R15(0,0) 0.461578 R16(0,0) 0.474428
R13(0,0) 0.671497 R34(0,0) 0.474428
R14(0,0) 0.755492 R35(0,0) 0.671497
Ry5(0,0) 0.710417 R36(0,0) 0.715988
R16(0,0) 0.474428 R45(0,0) 0.461578
R»3(0,0) 0.474428 R46(0,0) 0.671497
R»4(0,0) 0.710417 Rs6(0,0) 0.4744278
R15(0,0) 0.755492 Ry1(1,0) 0.763555

4. Conclusion and Discussion

We have determined the two-vertex resistance on periodic tilings in two dimensions (Archimedean lattices: (3°.4%),
(3%.4.3.4), (3*.6) and (3.4.6.4 ) with resistors. This problem has been made by using the lattice Green's function
approach (Cserti et al., 2011). Some numerical results for resistance values near the networks origin are presented.

We believe that the Green’s function method is a highly effective approach for the present problem and for any
periodic tilings of resistors, even in cases when other methods (Venezian, 1994; Atkinson & van Steenwijk, 1999;
Jeng, 2004) face extreme difficulties. Further, networks of resistors may serve as a didactic example for
introducing the Green’s function method, as well as other basic concepts (such as the reciprocal lattice and the
Brillouin zone) used in solid state physics. This problem can also be relevant to many other problems, such as
random walks (Doyle & Snell, 1984).
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The perturbation of uniformly tiled resistor lattices by replacing one resistor by another one in the perfect lattice
(Owaidat et al., 2014) or removing one resistor from the perfect lattice (Cserti et al., 2002) can be applied to the
above Archimedean lattices of resistors.

Finally, the present work can be extended to study the classical lattice dynamics and the vibrational modes of
atoms in the harmonic approximation as another application of the Green’s function approach.
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