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Abstract 

We use conservation of energy and momentum to show the metric of a gravitational or electromagnetic plane 
wave pulse is flat. 
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1. Introduction 

A class of Lorentz covariant theories of gravitation that includes general relativity was shown not to satisfy 
conservation of energy (De Paepe, 2012). There we considered a photon moving along a fixed line towards a 
particle on the line. In the present article we will consider a gravitational or electromagnetic plane wave pulse 
incident on an atom that emits a photon. There will be an exchange of energy and momentum between the pulse 
and the photon. We will require energy and momentum are conserved. This restriction will limit the form of the 
metric of the pulse.  

Consider a gravitational or electromagnetic plane wave pulse moving in the direction of the positive ݔ axis with 
symmetric total energy-momentum tensor ߬ఓఔሺݐ െ  ሻ having componentsݔ

       ߬଴଴ ൌ ߬଴ଵ ൌ ߬ଵଵ, ߬଴ଶ ൌ ߬ଵଶ ൌ ߬ଶଶ ൌ ߬଴ଷ ൌ ߬ଵଷ ൌ ߬ଶଷ ൌ ߬ଷଷ ൌ 0                (1) 

such that ߬ఓఔሺݐ െ ሻݔ ൌ 0 for ݔ ൐ ஶஶି׬ and ݐ ߬଴଴ሺݑሻ݀ݑ ൏ 	∞. Let the components of the metric be a functions 
of only ݐ െ ݐand have ݃ఓఔሺ ݔ െ ሻݔ ൌ ఓఔߟ	  for ݔ ൐ ݔ For .ݐ ൑  there is no additional restriction on the ݐ
metric other than it must be the metric of a gravitational or electromagnetic plane wave pulse. 

2. Lorentz Transformations 

We will now construct a Lorentz transformation that will leave the components of (1) unchanged (De Paepe, 
2009). Let ߉ሺߠሻ be the Lorentz transformation that is a composition of a rotation by ߠ about the ݖ axis, a 

boost by 
ଶୡ୭ୱఏଵାሺୡ୭ୱఏሻమ in the direction of the rotated ݔ axis, followed by a rotation by ߠ െ  .axis ݖ about the ߨ

We have ߉ሺߠሻ is 

ᇱݐ    ൌ 	െݐሾ1 െ 2ሺcsc ሻଶሿߠ െ ሺcot	ݔ2	 ሻଶߠ െ ݕ2 cot ᇱݔ (2)                       ߠ ൌ ሺcot	ݐ2 ሻଶߠ ൅ ሾ3	ݔ െ 2	ሺcsc ሻଶሿߠ െ ݕ2 cot ᇱݕ ߠ ൌ 	െ2ݐ	 cot ߠ ൅ 	ݔ2 cot ߠ ൅ ᇱݖ ,ݕ	 ൌ  ݖ

Now ߉ሺߠሻ satisfies ݐᇱ െ ᇱݔ ൌ ݐ െ  ሻ transforms a test particle with speed one in the direction ofߠሺ߉ Also .ݔ
the positive ݔ axis to a test particle with speed one in the direction of the ݔ′ axis. 

The total energy-momentum tensor ߬ఓఔ and contravariant form of the metric ݃ఓఔ transform under Lorentz 
transformations as 

     ߬′ఓఔ ൌ 	 డ௫ᇲഋడ௫ഀ డ௫ᇲഌడ௫ഁ ߬ఈఉ   	݃′ఓఔ ൌ 	 డ௫ᇲഋడ௫ഀ డ௫ᇲഌడ௫ഁ ݃ఈఉ                        (3) 

So by (1) and (3) for ߉ሺߠሻ 
    ߬ᇱఓఔሺݐᇱ െ ᇱሻݔ ൌ ߬ఓఔሺݐ െ ׬ ;ሻݔ ߬ᇱ଴଴ஶିஶ ሺݑᇱሻ݀ݑᇱ ൌ ׬ ߬଴଴ஶିஶ ሺݑሻ݀(4)         ∞ > ݑ 
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and by (3) for ߉ሺߠሻ ݃ᇱ଴଴ ൌ 	4ሺ݃଴଴ െ 	2݃଴ଵ ൅ ݃ଵଵሻሺsin ሻସߠ ൅	8ሺെ݃଴ଶ ൅	݃ଵଶሻ cos ሺsinߠ ሻଷߠ ൅	െ4ሺ݃଴଴ െ 	3݃଴ଵ ൅ 2݃ଵଵ െ	݃ଶଶሻሺsin ሻଶߠ  

൅ସ൫௚బమି	ଶ௚భమ൯ ୡ୭ୱఏୱ୧୬ఏ ൅	݃଴଴ െ 4	݃଴ଵ ൅ 4	݃ଵଵ െ 4	݃ଶଶ                  (5) 

Since 	݃ఓఔ is a function of only ݐ െ ᇱݐ ሻ that ݃′ఓఔ is a function of onlyߠሺ߉ we have for ݔ െ   .′ݔ

Consider a frame of reference with coordinates ̂ݐ, ,ොݔ ,ොݕ ,ݐ related to the coordinates ݖ̂ ,ݔ ,ݕ  by the Lorentz ݖ
transformation 

ݐ̂      ൌ 	 ௧ି௩௫ඥଵି௩మ   ݔො ൌ 	 ௫ି௩௧ඥଵି௩మ   ݕො ൌ ݖ̂  ݕ ൌ  (6)                           ݖ

Consequently by (1), (3) with primes replaced by hats, and (6) 

  ߬̂ఓఔሺ̂ݔ-ݐොሻ ൌ 	 డ௫ොడ௫ഀఓ డ௫ොഌడ௫ഁ ߬ఈఉ ൌ 	 ଵି௩ଵା௩ ߬ఓఔሺݐ െ  ሻ                          (7)ݔ

and 

ஶஶି׬									        ߬̂ఓఔሺݑොሻ݀ݑො ൌ ටଵି௩ଵା௩ ׬ ߬ఓఔሺݑሻ݀ݑ ൏ ∞ஶିஶ                            (8) 

and by (3) with primes replaced by hats and (6) 

       ො݃଴଴ ൌ 	 డ௫ොబడ௫ഀ డ௫ොబడ௫ഁ ݃ఈఉ ൌ 	 ௚బబିଶ௩௚బభା௩మ௚భభଵି௩మ                               (9) 

Also ො݃଴଴ will be function of only ̂ݐ െ  .ොݔ
3. Conservation of Energy 

Let ℱ’ be the frame of reference with the coordinates ݐᇱ, ,ᇱݔ ,ᇱݕ  of section 2. In this section we will use ′ݖ
conservation of energy to show the function |݃ᇱ଴଴| of ߠ and ݐᇱ, ,ᇱݔ ,ᇱݕ  .has a maximum ′ݖ

Let ℱത be a free falling frame of reference with coordinates ̅ݐ, ഥ,ݔ ,തݕ  ఓఔ at the origin. Letߟ and with metric ̅ݖ
there be a atom ܣ in an excited state that is at rest at the origin with respect to ℱത. After some time let ܣ emit a 
photon ߛ  of energy ܧ  with respect to ℱത . With respect to ℱത  let ̅݌ఓ  be the components of the 
energy-momentum four-vector of ߛ. We have ̅݌଴ ൌ ଴ሻଶ̅݌and ሺ ܧ ൌ ሺ̅݌ଵሻଶ ൅ ሺ̅݌ଶሻଶ ൅ ሺ̅݌ଷሻଶ. With respect to ℱ’ 
let ݌′ఓbe the components of the energy-momentum four-vector of ߛ at the time of emission. We have 

଴′݌    ൌ డ௫ᇲబడ௫̅ഀ ఈ̅݌ ൌ డ௫ᇲబడ௫̅బ ଴̅݌ ൅ డ௫ᇲబడ௫̅భ ଵ̅݌ ൅ డ௫ᇲబడ௫̅మ ଶ̅݌ ൅ డ௫ᇲబడ௫̅య  ଷ                     (10)̅݌

With respect to ℱ’ at some time let ܣ be at rest at a point in advance of the pulse. In advance of the pulse the 
system is inertial so if γ is emitted before the pulse reaches ܣ the energy of ߛ at the time of its emission will be ܧ with respect to ℱ’. After some time the pulse will be incident on ܣ. By (4) and conservation of energy the 
amount of energy that ܣ and hence ߛ can gain from the gravitational field of the pulse is limited so the amount ݌′଴ can increase from ܧ is limited. Consequently the function ݌′଴of ߠ, ,ᇱݐ ,ᇱݔ ,ᇱݕ ,଴̅݌ and ,′ݖ ,ଵ̅݌ ,ଶ̅݌ ଵሻଶ̅݌ଷ where  ሺ̅݌ ൅ ሺ̅݌ଶሻଶ ൅ ሺ̅݌ଷሻଶ ൌ 	 ሺ̅݌଴ሻଶ ൌ  at rest in ܣ we are starting with ߠ ଶ has a maximum. Note for eachܧ	
advance of the pulse. Now ݌′଴ will be less than or equal to the maximum and ߛ can be emitted in any direction 
so we can vary ߠ, ,ᇱݐ ,ᇱݔ ,ᇱݕ ,ଵ̅݌ᇱ, and vary ሺݖ ,ଶ̅݌ ଶሻଶ̅݌ଷሻ but keep ሺ̅݌ ൅ ሺ̅݌ଷሻଶ ൌ 	 ሺ̅݌଴ሻଶ ൌ  ଶ to conclude fromܧ	

(10) that the functions ቀడ௫ᇲబడ௫̅ഀቁଶof ߠ and ݐᇱ, ,ᇱݔ ,ᇱݕ   have maxima. Since ′ݖ

  ݃′଴଴ ൌ 	 డ௫ᇲబడ௫ഀ డ௫ᇲబడ௫ഁ ఈఉߟ ൌ െቀడ௫ᇲబడ௫̅బ ቁଶ ൅ ቀడ௫ᇲబడ௫̅భ ቁଶ ൅ ቀడ௫ᇲబడ௫̅మ ቁଶ ൅ ቀడ௫ᇲబడ௫̅య ቁଶ                (11) 

we have the function |݃ᇱ଴଴| of ߠ and ݐᇱ, ,ᇱݔ ,ᇱݕ  .has a maximum ′ݖ

4. Form of Metric   

Since the function |݃ᇱ଴଴| of ߠ and ݐᇱ, ,ᇱݔ ,ᇱݕ  has a maximum we must have by (5) that ′ݖ
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݃଴଴ െ 2݃଴ଵ ൅ ݃ଵଵ ൌ 0,   		െ݃଴ଶ ൅ ݃ଵଶ ൌ 0,   ݃଴଴ െ 3݃଴ଵ ൅ 2݃ଵଵ െ ݃ଶଶ ൌ 0, 

               ݃଴ଶ െ 2݃ଵଶ ൌ 0                                  (12) 

Interchange ݕ and ݖ in the transformation ߉ሺߠሻ. Using a similar argument  

               െ݃଴ଷ ൅ ݃ଵଷ ൌ 0,  ݃଴଴ െ 3݃଴ଵ ൅ 2݃ଵଵ െ ݃ଷଷ ൌ 0,  ݃଴ଷ െ 2݃ଵଷ ൌ 0                (13) 

from which we can conclude ݃ଶଶ ൌ ݃ଷଷ. A rotation about the ݔ axis leaves ߬ఓఔ unchanged. Make a rotation 
about the ݔ axis and using a similar argument as before gives ݃ଶଷ ൌ 0. Consequently by (12), (13), and ݃ଶଷ ൌ 0 we can conclude that conservation of energy implies the metric is of form 

ଶݏ݀    ൌ ݐሺܮ െ ଶݐሻሾെ݀ݔ ൅ ଶݔ݀ ൅ ଶݕ݀ ൅ ଶሿݖ݀ ൅ܹሺݐ െ ݐሻሾ݀ݔ െ  ሿଶ              (14)ݔ݀

5. Conservation of Energy and Momentum  
In this section we use conservation of energy and momentum to show ܮ ൌ 1. Let ̂݌ఓbe the components of the 
energy-momentum four-vector of ߛ with respect to the frame of reference of section 2 with coordinates ̂ݐ, ,ොݔ ,ොݕ  We have .ݖ̂

଴̂݌     ൌ డ௫ොబడ௫̅ഀ ఈ̅݌ ൌ డ௫ොబడ௫̅బ ଴̅݌ ൅ డ௫ොబడ௫̅భ ଵ̅݌ ൅ డ௫ොబడ௫̅మ ଶ̅݌ ൅ డ௫ොబడ௫̅య  ଷ                       (15)̅݌

By (8) the amount of energy and momentum of the gravitational field in any cylinder with axis parallel to the ݔො 
axis goes to zero as ݒ → 1. By conservation of energy and momentum the amount of energy ܣ and hence ߛ 
can gain or lose from the gravitational field of the pulse goes to zero as ݒ → 1. Consequently ̂݌଴ →  ܧ

uniformly as ݒ → 1 independent of direction of emission of ߛ. We must have by (15) that ቀడ௫ොబడ௫̅ഀቁଶ →  ఈ଴ߜ	

uniformly as ݒ → 1. By 

   ො݃଴଴ ൌ 	 డ௫ොబడ௫ഀ డ௫ොబడ௫ഁ ఈఉߟ ൌ െቀడ௫ොబడ௫̅బቁଶ ൅ ቀడ௫ොబడ௫̅భቁଶ ൅ ቀడ௫ොబడ௫̅మቁଶ ൅ ቀడ௫ොబడ௫̅యቁଶ	                  (16) 

We have ො݃଴଴ → െ1 uniformly as ݒ → 1. By (9), (14), and the fact that ො݃଴଴ → െ1 uniformly as ݒ → 1 we 
can conclude ܮ ൌ 1. 

6. Conclusion 

The curvature tensor (Weinberg, 1972) of (14) with ܮ ൌ 1 is zero. The metric is then flat. For a metric and a 
total energy-momentum tensor that are covariant with respect to Lorentz transformations we showed 
conservation of energy and momentum implies the metric of a gravitational or electromagnetic plane wave pulse 
is flat. 
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