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Abstract

The rotating Rayleigh-Bénard convection in the presence of helical force is modeled by a four mode Lorenz
model. This model is extended to study how this force affects the onset of Kiippers-Lortz (KL) instability. We
observed that when S < 37w, the critical Taylor number and the critical angle for the onset of KL instability
decrease as helical force intensity S increases. This influence of helical force is similar to that obtained in
rotating fluid layer under periodic modulation of the rotation rate (Bhattacharjee, 1990). In the range 3 < S
<14.9246, the system exhibits the reentrant behavior of rolls demonstrating the constructive and destructive role
of rotation in the KL instability apparition. In this case, we observed that the application of this force allows the
KL instability for small values of Taylor number. In addition, it has been found that there exists a threshold
(14.9246) in the magnitude of the helical force that allows suppressing the KL instability in the system for any
value of Taylor number.
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1. Introduction

Rayleigh-Bénard convection in a plane layer heated from below and rotating about a vertical axis, has been the
objects of special attention motivated by both astrophysical and geophysical applications and by the existence of
additional instabilities occuring in this system. Moreover, rotating convection generates some interesting
dynamics with a much more complicated structure than in the non-rotating case. In the nonlinear regime of
rotating Rayleigh-Bénard convection, the most interesting phenomenon is the occurence of KL instability.
Kiippers and Lortz (1969) reported that for an infinite Prandtl number in a rotating Rayleigh-Bénard system with
free-free boundary conditions, at the onset of stationary convection, the roll solution was unstable to
perturbations by rolls with different axes when the Taylor number (which measures the rotation rate) exceeds the
critical value 2285 and the angle close to 58° These new sets of rolls are similarly unstable. This process
continues resulting in complex dynamics. This leads to the onset of a complicated spatio-temporal complex state
and possible chaotic behavior at the onset when the Taylor number exceeds a certain threshold. This instability
was observed by Busse and Heikes (1980). Many experiment and theoretical (Niemela & Donnelly, 1986; Liu &
Ahlers, 1997; Clune & Knobloch, 1993; Murali et al., 1994; Ponty et al., 1997; Cox & Mattews, 2000) research
papers exist on KL instability.

The Lorenz model was first obtained by E. N. Lorenz (1963) when he modeled the convection in the atmosphere.
This model represents the Rayleigh-Bénard convection for both parallel and circular plates (Sparrow, 1982;
Tritton, 1988). This apparently simple nonlinear model has generated thousands of research papers and it
continues generating more due to the fact that the system is not completely understood. Some properties of the
Lorenz equations are summarized in (Sparrow, 1982). Bhattacharjee (Bhattacharjee & Mckane, 1988) and Stein
(Stein, 1989) have modeled the rotating Rayleigh-Bénard convection by a four-mode Lorenz model. J. K.
Bhattacharjee and A. J. Mckane (1988) have extented this model for studying the KL instability.

The generating properties of small-scale helical turbulence leading to the large-scale structure formation were
first discovered in magnetohydrodynamics (Steenbeck et al., 1966). This phenomenon is known as the
alpha-effect. The realizability of the hydrodynamic « - effect, the analogous phenomenon in
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non-electroconductive media, has been theoretically justified for compressible (Moiseev et al., 1983) and, later,
incompressible (Moiseev et al., 1988) fluids. Publications on the hydrodynamic alpha-effect were examined in
detail in review (Rutkevich, 1993; Kurgansk, 1998; Levina et al., 2000). In (Levina et al., 2000), the authors
have proposed the special force also called helical force that has the structure of the alpha term, which provides
excitation of large-scale instability within the framework of the model of the hydrodynamic alpha-effect in a
convective system. This force simulates the influence of small-scale helical turbulence which is generated in a
rotating fluid with internal heat sources (Rutkevich, 1993).

The linear stability analysis of the rotating Rayleigh-Bénard system in the presence of this force has been
performed in the case of free-free boundary conditions (Essoun & Chabi Orou, 2010). It was found that this
helical force has no monotonic effects on the onset of convection for all values of Taylor number but decreases
the threshold of the corresponding critical wave number for any value of Taylor number.

In this work, we have considered rotating Rayleigh-Bénard problem in the presence of helical force. In the next
section, we obtain the Lorenz-type model for this system that is extended within the framework to study how this
force affects the onset of KL instability. In section 3, we summarize our results.

2. Derivation of the Model

We consider a mathematical model described in (Levina, 2006) including the nonlinear Boussinesq equations, in
which the momentum equation includes the helical and Coriolis forces. The dimensionless form is written as:

T4 19.W=-Vp+V¥ +RaTé —Ta2@ x¥) + Sf,
Pri- +7 - VI = V2T, (1)
V-v =0,
f=8(u®), - X2, &= (00D,
_ 3 2h4
Ra— BTN o v g st
VK K \Y

Where ¥ is velocity, p is pressure, T is temperature, f is helical force, € is the unit vector along the vertical
axis; Ra, Pr and Ta are respectively dimensionless Rayleigh, Prandtl and Taylor numbers; and S is a
dimensionless parameter that characterizes the intensity of force f. The height of the layer h and characteristic

. . h?
temperature difference between the boundaries of the layer (T;—T,), as well as values - S and p;’l% were

taken as units of measure of length, temperature, time, velocity and pressure respectively.

Equations (1) in the absence of the Coriolis force were scrutinized in (Levina & Burylov, 2006). The special case
S = 0 corresponds to that in which the helical force is absent, and system (1) is reduced to the equations
describing the Rayleigh-Bénard convection with rotation when the centrifugal force is neglected.

The analysis of hydrodynamic equations describing the system requires three independent variables. These are
the z-component of the velocity field w, the z-component of vorticity ¢ and 8 the fluctuations of the
temperature.

The governing equations (1) in terms of w, { and 0 become:

2(Vw) — 28 [Vx{(F VG- (@ -V)V}] = RaVi0 + V'w — Ta¥2 DT +S(VE {— D),
L4+ [@ V- (@ VW] = V?w + Ta/>Dg +SD?w, @)
20 | 2
PrE+(v -V)6 =w+ V%0.
where
_4d 2 _ 0% 0% 2 v2 4 N2
D—dz, Vh_0x2+6y2 and V—Vh+D
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In the absence of helical force (S = 0), Bhattacharjee and Mckane (Bhattacharjee & Mckane, 1988) have dropped
the nonlinear terms in the equations of w and ¢ to model the system by the four-mode Lorenz equations. They
supposed that the use of free-free boundary conditions does not lead to the contributions from these terms in the
Lorenz model. Stein (Stein, 1989) considered these nonlinear terms and obtained the same four-mode Lorenz
equations. Then, we use the same procedure as Bhattacharjee and Mckane to model our system by Lorenz-type
model.

Neglecting the nonlinear terms in the equations of w and , system (2) becomes:
% (V2w) = RaV20 + V'w — Ta'/2D{ +S(V2{— D),

% = v?w + Td/?D{ +SDw, 3)

Pr%ﬂﬁ V)9 =w+ V20.

The linear stability analysis of system (3) shows that the stationary convection occurs at (Essoun & Chabi Orou,
2010):

(% ko) 4P (Ta-s?m2+ S2kyc?)

Ray = o~ : )
where kg is the positive root of the following equation:
kse\© kse\* Ta-S2m?
2 (f2) 4 3(5e) =14 5T )

We assume that the roll axis is taken to be the y axis. The Lorenz model for the two dimensional rolls can be
obtained by introducing the following forms for the different fields (Bhattacharjee & Mckane, 1988):

w = a(t) cos(ks.x) sinmz
{ = f(t)cos(ks.x) cosmz 6)
0 = b(t) cos(kscx) sinmz + c(t) sin2nz
Inserting system(6) into model (3), we get:
X =0(-X+Y+dF)
Y =rX-Y-XZ
7 = —bZ+XY (7)
F=-0(dX+F

where

Rakg.? _ 4m? _ nTal/? _
r=——t, b——zkz, d= ———=5;, o=Pr,
(w24 ksc?) et ksc (m2+ ksc?)

X, Y, Z and F are the dimensionless form of a, b, ¢ and f respectively.

This system has three fixed points: the conduction state O (0, 0, 0, 0) and the stationary finite amplitude

solutions C*(XE, Y&, Zy,Fy¥), where Xf= + /b (1:7),1/5 =1+d) Xy, Zy=r—(1+d? and
Ff = —d X;.
Clearly, the conduction state is a fixed point for all parameter values but exist C* only when r > 1+ d2.

The above model will be extended to include the KL instability and we will address how the helical force affects
the onset of KL instability. We assume that the basic rolls (axis along the y direction) can be perturbed by a set of
rolls whose axis is not along the y axis and the wave vector makes an angle 1 with the x axis. Then, the wave
vector K of these disturbance rolls would have the components k, = k. cosy and k, = kg sini.

We introduce the following expansions that include the y dependence in the fields (Bhattacharjee & Mckane,
1988):

w = a(t) cos(kg.x)sinmz + a,(t) cos(kyx + k,y) sinnz
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{ = f(t) cos(kgex) cosmz + f;(t) cos(k,x + k,y) cosmz ®)
0 = b(t) cos(kgx) sinmz + c(t)sin2mz + by(t) cos(kx kyy) sinmz + [c,(t) cos(kyx + keox +
k,v) +  cy(t) cos(kyx — kgex + kyy)] sin2mz
Inserting these expansions into equations (3), we get the correspondent Lorenz-type model:

X =0(-X+Y+dF)

Y = rX =Y — XZ — X,Z, =¥

1+cosy

—-FiZ q L FZ; q sy

4 4

—X1Z;

Z = —bZ + XY + XY,
F=—-0(dX+F)

X, = o(=X;+Y, +dF) )
V=X, =Y - X, Z - XZ, TV - xz, 2 ypz, @t Fz, Y
Z, = w (YX, + XY)) —b,Z, + q@ (F,Y — FYy)
Z, = %(Y& +XY)—b_Z, + q# (FY; — F,Y)

Fl = —0 (Xm + Fl)
where
_ (n%+ kscz)l/2
- T

q (10)

4m2+2Kkgc? (14 cos §)
T2+ kg

bi=

’

X1, Y4, Zy, Z, and F] are the dimensionless versions of a;, by, ¢;, ¢, and f; respectively. Thus, a nine-mode
system (9) is going to describe how the helical force affects the onset of KL instability.

3. Results and Discussion

The rolls along y axis are described by:

X2 = b(ﬁq)

Zy=7—(1+d?)
FO =—d XO

These rolls are perturbed by those describing by Xi, Y;, Zy, Z, and F; (X4, Y3, Z;, Z, and F; are
perturbations rolls). The linear stability analysis of the rolls along y axis against these perturbations will be
studied by using a linearized five mode system:

X1= O'(—X1+Y1+dF1)

V=X =Y - X, Z - XZy Yo xz, 2 yFzy @R - FZ, ¢
: 1-cosy siny
Zl = 2 (YX]_ +XY1) _b+Zl +qT (F]_Y_FY]_) (12)
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_14cosy siny

. in
ZZ 2 (YX1+XY1)_b_Zz+qT (FY]__F]_Y)

Fl = —0'(Xm+ Fl)
We introduce the perturbations of the form e*t. We find that A = 0 if:

1/2 o _ 2 2\ by(1+cosp)?+b_(1—cos)?
Ta sin 1’0 (T[ + ksc ) by(1+cosyP)—b_(1—cos ) (13)
Inserting equation (10) into equation (13), we get:
(x+ 2tan*p —2Ttanyp +4(x+1) =0, (14)
where
ksc”
X =3 (15)
Tal/Z
Solving equation (14) in terms of I' and x, we obtain:
_ Ttyr2—4(x+1)(x+2)
tanyp = —————— (16)
The minimum value of Ta will be obtained for:
Ta=4x+ 1)+ 2)m* (17)
Combining equations (5) and (17), we have:
2
2% =x2—12x =9+ 5 =0 (18)

The critical value of Taylor number and the associated critical angle for the onset of KL instability are given by:

Ta, = 4(x+ 1)(x + 2)m* (19)

x+1
=t -1 2 |—
Ye an x+2

where x is the positive roots of equation (18).

For S = 0, the critical Taylor number is Ta, = 779.728 and the associated critical angle is . = 60.794°. Our
values match those obtained by Bhattacharjee and Mckane (1988). This value of Ta. is different from that
obtained by Kiippers and Lortz because of the approximations. In figures 1(a) and 1(b), we plot the critical
Taylor number Ta. and the critical angle . for the onset of KL instability both as function of the helical force
intensity S. These curves define the boundary between the stable roll and the KL instability domains. We observe
that this model force does not have the uniform effect on the onset of KL instability. There exists two critical
values of S, S.; = 3m and S, = 14.9246.

For S < 3 m, equation (18) has one positive root that implies one critical Taylor number and one critical angle for
the onset of KL instability. We observe that the threshold values of Taylor number Ta. and angle 1. decrease
as S increases (column I). This influence of helical force on the onset of KL instability is similar to that observed
by J. K. Bhattacharjee in rotating fluid layer under periodic modulation of the rotation rate (Bhattacharjee, 1990).

For 3m < S < 14.0246, equation (18) has two positive different roots that correspond to the two different
critical values of Taylor number and associated angle. As one can see from figure 1, by increasing the Taylor
number, the system exhibits KL unstable rolls «<— stable rolls transitions in the range 3m < S < 14.0246. This
reentrant behavior of the rolls i.e. as Ta is increased, the Kl unstable rolls (unstable after Kiippers and Lortz
view) can become stable and then lose stability, demonstrates the constructive and destructive role of rotation.
We also observe that in this reentrant domain (column II), the system allows the Kl instability for small values of
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Taylor number.

For S > 14.9246, equation (18) has no positive root. Then we deduce that the Kl instability can be suppressed by
helical force when its intensity S exceeds the critical value 14.9246 (column III).

Let us note ATa, = Ta.(S=0) —Ta.(S# 0) and AP, = P (S = 0) — P (S # 0), the shift in the value of

the critical Taylor number and critical angle for the onset of KL instability when S < 3 m; 8Ta, = % and
SY, = Afc(sleg)o the decreasing percentage of the critical Taylor number and of the corresponding critical angle
respectively.
0) 4y (m) 1) m (I
9000 T T T T T 62 T T T T T
@) ()
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Figure 1. (a) Critical Taylor number Ta. and (b) associated critical angle Y. (in degrees) for the onset of KL
instability as function of intensity S of helical force

In Figure 2, we plot the shift in the value of critical Taylor number and of critical angle for the onset of KL
instability as a function of helical force intensity. We observe that ATa. and Ay, increase as S increases. Table
below shows the decreasing percentage of the critical Taylor number and of critical angle as a function of helical
force intensity S. We observe that the decreasing percentage increases as S increases.
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Figure 2. The shift in the value of: (a) critical Taylor number and (b) critical angle as a function of helical force
intensity S

Table 1. Decreasing percentage of critical Taylor number 8Ta. and of corresponding critical angle 8. versus
helical force intensity S

S 6Ta. oY,
0.000 0.000 0.000
0.100 001 0.000
0.500 0.032 0.000
1.000 0.127 0.003
1.500 0.286 0.006
2.000 2.000 0.011
2.500 0.797 0.018
3.000 1.150 0.026
3.500 1.571 0.035
4.000 2.061 0.047
4.500 2.620 0.060
5.000 3.251 0.074
5.500 3.958 0.091
6.000 4.741 0.110
6.500 5.605 0.131
7.000 6.554 0.154
7.500 7.592 0.180
8.000 8.725 0.208
8.500 9.959 0.240
9.000 11.302 0.276
9.420 12.522 0.309
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4. Conclusion

In this work, we have studied the KL instability in rotating Rayleigh-Bénard convection with the free-free
boundary conditions in the presence of the helical force. We modeled the system by a four-mode Lorenz model
and extended it to include the KL instability.

We observed that for S < 3 1 , the critical Taylor number and critical angle for the onset of KL instability
decrease as S increases (column I). Then, this effect of helical force is similar to the modulation effect obtained
by J. K. Bhattacharjee in rotating fluid layer under periodic modulation of the rotation rate (Bhattacharjee, 1990).

In the range 3m < S < 14.0246, the system exhibits the reentrant behavior of rolls demonstrating the
constructive and destructive role of rotation. This behavior of reentrance observed with rolls is similar to that of
hexagonal cells in convection for Boussinesq (Assenheimer & Steinberg, 1996; Clever & Busse, 1996) and non
Boussinesq (Roy & Steinberg, 2002; Madruga et al., 2006) approximations. We notice that in this domain, the
KL instability exists for small values of Taylor number.

Another observation is that the presence of helical force in rotating Rayleigh-Bénard convection stabilizes the
rolls against KL instability when its intensity exceeds the critical value 14.9246 (Column III).
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