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Abstract 

To this purpose, one uses the result that quantum phenomena in the Euclidean formulation of the theory are due 
to a stochastic space-time background interaction, whose essence is the time derivative of the Wiener process. 
The problem of calculating both the transition probability, the path integral for the systems of four particles and 
factorization solution of Fokker-Planck equation are then solved. The transition probability solution of 
Fokker-Planck equation factorizes into a first component describing the system at its ground state and a second 
component characterizing its transition dynamics. The path integral for these system are then solved. 

Keywords: wiener process, Fokker-Planck equation, path integral, transition probability density, theorem of 
factorization 

1. Introduction 

Understanding the process of classical Euclidian theory is one of the major challenges in the last twenty years in 
the fields of Brownian motion dynamics and quantum mechanics. 

This interest can be explained by the fact that there is a close relationship between Brownian motion and 
quantum mechanics (Beilinson, 1959, 1982; Beilinson & Leal, 1993; Beilinson & Massou, 1996; Feyman & 
Gibs, 1965; Gelfand & Vilenkin, 1961; Glimm & Jeffe, 1987; Kac, 1959). Indeed, the solution of the 
time-dependent Schrodinger equation: 

      ݅԰
డఅሺ௫,௧ሻ

డ௧
ൌ ,ݔሺߖ෡ܪ  ሻ                             (1.1)ݐ

can be obtained from the Bloch equation 

           
డ௓ሺ௫,௧ሻ

డ௧
ൌ ,ݔ෡ܼሺܪ  ሻ                               (1.2)ݐ

through analytic continuation of ܼሺݔ,  means the ݐ݅ ,ሻ, relative to variable t, up to the imaginary axis. Formallyݐ
substitution of  ݐ by   ݅ݐ and thus one gets the transition ܼሺݔ, ሻݐ݅ ൌ ,ݔሺߖ  .ሻݐ

It is known (Beilinson & Leal, 1993) that the strong interrelation between the Brownian motion problems and 
those of the quantum mechanics allows a simplified numerical solution of concrete quantum mechanics 
problems. Instead of solving numerically in a considerably simpler manner with a further time-analytical 
extension of the obtained results. In the Euclidean quantum mechanics (and, therefore, also in usual quantum 
mechanics), the quantum nature of the particles can be related, not with the particle itself, but with the stochastic 
space-time derivative of the Wiener process, used in the right hand side of Jacobi conjugate equation in classic 
Euclidean mechanics. This explains why these equations become stochastic. 

In this work we study such a limit problem, when the correlation is absolute between particles. We first consider 
a system of three stochastic equations 
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ە
ۖ
۔

ۖ
ሶݔۓ ൅

డௌ

డ௫
ൌ ሶ߮

ሶݕ ൅
డோ

డ௬
ൌ ሶ߮

ሶݖ ൅
డொ

డ௭
ൌ ሶ߮

                                  (1.3) 

߮ሺ߬ሻ is the Wiener process with the measure (Gelfand & Vilenkin, 1961; Glimm & Jeffe, 1987). 

           ݀ௐ߮ሺ߬ሻ ൌ ሼെ݌ݔ݁ ׬ ሶ߮ ଶሺ߬ሻ݀߬ሽ ∏ ௗఝሺఛሻ

√గௗఛ
௧
ఛୀ଴

௧
଴                    (1.4) 

With the functions 

ܵሺݔ଴, 0; ,ݔ ሻݐ ൌ
݉߱

ݐ݄߱ݏ2
ሾሺݔଶ ൅ ଴ݔ

ଶሻ݄ܿ߱ െ  ,଴ሿݔݔ2

ܴሺݕ଴, 0; ,ݕ ሻݐ ൌ
ெఉ

ଶ௦௛ఉ௧
ሾሺݕଶ ൅ ଴ݕ

ଶሻ݄ܿߚ െ  ଴ሿ                      (1.5)ݕݕ2

ܳሺݖ଴, 0; ,ݖ ሻݐ ൌ
ߛߤ

ݐߛ݄ݏ2
ሾሺݖଶ ൅ ଴ݖ

ଶሻ݄ܿߛ െ  ଴ሿݖݖ2

Associated to the corresponding classical Euclidean oscillators by time analytic continuation of the real axis by 
imaginary one. M, m and ߤ are the masses of oscillators; ߱ ,   .their frequencies ߛ ݀݊ܽ ߚ

In Euclidean Quantum mechanics, the problem we used to tackle involves three different independent Wiener 
processes ሶ߮ ଵ, ሶ߮ ଶ and ሶ߮ ଷ describing a system of noninteracting quantum oscillators in the form: 

                      

ە
ۖ
۔

ۖ
ሶݔۓ ൅

డௌ

డ௫
ൌ  ሶ߮ ଵ

ሶݕ ൅
డோ

డ௬
ൌ  ሶ߮ ଶ

ሶݖ ൅
డொ

డ௭
ൌ  ሶ߮ ଷ

                                 (1.6) 

At the opposite, oscillator characteristics that are described by (1.3) and (1.1), interact each to other only through 
a single space-time function ሶ߮ ሺ߬ሻ. This work aims to investigate this specific space-time nature of interaction 
between quantum oscillators. 

To a single Hamiltonian operator in Euclidean Quantum mechanics correspond an infinite number of stochastic 
equations, involving enormous computation difficulties, like equations (1.3). In this work we propose to consider 
another system of stochastic equations equivalent to the previous one and involving the same point of stochastic 
space-time background for the quantum oscillators as:  

ሶሺ߬ሻݔ ൅ ሺ߬ሻݔ߱ ൌ ሶ߮ ሺ߬ሻ 

ሶሺ߬ሻݕ ൅ ሺ߬ሻݕߚ ൌ ሶ߮ ሺ߬ ሻ                                (1.7) 

ሶሺ߬ሻݖ ൅ ሺ߬ሻݖߛ ൌ ሶ߮ ሺ߬ሻ 

Յሶ ሺ߬ሻ ൅ Յሺ߬ሻߣ ൌ ሶ߮ ሺ߬ሻ 

Where , , and     are frequencies of oscillators.  

This article is organized as follows. In section 2, a brief description of the four particle case based on the 
equations (1.7) in given to set up the transition probability, corresponding Fokker-Planck equation the path 
integral and the factorization theorem involved. 

2. Four Particle Case 

2.1 The Transition Probability and the Fokker-Planck Equation 
Let now consider a system four oscillators possessing the masses m1, m2, m3, and m4 and frequencies ߱ , , ߚ , ߛ  ߣ
located at the same point of the stochastic space-time background accordingly to the following system of 
equations: 
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ሶݔ ൅ ݔ߱ ൌ ሶ߮  

ሶݕ ൅ ݕߚ ൌ ሶ߮                                    (2.1.1) 

ሶݖ ൅ ݖߛ ൌ ሶ߮  

Յሶ ൅ Յߣ ൌ ሶ߮  

and to the measure (1.4) of the Wiener process. 

Using Duhamel integration method, the solutions of (8) can be settled up: 

ሻݐሺݔ െ ሻ݁ିఠ௧ݐ଴ሺݔ ൌ න ݐሺߜ2ൣ െ ሻݏ െ ߱݁ିఠሺ௧ି௦ሻ൧߮ሺݏሻ݀ݏ
௧

଴
 

ሻݐሺݕ      െ ሻ݁ିఉ௧ݐ଴ሺݕ ൌ ׬ ݐሺߜ2ൣ െ ሻݏ െ ݏሻ݀ݏఉሺ௧ି௦ሻ൧߮ሺି݁ߚ
௧

଴                    (2.1.2) 

ሻݐሺݖ െ ሻ݁ିఊ௧ݐ଴ሺݖ ൌ න ݐሺߜ2ൣ െ ሻݏ െ ݏሻ݀ݏఊሺ௧ି௦ሻ൧߮ሺି݁ߛ
௧

଴
 

Յሺݐሻ െ Յ଴ሺݐሻ݁ିఒ௧ ൌ න ݐሺߜ2ൣ െ ሻݏ െ ݏሻ݀ݏఒሺ௧ି௦ሻ൧߮ሺି݁ߣ
௧

଴
 

Such that the probability density of simultaneous realizations of the values  

ሻݐሺݔ െ ሻݐሺݕ , ሻ݁ିఠ௧ݐ଴ሺݔ െ ,ሻ݁ିఉ௧ݐ଴ሺݕ ሻݐሺݖ െ ሻݐሻ݁ିఊ௧ and Յሺݐ଴ሺݖ െ Յ଴ሺݐሻ݁ିఒ௧ 

of these functional coincides with the transition probability associated to (2.1.1) as: 

ܹሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ, ሻݐ ൌ ׬ ߜ ቄሺ ݔሺݐሻ െ ሻ݁ିఠ௧ሻݐ଴ሺݔ െ ׬ ݐሺߜ2ൣ െ ሻݏ െ ߱݁ିఠሺ௧ି௦ሻ൧߮ሺݏሻ݀ݏ
௧

଴ ቅ ൈ௖

ߜ ቄ൫  ݕሺݐሻ െ ሻ݁ିఉ௧൯ݐ଴ሺݕ െ ׬ ݐሺߜ2ൣ െ ሻݏ െ ݏሻ݀ݏఉሺ௧ି௦ሻ൧߮ሺି݁ߚ
௧

଴ ቅ ൈ ሻݐሺݖ ቄሺ ߜ െ ሻ݁ିఊ௧ሻݐ଴ሺݖ െ ׬ ݐሺߜ2ൣ െ ሻݏ െ
௧

଴

ൟݏሻ݀ݏఊሺ௧ି௦ሻሿ߮ሺି݁ߛ ൈ ߜ ቄ൫Յሺݐሻ െ Յ଴ሺݐሻ݁ିఒ௧൯ െ ׬ ݐሺߜ2ൣ െ ሻݏ   െ ݏሻ݀ݏఒሺ௧ି௦ሻ൧߮ሺି݁ߣ
௧

଴ ቅ ݀௪߮ሺݏሻ             (2.1.3) 

With the following initial condition 

߮ሺ0ሻ ൌ 0 
Following the integration process (Beilinson & Massou, 1996; Massou & Olatunji, 2002), one can rewrite 

ܹሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ, ሻݐ ൌ ݌ݔ݁ ቄ
஺

஻
ቅ ሺߨସܤሻିଵ ଶ⁄                        (2.1.4) 

Where 

ܣ ൌ
ተ

ተ

  0 ሺ ݔ െ ݕ଴݁ିఠ௧ሻ ሺݔ െ ଴݁ିఉ௧ሻݕ
ሺ ݔ െ ଴݁ିఠ௧ሻݔ ܽଵଵ   ܽଵଶ

ሺ ݖ െ ଴݁ିఊ௧ሻݖ
൫ݕ െ ଴݁ିఉ௧൯ݕ
ሺՅ െ Յ଴݁ିՇ௧ሻ

ܽଶଵ
ܽଷଵ

   ܽସଵ

ܽଶଶ
ܽଷଶ
ܽସଶ

ሺ ݖ െ ଴݁ିఊ௧ሻݖ  ሺՅ െ Յ଴݁ିՇ௧ሻ
ܽଵଷ ܽଵସ

ܽଶଷ
ܽଷଷ
ܽସଷ

ܽଶସ
ܽଷସ

ܽ
ସସ

ተ

ተ
 

ܤ ൌ ቮ

ܽଵଵ ܽଵଶ
ܽଶଵ ܽଶଶ

ܽଵଷ ܽଵସ
ܽଶଷ ܽଶସ

ܽଷଵ ܽଷଶ
ܽସଵ ܽସଶ

ܽଷଷ ܽଷସ
ܽସଷ ܽସସ

ቮ 

With the diagonal elements obtained as: 

ܽଵଵ ൌ න ቈන ሾ2ߜሺݐ െ ሻݏ െ ߱݁ିఠሺ௧ି௦ሻሿ݀ݏ
௧

ఛ
቉

ଶ

݀߬ ൌ   2

0

1 1
t

t se d    
1 െ ݁ିଶఠ௧

2߱

௧

଴
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ܽଶଶ ൌ න ቈන ሾ2ߜሺݐ െ ሻݏ െ ݏఉሺ௧ି௦ሻሿ݀ି݁ߚ
௧

ఛ
቉

ଶ

݀߬
௧

଴
ൌ   2

0

1 1
t

t se d     ൌ
1 െ ݁ିଶఉ௧

ߚ2
 

ܽଷଷ ൌ න ቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఊሺ௧ି௦ሻ൧݀ି݁ߛ
௧

ఛ
቉

ଶ

݀߬
௧

଴
ൌ   2

0

1 1
t

t se d     ൌ
1 െ ݁ିଶఊ௧

ߛ2
 

ܽସସ ൌ න ቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఒሺ௧ି௦ሻ൧݀ି݁ߣ
௧

ఛ
቉

ଶ

݀߬ ൌ   2

0

1 1
t

t se d     ൌ
1 െ ݁ିଶఒ௧

ߣ2

௧

଴
 

The off diagonal elements are symmetric and involve the cross product of integrals as  

ܽଵଶ ൌ ܽଶଵ ൌ න ቊቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఉሺ௧ି௦ሻ൧݀ି݁ߚ
௧

ఛ
቉ ൈ ቈන ݐሺߜ2ൣ െ ሻݏ െ ߱݁ିఠሺ௧ି௦ሻ൧݀ݏ

௧

ఛ
቉ቋ ݀߬ ൌ   

0

t
t se d    

௧

଴

ൌ
1 െ ݁ିሺఠାఉሻ௧

߱ ൅ ߚ
 

ܽଵଷ ൌ ܽଷଵ ൌ න ቊቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఊሺ௧ି௦ሻ൧݀ି݁ߛ
௧

ఛ
቉ ൈ ቈන ݐሺߜ2ൣ െ ሻݏ െ ߱݁ିఠሺ௧ି௦ሻ൧݀ݏ

௧

ఛ
቉ቋ ݀߬ ൌ   

0

t
t se d    

௧

଴

ൌ
1 െ ݁ିሺఠାఊሻ௧

߱ ൅ ߛ
 

ܽଵସ ൌ ܽସଵ ൌ න ቊቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఒሺ௧ି௦ሻ൧݀ି݁ߣ
௧

ఛ
቉ ൈ ቈන ݐሺߜ2ൣ െ ሻݏ െ ߱݁ିఠሺ௧ି௦ሻ൧݀ݏ

௧

ఛ
቉ቋ ݀߬ ൌ   

0

t
t se d    

௧

଴

ൌ
1 െ ݁ିሺఠାఒሻ௧

߱ ൅ ߣ
 

ܽଶଷ ൌ ܽଷଶ ൌ න ቊቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఉሺ௧ି௦ሻ൧݀ି݁ߚ
௧

ఛ
቉ ൈ ቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఊሺ௧ି௦ሻ൧݀ି݁ߛ

௧

ఛ
቉ቋ ݀߬ ൌ   

0

t
t se d    

௧

଴

ൌ
1 െ ݁ିሺఊାఉሻ௧

ߛ ൅ ߚ
         

ܽସଶ ൌ ܽଶସ ൌ න ቊቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఉሺ௧ି௦ሻ൧݀ି݁ߚ
௧

ఛ
቉ ൈ ቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఒሺ௧ି௦ሻ൧݀ି݁ߣ

௧

ఛ
቉ቋ ݀߬ ൌ   

0

t
t se d    

௧

଴

ൌ
1 െ ݁ିሺఒାఉሻ௧

ߣ ൅ ߚ
                     

ܽଷସ ൌ ܽସଷ ൌ න ቊቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఊሺ௧ି௦ሻ൧݀ି݁ߛ
௧

ఛ
቉ ൈ ቈන ݐሺߜ2ൣ െ ሻݏ െ ݏఒሺ௧ି௦ሻ൧݀ି݁ߣ

௧

ఛ
቉ቋ ݀߬ ൌ

௧

଴

  

0

t
t se d      

ൌ
ଵି௘షሺഊశംሻ೟

ఒାఊ
                                                            (2.1.5) 

From (2.1.4), after some calculations we obtain the following relations: 

lim
௧՜଴

ݔ െ ଴തതതതതതതതݔ
ݐ

ൌ  ଴ݔ߱
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lim
௧՜଴

ݕ െ ଴തതതതതതതതݕ
ݐ

ൌ  ଴ݕߚ

lim
௧՜଴

Յ െ Յ଴തതതതതതതതത

ݐ
ൌ  Յ଴ߣ

lim
௧՜଴

ݖ െ ଴ݖ

ݐ
തതതതതതതത

ൌ  ଴ݖߛ

lim௧՜଴
ሺ௫ି௫బሻమതതതതതതതതതതതത

௧
ൌ lim௧՜଴

ሺ௬ି௬బሻమതതതതതതതതതതതത

௧
ൌ lim௧՜଴

ሺ௭ି௭బሻమതതതതതതതതതതത

௧
ൌ lim௧՜଴

ሺՅିՅబሻమതതതതതതതതതതതത

௧
ൌ

ଵ

ସ
 

lim
௧՜଴

ሺݔ െ ݕ଴ሻሺݔ െ ଴ሻതതതതതതതതതതതതതതതതതതതതതതݕ

ݐ
ൌ lim

௧՜଴

ሺݔ െ ݖ଴ሻሺݔ െ ଴ሻതതതതതതതതതതതതതതതതതതതതതݖ

ݐ
ൌ lim

௧՜଴

ሺݕ െ ݖ଴ሻሺݕ െ ଴ሻതതതതതതതതതതതതതതതതതതതതതݖ

ݐ
ൌ 

lim௧՜଴
ሺՅିՅబሻሺ௬ି௬బሻതതതതതതതതതതതതതതതതതതതത

௧
ൌ lim௧՜଴

ሺ௫ି௫బሻሺՅିՅబሻതതതതതതതതതതതതതതതതതതതത

௧
ൌ

ଵ

ଶ
                      (2.1.6) 

So, the searched Fokker-Planck equation takes the form: 

డௐ

డ௧
െ ߱

డ

డ௫
ሺܹݔሻ െ ߚ

డ

డ௬
ሺܹݕሻ െ ߛ

డ

డ௭
ሺܹݖሻ െ ߣ

డ

డՅ
ሺߣՅሻ ൌ

ଵ

ସ

డమௐ

డ௫మ ൅
ଵ

ସ

డమௐ

డ௬మ ൅
ଵ

ସ

డమௐ

డ௭మ ൅
ଵ

ସ

డమௐ

డՅమ ൅
ଵ

ଶ

డమௐ

డ௫డ௬
൅

ଵ

ଶ

డమௐ

డ௫డ௭
൅

ଵ

ଶ

డమௐ

డ௫డՅ
൅

ଵ

ଶ

డమௐ

డ௬డ௭
൅

ଵ

ଶ

డమௐ

డ௬డՅ
൅

ଵ

ଶ

డమௐ

డ௭డՅ
                          (2.1.7) 

2.2 The Path Integral 

Since (2.1.4) is a function of causality, then the following relation is verified: 

   0 0 0 0 1 1 1, 1 1
1

1 1 1 1 1 1 1 1

, , , , 0; , , , , , , , , , , ,
n

j j j j j j j j j
j

n n n n

W x y z N x y z N t W x y z N t x y z N

dx dy dz dN dx dy dz dN



    


   

 




     (2.2.1) 

We suppose that ( , , , , ,n n n n j n

t
x x y y z z N N t j t t

n
       ) 

Using the Taylor power series expansion (Beilinson & Leal, 1993; Beilinson & Massou, 1996) and (Gelfand & 
Vilenkin, 1961), we write the determinants A and B occurring in the expression (2.1.4) as: 

ܤ ൌ ܾ଺ሺ∆ݐሻ଺ െ ܾ଻ሺ∆ݐሻ଻ ൅ 0ሺ∆ݐሻ଼                         (2.2.2) 

With 

ܾ଺ ൌ
1
6!

ሼ24ሾሺ2ߚ ൅ ߣ െ ሻߛ ൅ ሺߛ ൅ ߣሻሺߚ െ ሻሿߚ ൅ 12ሺߚ െ ߱ሻ

൅ 3ሾሺߚ ൅ ߱ሻሺ߱ ൅ ߣሻሺߛ െ ߱ሻ െ ሺߣ ൅ ߱ሻሺߚ ൅ ߱ሻሺߛ െ ߱ሻ ൅ ሺߣ ൅ ߱ሻሺߛ ൅ ߱ሻሺߚ െ ߱ሻሿ

െ ሺ߱ ൅ ሻሺ߱ߛ ൅ ߣሻሺߚ െ ߱ሻ ൅ ሺ߱ ൅ ሻሺ߱ߛ ൅ ଶߚሻሺെߣ െ ߱ଶ ൅ ሻߚ2߱ െ 2߱ሺ߱ ൅ ߛሻሺߣ െ ሻߚ

൅ ሺ߱ ൅ ߚሻሺߣ ൅ ߱ሻሺߛ െ ߱ሻሽ 

ܾ଻ ൌ െ
1
7

ሾെߚଷ െ ߛଶሺߚ ൅ ሻߣ2 െ Շଶሺߚ ൅ ߛ ൅ 1ሻ ൅ ߣ5 െ ߛߚ3 െ ߛ െ ଷߣ24 ൅ 3ሺߚ ൅ ሻଷߣ ൅ 18ሺߚ ൅ ሻଷߣ

െ 24߱ଷሺߚ ൅ ሻଶߣ െ ଷሺ߱ߚ24 ൅ ሻଶߛ െ ߚଷሺߛ24 ൅  ሻଶሿߣ
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௝ܣ ൎ ሺ∆ݐሻଷ ൝ቈݔ௝ െ ௝ିଵݔ ቆ1 െ ݐ∆߱ ൅
߱ଶሺ∆ݐሻଶ

2
ቇ቉

ଶ

ൈ ݇ଵ

൅ ቈݔ௝ െ ௝ିଵݔ ቆ1 െ ݐ∆߱ ൅
߱ଶሺ∆ݐሻଶ

2
ቇ቉ ቈݕ௝ െ ௝ିଵݕ ቆ1 െ ݐ∆ߚ ൅

ሻଶݐ∆ଶሺߚ

2
ቇ቉ ൈ ݇ଶ

൅ ቈݔ௝ െ ௝ିଵݔ ቆ1 െ ݐ∆߱ ൅
߱ଶሺ∆ݐሻଶ

2
ቇ቉ ቈݖ௝ െ ௝ିଵݖ ቆ1 െ ݐ∆ߛ ൅

ሻଶݐ∆ଶሺߛ

2
ቇ቉ ൈ ݇ଷ

൅ ቈݔ௝ െ ௝ିଵݔ ቆ1 െ ݐ∆߱ ൅
߱ଶሺ∆ݐሻଶ

2
ቇ቉ ቈՅ௝ െ Յ௝ିଵ ቆ1 െ ݐ∆ߣ ൅

ሻଶݐ∆ଶሺߣ

2
ቇ቉ ൈ ݇ଷ

൅ ቈݕ௝ െ ௝ିଵݕ ቆ1 െ ݐ∆ߚ ൅
ሻଶݐ∆ଶሺߚ

2
ቇ቉

ଶ

ൈ ݇ସ ൅ ቈݖ௝ െ ௝ିଵݖ ቆ1 െ ݐ∆ߛ ൅
ሻଶݐ∆ଶሺߛ

2
ቇ቉

ଶ

ൈ ݇ହ

൅ ቈՅ௝ െ Յ௝ିଵ ቆ1 െ ݐ∆ߣ ൅
ሻଶݐ∆ଶሺߣ

2
ቇ቉

ଶ

ൈ ݇଺ቋ 

                                                                    (2.2.3) 
The coefficients ݇௜  (݅ ൌ 1, … . . ,6ሻ are given in table below. 

Using (2.2.2) and (2.2.3) in (2.1.4), we have : 

݌ݔ݁ ൜∑
஺ೕశభା஺ೕ

஻ೕ

௡ିଵ
௝ୀଵ ൠ ൌ

݌ݔ݁ ൝∑ ቈ
൫௫ೕశభି௫ೕ൯ି൫௫ೕି௫ೕషభ൯ାఠ∆௧൫௫ೕି௫ೕషభ൯ିఠమ∆೟మ

మ
ሺ௫ೕି௫ೕషభሻ

ሺ∆௧ሻయ ቉

ଶ

ൈ
ሺ∆௧ሻయൈ௞భ

ሺ௕లା௕ళ∆௧ሻ
௡ିଵ
௝ୀଵ ൡ ൈ ݌ݔ݁ ቐ൥

൤௫ೕశభି௫ೕାఠሺ∆௧ሻ௫ೕିఠమ∆೟మ

మ
௫ೕ൨

∆௧
ൈ

ሾ௫ೕି௫ೕషభାఠሺ∆௧ሻ௫ೕషభିఠమ∆೟మ

మ
௫ೕషభሿ

∆௧
ൈ

ሺ∆௧ሻయ௞మ

ሺ∆௧ሻరሺ௕లା௕ళ∆௧ሻ
቉ ൈ ݌ݔ݁ ൝∑ ቈ

൫௬ೕశభି௬ೕ൯ି൫௬ೕି௬ೕషభ൯ାఉ∆௧൫௬ೕି௬ೕషభ൯ିఉమ∆೟మ

మ
ሺ௬ೕି௬ೕషభሻ

ሺ∆௧ሻయ ቉

ଶ

ൈ௡ିଵ
௝ୀଵ

ሺ∆௧ሻయൈ௞య

ሺ௕లା௕ళ∆௧ሻ
ቋ ൈ ݌ݔ݁ ൝൥

൤௬ೕశభି௬ೕାఉሺ∆௧ሻ௬ೕିఉమ∆೟మ

మ
௬ೕ൨

∆௧
ൈ

ሾ௬ೕି௬ೕషభାఉሺ∆௧ሻ௬ೕషభିఉమ∆೟మ

మ
௬ೕషభሿ

∆௧
ൈ

ሺ∆௧ሻయ௞ర

ሺ∆௧ሻరሺ௕లା௕ళ∆௧ሻ
൩ൡቑ ൈ

݌ݔ݁ ൝∑ ቈ
൫௭ೕశభି௭ೕ൯ି൫௭ೕି௭ೕషభ൯ାఊ∆௧൫௭ೕି௭ೕషభ൯ିఊ

∆೟మ

మ
ሺ௭ೕି௭ೕషభሻ

ሺ∆௧ሻయ ቉

ଶ

ൈ
ሺ∆௧ሻయൈ௞ఱ

ሺ௕లା௕ళ∆௧ሻ
௡ିଵ
௝ୀଵ ൡ ൈ ݌ݔ݁ ൝൥

൤௭ೕశభି௭ೕାఊሺ∆௧ሻ௭ೕିఊమ∆೟మ

మ
௭ೕ൨

∆௧
ൈ

ሾ௭ೕି௭ೕషభାఊሺ∆௧ሻ௭ೕషభିఊమ∆೟మ

మ
௭ೕషభሿ

∆௧
ൈ

ሺ∆௧ሻయ௞ల

ሺ∆௧ሻరሺ௕లା௕ళ∆௧ሻ
቉ൡ ൈ ݌ݔ݁ ൝∑ ቈ

൫ՅೕశభିՅೕ൯ି൫ՅೕିՅೕషభ൯ାఒ∆௧൫ՅೕିՅೕషభ൯ିఒమ∆೟మ

మ
ሺՅೕିՅೕషభሻ

ሺ∆௧ሻయ ቉

ଶ

ൈ௡ିଵ
௝ୀଵ

ሺ∆௧ሻయൈ௞భ

ሺ௕లା௕ళ∆௧ሻ
ቋ ൈ

݌ݔ݁ ൝൥
൤ՅೕశభିՅೕାఒሺ∆௧ሻՅೕିఒమ∆೟మ

మ
Յೕ൨

∆௧
ൈ

ሾՅೕିՅೕషభାఒሺ∆௧ሻՅೕషభିఒమ∆೟మ

మ
Յೕషభሿ

∆௧
ൈ

ሺ∆௧ሻయ௞మ

ሺ∆௧ሻరሺ௕లା௕ళ∆௧ሻ
൩ ൅

0ሺ∆ݐሻൡ                                                                                              

                         (2.2.4) 

Passing now to the limit ∆ݐ ՜ 0, we obtain: 
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ܹሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ, ሻݐ

ൌ න න න න ݌ݔ݁ ቊ
1
ܾ଺

න ܿଵሺݔሷ ൅ ሶݔ߱ െ ߱ଶݔሻଶ ൅ ܿଶሺݕሷ ൅ ሶݕߚ െ ሻଶݕଶߚ ൅ ܿଷሺݖሷ ൅ ሶݖߛ െ ሻଶݖଶߛ
௧

଴
಴Յ௖௭௖௬௖௫

൅ ܿସሺՅሷ ൅ Յሶߣ െ ଶՅሻଶ݀߬ቋߣ ሶݔሾሺߜ ൅ ሻݔ߱ െ ሺݕሶ ൅ ሻሿݕߚ ൈ ሶݔሾሺߜ ൅ ሻݔ߱ െ ሺݖሶ ൅ ሻሿݖߛ ൈ ሶݔሾሺߜ ൅ ሻݔ߱

െ ൫Յሶ ൅ Յ൯ሿߣ ൈ ሶݕሾሺߜ ൅ ሻݕߚ െ ሺݖሶ ൅ ሻሿݖߛ ൈ ሶݕሾሺߜ ൅ ሻݕߚ െ ൫Յሶ ൅ Յ൯ሿߣ ൈ ሶݖሾሺߜ ൅ ሻݖߛ

െ ൫Յሶ ൅ Յ൯ሿߣ ൈ ෑ
ሺ߬ሻ݀Յሺ߬ሻݖሺ߬ሻ݀ݕሺ߬ሻ݀ݔ݀

|ܾ଺|ଵ ଶ⁄ ଶሺ݀߬ሻଷߨ

௧

ఛୀ଴

            

ሺ0ሻݔ ؠ ;   ଴ݔ ሺ0ሻݕ ؠ ;଴ݕ ሺ0ሻݖ    ؠ ;଴ݖ  Յሺ0ሻ ؠ Յ଴ 

ሻݐሺݔ ؠ ; ݔ ሻݐሺݕ     ؠ ;   ݕ ሻݐሺݖ ؠ ;  ݖ   Յሺݐሻ ؠ Յ 

The ݇௜’s values. 

Table 

                            ݇ଵ ൌ ሺ1 െ ሻሺ1ߛ െ ሻሺ1ߣ െ ሻߚ െ ሺ1 െ ሻሾ1ߚ െ ሺߛ ൅  ሻሿଶߣ

݇ଶ ൌ ሺ1 െ ሻሺ1ߛ െ ሻሾ1ߣ െ ሺ߱ ൅  ሻሿଶߚ

                 ݇ଷ ൌ ሾ1 െ ሺ߱ ൅ ሻሿሾ1ߣ െ ሺߛ ൅ ሻሿሾ1ߚ െ ሺߚ ൅  ሻሿߣ

݇ସ ൌ ሺ1 െ ߱ሻሺ1 െ ሻሾ1ߣ െ ሺߚ ൅  ሻሿଶߛ

        ݇ହ ൌ ሺ1 െ ߱ሻሾ1 െ ሺߚ ൅ ሻሿሾ1ߣ െ ሺߛ ൅  ሻሿߣ

݇଺ ൌ ሾ1 െ ሺ߱ ൅ ሻሿሾ1ߛ െ ሺ߱ ൅  ሻሿଶߣ

We have for the normalization condition probability transition: 

ෑሺߨସܤሻ ൌ ෑ ൜ߨସܾ଺ሺ∆ݐሻ଺ ൤1 െ
ܾ଻

ܾ଺
൨ݐ∆ ൅ 0ሺ∆ݐሻ଼ൠ

௡

௝ୀଵ

௡

௝ୀଵ

ൌ 

ሻ଺ܾ଺ݐ∆ସሺߨ ∏ ቎ቊቄ1 െ
௕ళ

௕ల
.

௧

௡
ቅቋ

್ల೙
್ళ೟

቏

್ళ೟
್ల

՜ exp ቀെ
௕ల

௕ళ
ቁ ௡ ݐ

௝ୀଵ                           (2.2.5) 

if ∆ݐ ՜ 0 

Finally, the fundamental solution of (2.1.7) writes: 

ܹሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ, ሻݐ ൌ ׬ ׬ ׬ ׬ ݌ݔ݁ ቄ
ଵ

௕ల
׬ ܿଵሺݔሷ ൅ ሶݔ߱ െ ߱ଶݔሻଶ ൅ ܿଶሺݕሷ ൅ ሶݕߚ െ ሻଶݕଶߚ ൅

௧
଴಴Յ௖௭௖௬௖௫

ܿଷሺݖሷ ൅ ሶݖߛ െ ሻଶݖଶߛ ൅ ܿସሺՅሷ ൅ Յሶߣ െ ଶՅሻଶ݀߬ቅߣ ݌ݔ݁ ቀെ
௕ల

௕ళ
ቁݐ ሶݔሾሺߜ ൅ ሻݔ߱ െ ሺݕሶ ൅ ሻሿݕߚ ൈ ሶݔሾሺߜ ൅ ሻݔ߱ െ ሺݖሶ ൅

ሻሿݖߛ ൈ ሶݔሾሺߜ ൅ ሻݔ߱ െ ൫Յሶ ൅ Յ൯ሿߣ ൈ ሶݕሾሺߜ ൅ ሻݕߚ െ ሺݖሶ ൅ ሻሿݖߛ ൈ ሶݕሾሺߜ ൅ ሻݕߚ െ ൫Յሶ ൅ Յ൯ሿߣ ൈ ሶݖሾሺߜ ൅ ሻݖߛ െ

൫Յሶ ൅ Յ൯ሿߣ ൈ ∏ ௗ௫ሺఛሻௗ௬ሺఛሻௗ௭ሺఛሻௗՅሺఛሻ

|௕ల|భ మ⁄ గమሺௗఛሻయ
௧
ఛୀ଴                               (2.2.6) 

ሺ0ሻݔ ؠ ;   ଴ݔ ሺ0ሻݕ ؠ ;଴ݕ ሺ0ሻݖ    ؠ ;଴ݖ  Յሺ0ሻ ؠ Յ଴ 

ሻݐሺݔ ؠ ; ݔ ሻݐሺݕ     ؠ ;   ݕ ሻݐሺݖ ؠ ;  ݖ   Յሺݐሻ ؠ Յ 

2.3 The Theorem of Factorization 

The probability transition (2.2.6) can be rearranged and factorized as:  
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ܹሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ, ሻݐ ൌ
௓෨ሺ௫,௬,௭,Յሻ

௓෨ሺ௫బ,௬బ,௭బ,Յబሻ
. ܼሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ,  ሻ           (2.3.1)ݐ

with, 

෨ܼሺݔ, ,ݕ ,ݖ Յሻ ൌ ݌ݔ݁ ൜
െ1
ܾ଺

ሾ݇ଵ߱ଷݔଶ ൅ ݇ଶߚଷݕଶ ൅ ݇ଷߛଷݖଶ ൅ ݇ସߣଷՅଶሿൠ 

෨ܼሺݔ଴, ,଴ݕ ,଴ݖ Յ଴ሻ ൌ ݌ݔ݁ ൜െ
1
ܾ଺

ሾ݇ଵ߱ଷݔ଴
ଶ ൅ ݇ଶߚଷݕ଴

ଶ ൅ ݇ଷߛଷݖ଴
ଶ ൅ ݇ସߣଷՅ଴

ଶሿൠ 

and  

ܼሺݔ଴, ,଴ݕ ,଴ݖ Յ଴, 0; ,ݔ ,ݕ ,ݖ Յ, ሻݐ ൌ ௖௫׬ ௖௬׬ ௖௭׬ ׬ ݌ݔ݁ ቄ׬
ଵ

௕ల
ൣሺݔሷ ൅ ሶሻଶݔ߱ െ 2߱ଶݔݔሷ ൅ ߱ସݔଶ ൅ ሺݕሷ ൅ ሶሻଶݕߚ െ

௧
଴௖Յ

ሷݕݕଶߚ2 ൅ ଶݕସߚ ൅ ሺݖሷ ൅ ሶሻଶݖߛ െ ሶݖݖଶߛ2 ൅ ଶݖସߛ ൅ ሺՅሷ ൅ Յሶߣ ሻଶ െ ଶՅՅሶߣ2 ൅ ସՅଶሿቅߣ ݌ݔ݁ ߬݀ ቀെ
௕ల

௕ళ
ቁݐ ሶݔሾሺߜ ൅ ሻݔ߱ െ

ሺݕሶ ൅ ሻሿݕߚ ൈ ሶݔሾሺߜ ൅ ሻݔ߱ െ ሺݖሶ ൅ ሻሿݖߛ ൈ ሶݔሺൣߜ ൅ ሻݔ߱ െ ൫Յሶ ൅ Յ൯൧ߣ ൈ ሶݕሾሺߜ ൅ ሻݕߚ െ ሺݖሶ ൅ ሻሿݖߛ ൈ ሶݕሺൣߜ ൅ ሻݕߚ െ

൫Յሶ ൅ Յ൯൧ߣ ൈ ሶݖሺൣߜ ൅ ሻݖߛ െ ൫Յሶ ൅ Յ൯൧ߣ ൈ ∏ ௗ௫ሺఛሻௗ௬ሺఛሻௗ௭ሺఛሻௗՅሺఛሻ

|௕ల|భ మ⁄ గమሺௗఛሻయ
௧
ఛୀ଴                (2.3.2) 

ሺ0ሻݔ ؠ ;   ଴ݔ ሺ0ሻݕ ؠ ;଴ݕ ሺ0ሻݖ    ؠ ;଴ݖ  Յሺ0ሻ ؠ Յ଴ 

ሻݐሺݔ ؠ ; ݔ ሻݐሺݕ     ؠ ;   ݕ ሻݐሺݖ ؠ ;  ݖ   Յሺݐሻ ؠ Յ 

The integrals on (2.3.2) are calculated with respect to all the continuous paths with fixed extremities. 
Substituting relation (2.3.1) in the Fokker-Plank equation (2.1.7), one can easily show that z is the solution so the 
Bloch equation  

ݖ߲
ݐ߲

ൌ ;    ෡ܼܪ ෡ܪ     ෨ܼ ൌ 0 

With ܪ෡ given by the expression: 

෡ܪ ൌ
ଵ

ସ
ቂ

డమ

డ௫మ ൅
డమ

డ௬మ ൅
డమ

డ௭మ ൅
డమ
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The coefficients  ܥ௜; ;௜ߙ ;௜ߚ ;௜ߛ ,௜ߣ ݅ ൌ 1,4തതതത  occurring in (2.3.3) are given as follows.  

Equivalently, ̃ݖ is the solution of the corresponding time-reversed Bloch equation:  

ݖ߲̃
ݐ߲

ൌ െ ܪ෢ ෨ܼ. 

The specific interaction of quantum particles considered here, which takes place whenever particles stay close 
enough to one another for a sufficiently long time interval (a realization of such situation probably being 
particles confined into an atomic nucleus), can be illustrated by the interaction between four quantum oscillators 
with a potential energy 
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Conversely, in the usual quantum theory, these oscillators, in general, do not interact. 

Under the conditions assumed in this work, an interaction arises between the oscillators that are due to the 
stochastic space-time background. In this way, ݔ, ,ݕ ,ݖ Յ are not to be considered as normal coordinates, thus 
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leading to a shifting of their normal frequencies.  

3. Conclusion 
The quantum problem of three and four particles in a small region of dimension comparable to that of an existing 
background interaction is considered. 

Using the theorem of the factorization of the solution of the Fokker-Planck equation, we obtained the Hamilton’s 
operator ܪ෡ who cancels a function of state stationary ෨ܼሺݔ, ,ݕ ,ݖ Յሻ. 

The first component of the solution of Fokker-Planck equation describing the system at its ground state and a 
second component characterizing its transition dynamics.  
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